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Abstract. Not only has the dynamic stiffness of a rubber air spring been inherited by effects of 
the compressed air, but it has also been affected by hysteresis behaviors caused by the friction, 
viscoelasticity of bellow material. Hence, this paper will analyze comprehensively the stiffness 
model of a commercial rubber air spring. One of the first works is to predict the structure 
parameters including effective area, volume and their change rate. Then, the restoring force 
generated by compressed air will be analyzed and built through the theory of thermodynamics. 
The hysteresis model of the rubber bellow will be obtained based on the Berg’s frictional model 
connecting in parallel with fractional Kelvin-Voigt model. Next, an experimental apparatus is set 
up to identify the parameters of this model as well as evaluate the proposed restoring force model 
of the rubber air spring. The study results show that the analysis model of the rubber air spring 
matches well the measured data. This work will offer a helpful insight in the design of the vibration 
isolation system using rubber air springs as elastic elements. 
Keywords: air spring, rubber, restoring force, thermodynamic. 

1. Introduction  

As known, mechanical springs including coil spring [1-3], Euler column spring [4-6] have 
been widely employed in the vibration isolation systems to suppress the unwanted vibrations 
transmitted from source to the isolated object. However, the isolation effectiveness of isolators 
using mechanical springs is limited because the spring coefficient is fixed. Besides, magnetic 
springs have been studied and applied widely in vibration isolation systems [7-8]. Due to 
controllable stiffness, the isolation performance of the magnetic spring isolator can be improved. 
But the drawback of magnetic spring is that only when it has low load. Accordingly, application 
limitation of the magnetic spring is inevitable. 

Another type of elastic elements, which can overcome problems mentioned above, is air spring 
due to easy control of the spring coefficient and high bearing capacity. Thus, in recent years, this 
type has been applied widely in vehicle suspension field [9-11], vibration isolation platform [12] 
etc. A deep understanding of rubber air spring has been attracted by many scholars, engineers and 
scientists. Quaglia et al. [13] presented a thermodynamic model of an air suspension and a design 
procedure for a pneumatic suspension. Lee et al. [14] analyzed the stiffness model of an air spring, 
revealing the effect of the volume variation, the heat transfer and the effective area on the stiffness 
curve. Liu et al. [15] studied a dynamic stiffness and equivalent damping model of an air spring 
connecting with an orifice and an auxiliary reservoir, showing that the equivalent damping is 
increased according to reduction in the orifice area and excitation frequency. Zargar et al. [16] 
developed and experimentally evaluated a nonlinear mathematical model of an air spring, showing 
an effective prediction of the behavior of air spring. Finite Element Analysis has used to determine 
the nonlinear load-displacement curve of a rubber bumper used in air spring as well as the 
transmissibility and sensitivity [17]. The dynamic model of air spring for reducing the vibration 
transmissibility was developed and experimented by Gavriloski et al. [18]. The vertical stiffness 
of a rolling lobe air spring was analyzed and successfully experimented by Li et al. [19]. 
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Moheyeldein et al. [20] studied the performance indices of an air suspension. Furthermore, Berg 
[21-22] proposed a dynamic model of rubber springs, which presents the relation among the force 
and motion based on friction and viscous forces. The experiment confirmed that the Berg’s model 
follows well the experimental results. 

Motivated by attractive merits of air springs for isolating vibration, the present paper will 
establish a restoring force model of a commercial rubber air spring including the effects of 
compressed air inside bellow and the hysteresis of the rubber material. The model parameters will 
be then identified through genetic algorithm. The rest of paper is organized as following: the 
analysis model of the rubber air spring is presented in Section 2. The experimental apparatus is 
then built in Section 3. Finally, some conclusions are drawn in Section 4. 

2. Analysis model of rubber air spring  

A rubber air spring composes of the cover plate, bellow and piston as shown in Fig. 1. The 
bellow is made of rubber with the fabric reinforced rubber wall. The piston and cover plate are 
made of plastic or metal, aiming to seal the ends of the rubber bellow. Additionally, the rubber 
bellow can also roll on the surface of the piston. During operation, the effective volume and area 
of the rubber air spring are changed and a function with respect to the displacement due to the 
piston shape and the variable contact area between the cover plate and inflated bellow.  

 
Fig. 1. The physical model of a rubber air spring  

The resultant force generated by the rubber air spring is contributed by the thermodynamic 
force of the compressed air, the frictional force contributed by the relative motion the between the 
rubber and fabric as well as rubber bellow and the surface of the piston, and the viscoelastic force 
of the rubber material. Through the principle of superposition, the total force (𝐹௦) of the rubber air 
spring is shown in Fig. 2, meaning that it is expressed as following: 𝐹௦ = 𝐹௔௜௥ + 𝐹௙௥௜ + 𝐹௩௜௘ , (1)

where 𝐹௔௜௥ , 𝐹௙௥௜  and 𝐹௩௜௘  are forces generated by the compressed air, friction and viscoelastic, 
respectively. 

 
a) 

 
b) 

Fig. 2. a) Basic model of the rubber air spring force; b) complex dynamic stiffness 
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2.1. Compressed air force 

Assuming that the heat exchange in the rubber bellow as well as air leakage is ignored, 
according to the thermodynamic theories and ideal air state equation, the mathematical model of 
the pressure (𝑃) in air spring is determined as follows: 𝑑𝑃𝑑𝑥 = −𝑛𝑃𝑉௘ 𝑑𝑉௘𝑑𝑥 , (2)

where, 𝑉௘  is the effective volume of the inflated bellow, 𝑛  is the polytropic exponent which 
depends on the thermodynamic state of the compressed air including 𝑛 = 1 for the isothermal  
state, 𝑛 = 1.4 for the adiabatic state and 1 < 𝑛 < 1.4 for the polytropic process.  

Form Eq. (2), the pressure inside the inflated bellow at an arbitrary compressed position is 
obtained as following: 

𝑃𝑉௘௡ = 𝑃௢ ൬𝑉௘௢ 𝑉௘ ൰௡, (3)

where 𝑃௢ and 𝑉௘௢ are the initial pressure and effective volume 
The compressed air is determined as following: 𝐹௔௜௥ = 𝐴௘ሺ𝑃 − 𝑃௔௧௠ሻ, (4)

in which 𝑃௔௧௠ is the atmosphere pressure, 𝐴௘ is the effective area of the air spring. 
The stiffness (𝐾௔௜௥) of compressed air is defined by differentiating of Eq. (4) with respect to 

the displacement 𝑥, we have: 

𝐾௔௜௥ = 𝑑𝐹𝑑𝑥 = −𝑛𝑃𝐴௘𝑉௘ 𝑑𝑉௘𝑑𝑥 + ሺ𝑃 − 𝑃௔௧௠ሻ 𝑑𝐴௘𝑑𝑥 . (5)

The stiffness model given in Eq. (5) can be linearized around the working height ℎ௪௛  as 
following: 

𝐾௔௜௥ = −𝑛𝑃௪௛𝐴௪௛ 𝛿𝑉௪௛𝑉௪௛ + ሺ𝑃௪௛ − 𝑃௔௧௠ ሻ𝛿𝐴௪௛, (6)

in which the volume, effective area and pressure at the working height are denoted by 𝑉௪௛, 𝐴௪௛ 
and 𝑃௪௛. 𝛿𝐴௪௛, 𝛿𝑉௪௛ are the change rate of the effective area and volume. 

2.2. Frictional force 

As presented above, the frictional force is generated by filled rubber components and relative 
motion between the rubber bellow and the surface of the piston. The friction is one of the causes 
creating the hysteresis behavior of the restoring force of a rubber air spring. Berg [22] proposed a 
model of frictional hysteresis as described as following: 𝐹௙௥௜ = 𝐹௥௘௙,      𝑥 = 𝑥௥௘௙ ,𝐹௙௥௜ = 𝐹௥௘௙ + 𝑥 − 𝑥௥௘௙𝑥ଶሺ1 − 𝑎ሻ + ൫𝑥 − 𝑥௥௘௙൯ ൫𝐹௙௥௜௠௔௫ − 𝐹௥௘௙൯,     𝑥 > 𝑥௥௘௙ ,𝐹௙௥௜ = 𝐹௥௘௙ + 𝑥 − 𝑥௥௘௙𝑥ଶሺ1 − 𝑎ሻ − ൫𝑥 − 𝑥௥௘௙൯ ൫𝐹௙௥௜௠௔௫ + 𝐹௥௘௙൯,     𝑥 < 𝑥௥௘௙ , (7)
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in which: 𝐹௥௘௙ is the reference force along with the displacement 𝑥௥௘௙ called the reference state 
(𝑥௥௘௙, 𝐹௥௘௙), 𝐹௙௥௜௠௔௫ is the maximum friction force, 𝑥ଶ is the displacement at which the friction 
force is increased to the value of 𝐹௙௥௜௠௔௫ /2. 𝑎  is an auxiliary quantity which is equal to  𝐹௙௥௜/𝐹௙௥௜௠௔௫ ranging from –1 to 1. 

When the air spring is excited by a harmonic signal with the amplitude 𝑥௢ and frequency 𝜔, 
the steady-state amplitude of the frictional force is expressed: 

𝐹௙௥௜௢ = 𝐹௙௥௜୫ୟ୶2𝑥ଶ ቀඥ𝑥ଶଶ + 𝑥௢ଶ + 6𝑥ଶ𝑥௢ − 𝑥ଶ − 𝑥௢ቁ2𝑥ଶ𝑥௢ . (8)

The stiffness and phase angle for the friction model are determined: 

𝐾௙௥௜ = 𝐹௙௥௜୫ୟ୶𝑥௢ = 𝐹௙௥௜୫ୟ୶2𝑥ଶ𝑥௢ ቆට𝑥ଶଶ + 𝑥௢ଶ + 6𝑥ଶ𝑥௢ − 𝑥ଶ − 𝑥௢ቇ, (9)

𝜙௙௥௜ = arcsinቌ 2𝜋𝛿 ൭2𝑥௢ − 𝑥ଶሺ1 + 𝛿ሻଶln ൬𝑥ଶ(1 + 𝛿) + 2𝑥௢𝑥ଶ(1 + 𝛿) ൰൱ቍ, (10)

with 𝛿 = 𝐹௙௥௜ 𝐹௙௥௜୫ୟ୶⁄ . 

 
Fig. 3. Friction force with respect to displacement 

As shown in Fig. 3 𝐾௠௔௫ is the maximum tangent stiffness as the displacement is close to 𝑥௢. 
The dot lines are representative for the stiffness 𝐾௔௜௥, the vertical distance between these lines 
approximately equals 2𝐹௙௥௜௠௔௫. The displacement 𝑥ଶ is obtained as below: 

𝑥ଶ = 𝐹௙௥௜୫ୟ୶𝐾୫ୟ୶ − (𝐾௔௜௥ + 𝐾௘). (11)

2.3. Viscoelastic force 

Rubber air springs also inherent viscoelastic behaviors of rubber material. There are some the 
viscoelastic models of material studied and proposed as Zener model, Maxwell model, 
Kelvin-Voigt model and fractional model, etc. Among them fractional Kelvin-Voigt model [23] 
enables a good fit to the hysteresis behavior due to the viscoelasticity of the rubber bellow. This 
model is described as a spring with the stiffness 𝐾௘ in parallel spring pot with the parameters 𝑏,  
0 < 𝑐 < 1 as shown in Fig. 4. 

The motion equation of the fractional Kelvin-Voigt model (𝐹௩௜௘) is obtained as following: 𝐹௩௜௘(𝑡) = 𝐾௘𝑥(𝑡) + 𝑏𝐷௧௖𝑥(𝑡), (12)

2Ffrimax

x

Ffri

O

Kfrimax

Kair

xo-xo

Fo

-Fo



ANALYSIS MODEL OF RESTORING FORCE OF A RUBBER AIR SPRING.  
N. Y. P. VO, T. D. LE 

1142 JOURNAL OF VIBROENGINEERING. AUGUST 2021, VOLUME 23, ISSUE 5  

in which 𝐷௧௖𝑥(𝑡) is the fractional derivation of the displacement 𝑥(𝑡) versus the time. By applying 
the definition of Grunwald fraction derivative [24], we have: 

𝐷௧௖𝑥(𝑡) = lim୼௧→଴ ൭Δ𝑡ି௖෍𝐵௜ାଵ𝑓(𝑡 − 𝑖Δ𝑡)ே
௜ୀ଴ ൱, (13)

in which 𝐵௜ାଵ = (−1)௜ ቀ𝑐𝑖 ቁ = ୻(௜ି௖)୻(ି௖)୻(௜ାଵ) = ି௖ା௜ିଵ௜ 𝐵௜ and 𝑁 is integer. 

 
Fig. 4. Fractional Kelvin-Voigt model 

In order to present the complex stiffness of fractional Kelvin-Voigt model, the Fourier 
transform of Eq. (12) is realized as below: 𝐾௩௜௘(𝑖𝜔) = 𝐾௘ + 𝑏(𝑖𝜔)௖ . (14)

By substituting 𝑖௖ = cos ቀ௖గଶ ቁ + sin ቀ௖గଶ ቁinto Eq. (14), the complex dynamic stiffness and 
phase angle of the fractional Kelvin-Voigt model are obtained as below: 𝐾௩௜௘(𝑖𝜔) =  𝐾௩௜௘ᇱ + 𝐾௩௜௘ᇱᇱ 𝑖,𝜙௩௜௘ = arctan ൬𝐾"௩௜௘𝐾′௩௜௘ ൰ ,  (15)

in which  𝐾௩௜௘ᇱ = 𝐾௘ + 𝑏𝜔௖cos ቀ௖గଶ ቁ; 𝐾௩௜௘ᇱᇱ = 𝑏𝜔௖sin ቀ௖గଶ ቁ. 
As a result, the resultant dynamic stiffness vector of the rubber air spring is shown in Fig. 2(b) 

and is expressed as following: 𝐾ሬሬ⃗ ௥௔௦ = 𝐾ሬሬ⃗ ௔௜௥ + 𝐾ሬሬ⃗௙௥௜ + 𝐾ሬሬ⃗ ௩௜௘= ൫𝐾௔௜௥ + 𝐾௙௥௜cos𝜙௙௥௜ + 𝐾௩௜௘cos𝜙௩௜௘൯ + ൫𝐾௙௥௜sin𝜙௙௥௜ + 𝐾௩௜௘sin𝜙௩௜௘൯𝑖. (16)

During operation, the energy is not lost by force generated by compressed air meanwhile both 
the frictional and viscoelastic forces cause the energy dissipation. 

Supposing an excitation 𝑥 = 𝑥௢sin(𝜔𝑡) , according to [23], the fractional derivation with 
respect to the displacement is expressed as following: 𝐷௧௖𝑥(𝑡) = 𝑥௢𝜔௖sin ቀ𝜔𝑡 + 𝜋𝑐2 ቁ. (17)

The motion equation of the fractional Kelvin-Voigt model can be written: 𝐹௩௜௘(𝑡) = ቀ𝐾௘ + 𝑏𝜔௖ cos ቀ𝜋𝑐2 ቁቁ 𝑥 + 𝑏𝑥௢𝜔௖sin ቀ𝜋𝑐2 ቁ cos(𝜔𝑡). (18)

The hysteresis loop of the fraction Kelvin-Voigt model is expressed as below: 
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ቆ𝐹௩௜௘(𝑡) − (𝐾௘ + 𝑏𝜔௖cos(𝜋𝑐/2))𝑥𝑏𝑥௢𝜔௖sin(𝜋𝑐/2) ቇଶ + ൬ 𝑥𝑥௢൰ଶ = 1. (19)

The optimal values of 𝐾௘, 𝑏, and 𝑐 will be identified through minimizing the following cost 
function: 

𝐽 = 12෍ቆ൬𝑏𝜔௜௖sin(𝜋𝑐/2) − 𝐹௩௜௘ିଵ௜𝑥௜௢ ൰ଶ + ൬𝐾௘ + 𝑏𝜔௜௖cos(𝜋𝑐/2) − 𝐹௩௜௘ିଶ௜𝑥௜௢ ൰ଶቇ௠
௜ୀଵ , (20)

where 𝑚 is the number of the harmonically excited signal, 𝐹௩௜௘ିଵ௜ , 𝐹௩௜௘ିଶ௜  are the viscoelastic 
forces at the time having the corresponding displacement equaling 0 and 𝑥௜௢. 

3. Experimental apparatus  

The test-rig is set up as shown in Fig. 5 in which the rubber air spring manufactured by 
Guangzhou Guomat Air spring Co., Ltd is inflated by the air reservoir through the switch valve 
whilst the internal pressure of the bellow is regulated by the pressure regulator. One end of the air 
spring is excited by the pneumatic cylinder controlled by the proportional valve while the other is 
fixed to a support plate where the force can be measured through a load cell with model “HPS”. 
Besides, the pressure inside the rubber bellow is measured by the pressure transducer-EDS.305. 
A computer in which a NI-card 6221 worked as an A/D converter is installed for communicating 
between the computer and sensors, is used to monitor as well as collect the data from sensors. 

           
a) 

 
b) 

Fig. 5. Experimental setup: a) photograph of the test rig; b) schematic of the test rig 
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4. Identified results and model verification 

First of all, the effective area and volume will have been predicted, before experimental data 
collection, the rubber bellow is inflected by the air reservoir to value of 1.5 bar. Then the free end 
of the rubber air spring is excited by sinusoidal displacements having amplitude of 15 mm and 
very low frequency of 0.005 Hz, aiming to ignore the effects of viscoelasticity of material. The 
real force and internal pressure are collected and applying Eq. (3) obtains the effective area curve 
versus the displacement as shown by the dashed line in Fig. 6(a). Simultaneously, the effective 
volume of the rubber air spring is predicted through Eq. (2) in which the initial volume of the 
bellow is 0.243 liter provided by the company and the polytropic exponent (𝑛) is set at value of 1 
due to the low velocity of the cylinder. The result is to attain the predictive curve of the effective 
volume depicted by the dashed line as shown in Fig. 6(b). It is interesting to confirm that the 
predictive curve follows well the experimental data (marked by the filled squares) given by the 
company.  

To simplify restoring force model analysis of the rubber air spring, the predicted effective area 
( 𝐴௘ ) and volume ( 𝑉௘ ) is approximately expressed by polynomial functions as given in  
Eqs. (21-22) where the Least square method is employed to find the coefficients of the polynomial 
so that the error between fitting function and predicted result is the minimum. As observed in 
Fig. 6, the fitting curves are in a good agreement with the predicted data: 𝐴௘ = (0.0002 + 0.0374𝑥 − 1.9491𝑥ଶ + 68.1424𝑥ଷ − 941.3209𝑥ସ)10ିଷ, (21)𝑉௘ = (0.2077 − 0.0033𝑥 − 0.0001𝑥ଶ)10ିଷ. (22)
 

 
a) 

 
b) 

Fig. 6. Fitting curve compared with the predicted results: a) effective area; b) effective volume  
(Annotation for line types is given in right-corner panel of figure) 

Next, a displacement with amplitude of 10 mm and frequency of 0.02 Hz is applied on the free 
end of the rubber air spring to obtain the frictional hysteresis loop as shown in Fig. 7 (the detailed 
notion of the line types is presented in the left-top corner panel of the figure). It can be seen 
obviously that the sharp corners appear at minimum and maximum displacements of the hysteresis 
loop. By applying Berg’s model, the predicted curves of the fictional hysteresis loops are drawn 
by the solid line. It confirms that the Berg’s model offers (where 𝐹௙௥௜௠௔௫ = 5.7 N and  𝑥ଶ = 1.95 mm) a good fit to the hysteresis loop due to the effects of friction.  

Next, the dynamic test with the frequencies of 0.1 Hz, 0.2 Hz, 0.5 Hz, 1 Hz, 1.5 Hz, 2 Hz, 
2.5 Hz, 3 Hz, 4 Hz, 5 Hz, 6 Hz, 7 Hz and the amplitude of 8 mm is realized to predict the 
viscoelastic model. By utilizing genetic algorithm (GA) with aiming the minimum of the cost 
function expressed by Eq. (20), the optimal values of the parameters 𝐾௘, 𝑏, 𝑐 are 1.325; 0.909; and 
0.859, respectively. Then, the predicted curve of the restoring force model is shown in Fig. 8. 
Obviously, the restoring force model of the rubber air spring and the experiment one match well 
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together. The hysteresis loop generated by a displacement having small amplitude is enclosed in 
the loop for large amplitude and the sharp corners are appeared at the ends of the displacement. 
The more the reduction in amplitude, the more the slope of the hysteresis curve is increased. 
Especially, comparing with Fig. 7, increasing the frequency will lead to reduce the effect of the 
hysteresis. 

 
Fig. 7. Comparing Berg’s model  

and experiment one 

 
Fig. 8. Force-displacement hysteresis loop  
compared the experiment and identification 

5. Conclusions 

In this paper, the analysis model of the restoring force of a commercial rubber air spring was 
established and analyzed. These meaningful conclusions of the study are presented as following: 
(1) The restoring force model of the rubber air spring was presented, including the contribution of 
compressed air, friction and viscoelastic of the rubber bellow. (2) The experiment model was set 
up for collecting data to identify the structure parameters through genetic algorithm. (3) The 
proposed model of the rubber air spring was evaluated experimentally showing that the 
experimental results illustrate the good follow among the analysis model and the experimental 
data. (4) The identification of rubber air spring was carried out successfully that leads to the 
noteworthy application of the air spring for vibration isolation field.  
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