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Abstract. A rigid body model of torsional vibration of stator and rotor coupling system excited 
by electromagnetic force of motor is established in this paper. Energy method is introduced to 
solve the nonlinear vibration of the coupling system. Based on the linear part of the kinetic energy, 
potential energy and air gap magnetic field energy, the Lagrange function is obtained. And then, 
the Lagrange-Maxwell equation is used to solve natural characteristics. The nonlinear part is used 
to derive the nonlinear vibration equations of coupling system in torsional vibration modes. With 
numerical calculation, considering the triple resonances involving two natural frequencies, the 
influences of tuning parameters, damping coefficient and magnetic flux-density on resonance 
characteristics are illustrated and analyzed by the frequency-response curves. The results provide 
a theoretical basis for the subsequent calculation. 
Keywords: asynchronous machine, stator and rotor coupling, energy method, triple resonances. 

1. Introduction 

Electromagnetic noise is a main noise source of large and medium sized electrical machines. 
Plenty of studies have proved that when the motor is started, the alternating electromagnetic torque 
is many times larger than the rated output torque. Then a large torsional impact on the stator and 
rotor system is generated which excite strong vibration, make the motor generate a lot of noise, 
and even reduce the service life of transmission system. Therefore, it is very necessary to study 
electromagnetic vibration mechanism of the coupling system for noise reduction. 

Due to the complexity of the internal structure of the motor, there is no accurate modeling 
method for the stator and rotor coupling system. At present, the researches mainly focus on 
continuum model and lumped mass model. Both of them are applicable [1-3]. The analysis results 
of continuous mass modeling method are more accurate and closer to the actual situation. It is 
suitable for the study of various vibration modes of motor shafting and stator system. However, 
for the characteristics of electromechanical coupling system, some of them have strong nonlinear 
characteristics. Furthermore, the vibration of the motor in the low frequency region is mainly 
reflected in the rigid body vibration. Therefore, the lumped mass model is used in this paper. 

The nonlinear vibration of stator and rotor system under eccentric air gap electromagnetic force 
has been widely concerned [4-7]. Multiple resonance is an important research direction in 
nonlinear vibration problems [3, 8]. The characteristic of multiple resonance is that multiple 
modes are excited at the same time. And energy exchange occurs between different modes. 
Accordingly, amplitude modulation and phase modulation appear. In this work, natural 
characteristics of the stator and rotor coupling system are obtained. Because there are many 
harmonic components in electromagnetic excitation, three resonance forms of two modes are 
excited simultaneously. Therefore, some new vibration characteristics appear. 

https://crossmark.crossref.org/dialog/?doi=10.21595/vp.2020.21801&domain=pdf&date_stamp=2020-11-26
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2. Natural characteristics of torsional vibration modes  

A three-phase asynchronous machine is considered in this paper. Based on the modal 
experiment results, the asynchronous machine vibrates rigidly within 450 Hz. Therefore, the stator 
system is simplified as a rigid cylindrical shell, and the rotor shaft system is simplified as a rigid 
step shaft. The frame is simplified as a beam considering the small influence on the overall 
stiffness. The mechanical model of torsional vibration on stator and rotor coupling is shown in 
Fig. 1. 

 
Fig. 1. Mechanical model of torsional vibration 

For torsional modes, the kinetic energy and potential energy of the system can be expressed 
as: 

𝑇 ൌ 12 𝐽ଵ𝛾ሶଵଶ ൅ 12 𝐽ଶ𝛾ሶଶଶ,      𝑉 ൌ 12෍𝑘௜ଶ
௜ୀଵ 𝑥ଵଶ ൅ 12𝐶ఊ𝑥ଶଶ, (1)

where 𝐽ଵ and 𝐽ଶ are equivalent moments of inertia, 𝛾ଵ and 𝛾ଶ are relative angles of the rotor shaft 
and stator system, respectively. 𝜇ଵ  and 𝜇ଶ  are the magnetic permeabilities, respectively. 𝑘௜  is 
equivalent composite stiffness of rolling bearing and rotor shafting, and 𝑘ଵ ൌ 𝑘ଶ. 𝐶ఊ is equivalent 
stiffness of stator frame torsion around 𝑧-axis. 𝑥ଵ and 𝑥ଶ can be determined as: 

𝑥௜ ൌ 12 𝑙ௗ𝛾௜ ,      𝑖 ൌ 1,2, (2)

where, 𝑙ௗ is the distance between two rolling bearings. Through the experiments, the stator and 
rotor system will produce torsional vibration around the 𝑧-axis in low frequency vibration region. 
At this time, there is no obvious deformation of the stator system and rotor shaft system, and both 
of them show the rigid modes. Therefore, the eccentric diagram of torsional vibration is shown in 
Fig. 2, where 𝑜 is the center of the stator circle, 𝑜ଵ is the outer circle center of rotor journal, 𝑜ଶ is 
the center of the outer circle of the journal after deformation of the shaft or bearing, 𝑜ଷ is the 
geometric center of the rotor outer circle. And 𝑐  is the mass center of the rotor, 𝑒଴  is static 
eccentricity, 𝑒ଵ  is rotor vibration eccentricity, 𝑒ଶ  is rotational eccentricity. Then, the vibration 
displacement of torsional vibration mode can be expressed as: 𝑦 ൌ 𝑦଴ ൅ 𝜀ଶcos𝜔ଵ𝑝 ሺ1 − 𝑠ሻ𝑡 ൅ 𝑠𝛾, 𝑧 ൌ 𝑧଴ ൅ 𝜀ଶsin𝜔ଵ𝑝 ሺ1 − 𝑠ሻ𝑡, (3)

where, 𝛾 ൌ 𝛾ଵ − 𝛾ଶ is relative torsion angle. When the motor is started with variable frequency 
speed regulation, the air gap energy between stator and rotor can be derived, and the terms higher 
than second order are neglected as follows: 
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𝑊𝑚 = 𝑅𝐿𝐵Λ0 ൤12 𝑙 + 380 𝛾4𝑙5 + 14 ൬34 𝑦0𝛾3 + 34 𝜀2cos𝜑𝛾3൰ 𝑙4 + 112 𝛾2𝑙3       + 12 ൬12 𝜀ଶcos𝜑𝛾 + 12𝑦଴𝛾൰ 𝑙ଶ൨. (4)

Here, the linear part of magnetic field energy can be obtained as: 𝑊௠଴ = 𝑅𝐿𝐵଴Λ଴ ൬14𝑦଴𝛾 ⋅ 𝑙ଶ + 12 𝑙൰. (5)

And the nonlinear part of magnetic field energy can be obtained as: 𝑊௠ଵ = 𝑅𝐿𝐵ଵΛ଴ ൬ 112 𝛾ଶ𝑙ଷ + 380 𝛾ସ𝑙ହ + 14 𝜀ଶcos𝜑𝛾𝑙ଶ൰. (6)

The linear part of magnetic field energy, kinetic energy and potential energy in Eq. (1) 
constitute the Lagrange function (𝐿 = 𝑇 + 𝑊௠଴ − 𝑉), and substituting it to the Lagrange-Maxwell 
equation which can be used to solve the natural vibration equations as: 

𝛾ሷଵ + 𝑒𝐽ଵ 𝛾ଵ − 𝑒𝐽ଵ 𝛾ଶ = 0,     𝛾ሷଶ + 𝑓𝐽  ଶ 𝛾ଶ − 𝑒𝐽ଶ 𝛾ଵ = 0, (7)

where 𝑒 = 𝑘௜𝑙ௗ  and 𝑓 = 𝐶ఊ + 𝑘௜𝑙ௗ . One can obtain natural frequencies (𝜆ଵ  and 𝜆ଶ) and mode 
shapes from Eq. (7) based on the motor parameters. The natural frequencies calculated by this 
method have a good accuracy in the low frequency region. Compared with the experimental value, 
the error is no more than 15 %, especially the first order natural frequency, the error is less than 
10 %. At the same time, the bearing stiffness and electromagnetic stiffness will also affect the 
calculation accuracy of natural frequencies, which is not considered in this paper. 

 
Fig. 2. Eccentricity of torsional vibration 

3. The solution of triple resonances involving two frequencies 

The nonlinear part of energy is used to solve the triple resonance of nonlinear vibration. The 
nonlinear part of kinetic energy and potential energy in this problem is zero, only the air gap 
energy 𝑊௠ଵ is left. Variation calculation for the nonlinear part of the energy is taken, and its mean 
value can be derived as: 

𝛿𝑊ഥ = 𝑅𝐿𝐵Λ଴ lim௧→∞

1𝑡 න ቈ𝑙ଷ6 ሺ𝛾ଵ − 𝛾ଶሻ + 3𝑙ହ20 ሺ𝛾ଵ − 𝛾ଶሻ + 14 𝜀ଶcos𝜑 ⋅ 𝑙ଶ቉௧
଴ (𝛿𝛾ଵ − 𝛿𝛾ଶ)𝑑𝑡. (8)

The solution of vibration is assumed to be: ൜𝛾ଵ = 𝐴ଵ(𝜔)cos(𝜆ଵ𝑡 + 𝜐ଵ) + 𝐴ଶ(𝜔)cos(𝜆ଶ𝑡 + 𝜐ଶ),𝛾ଶ = 𝐴ଵ(𝜔)𝑍ଵcos(𝜆ଵ𝑡 + 𝜐ଵ) + 𝐴ଶ(𝜔)𝑍ଶcos(𝜆ଶ𝑡 + 𝜐ଶ). (9)
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Considering triple resonance frequency relation as: 𝜔ଵ = 𝜆ଵ + 𝜀𝜎, 𝜔ଶ = 2𝜆ଶ + 𝜀𝜎ଶ, 𝜔ଷ = 𝜆ଶ − 𝜆ଵ + 𝜀𝜎ଷ. (10)

Introducing three acyclic coordinates as: 𝛽ଵ = 𝜐ଵ,     𝛽ଶ = 2𝜐ଶ,      𝛽ଷ = 𝜐ଵ − 𝜐ଶ. (11)

Substituting Eqs. (9-11) into Eq. (8), the nonlinear vibration equations of stator and rotor 
coupling rigid body model in torsional vibration modes can be deduced as: 𝑑𝐴ଵ𝑑𝑡 = 𝑛ଵ𝐴ଵ + (𝑎ଵsin𝛽ଵ + 𝑎  ସ Λଶ𝐴ଶsin𝛽ଶ)2𝜆ଵ , (12a)𝑑𝐴ଶ𝑑𝑡 = 𝑛ଶ𝐴ଶ + 𝑏ସ (Λଷ𝐴ଶsin𝛽ଷ + Λଶ𝐴ଵsin𝛽ଶ)𝜆ଶ , (12b)𝑑𝛽ଵ𝑑𝑡 = 𝜎 + (𝑎ଵcos𝛽ଵ + 2𝑎ସΛଶ 𝐴ଶcos𝛽ଶ)𝐴ଵ , (12c)𝑑𝛽ଶ𝑑𝑡 = 𝜎ଶ + 4𝑏ସ ൬Λଷcos𝛽ଷ + Λଶ𝐴ଵcos𝛽ଶ𝐴ଶ ൰, (12d)𝑑𝛽ଷ𝑑𝑡 = 𝜎ଷ + 2𝑎ସ𝐴ଶΛଶ cos𝛽ଶ𝐴ଵ − 2𝑏ସΛଷcos𝛽ଷ + 𝑎ଵcos𝛽ଵ𝐴ଵ − 2𝐴ଵ𝑏ସΛଶ cos𝛽ଶ𝐴ଶ . (12e)

For steady-state solution, by canceling the time derivatives (𝐴′ଵ = 𝐴′ଶ = 𝛽′ଵ = 𝛽′ଶ = 𝛽′ଷ =0), one can obtain the higher order equations of 𝐴ଵ and 𝐴ଶ as: 16𝑥ଶଶ𝑏ସଶΛଷଵଶ 𝜎ଵଶ𝑥ଵଶ − 8𝑥ଶଶ𝑏ସΛଷଵ 𝜎ଵ 𝑥ଵ 𝜎ଷ𝑎ଵ + 𝑥ଶଶ𝜎ଷଶ𝑎ଵଶ + 16𝑏ସଶΛଶଵଶ 𝑛ଵଶ𝑥ଵସ       −64𝑏ସଶ𝑛ଵ𝑛ଶ𝑥ଵଶΛଶଵ𝑥ଶଶΛଶ𝑎ସ + 64𝑏ସଶ𝑥ଶସΛଶଶ𝑎ସଶ𝑛ଶଶ − 64𝑏ସଶΛଷଵଶ 𝑥ଶସΛଶଶ𝑎ସଶ       +64𝑏ସଶΛଷଵ𝑥ଶଶΛଶ𝑎ସΛଶଵ𝑥ଵ𝑎ଵ − 16𝑏ସଶΛଶଵଶ 𝑥ଵଶ𝑎ଵଶ = 0, (13a)64𝑥ଶସ𝑏ସଶΛଶଶ𝑎ସଶ𝑛ଶଶ𝑎ଵଶ − 128𝑥ଶସ𝑏ସଶΛଶଶ𝑎ସଶ𝑛ଶ𝑎ଵΛଷଵ𝑛ଵ𝑥ଵ + 64𝑥ଶସΛଶଶ𝑎ସଶ𝑏ସଶΛଷଵଶ 𝑛ଵଶ𝑥ଵଶ       +16𝑎ଵଶ𝑥ଶଶ𝑏ସଶΛଷଵଶ 𝜎ଵଶ𝑥ଵଶ − 8𝑎ଵଷ𝑥ଶଶ𝑏ସΛଷଵ𝜎ଵ𝑥ଵ𝜎ଷ − 64𝑎ଵ𝑥ଶଷ𝑏ସଶΛଷଵଶ 𝜎ଵଶ𝑥ଵଶΛଶ𝑎ସ       +32𝑎ଵଶ𝑥ଶ𝑏ସଶΛଷଵ𝜎ଵଶ𝑥ଵଷΛଶଵ + 𝑎ଵସ𝑥ଶଶ𝜎ଷଶ + 16𝑎ଵଶ𝑥ଶଷ𝜎ଷ𝑏ସ𝜎ଵ𝑥ଵΛଷଵΛଶ𝑎ସ − 8𝑎ଵଷ𝑥ଶ𝜎ଷ𝑏ସ𝜎ଵ𝑥ଵଶΛଶଵ       +64𝑏ସଶ𝜎ଵଶ𝑥ଵଶΛଷଵଶ 𝑥ଶସ𝑎ସଶΛଶଶ − 64𝑏ସଶ𝜎ଵଶ𝑥ଵଷΛଷଵ𝑥ଶଶΛଶ𝑎ସΛଶଵ𝑎ଵ + 16𝑏ସଶ𝜎ଵଶ𝑎ଵଶ𝑥ଵସΛଶଵଶ        −256Λଶସ𝑎ସସ𝑥ଶ଺𝑏ସଶΛଷଵଶ + 256Λଶଷ𝑎ସଷ𝑥ଶସ𝑏ସଶΛଷଵΛଶଵ𝑥ଵ𝑎ଵ − 64Λଶଶ𝑎ସଶ𝑥ଶଶ𝑏ସଶΛଶଵଶ 𝑎ଵଶ𝑥ଵଶ = 0. (13b)

4. Numerical simulation and discussion 

Take a three-phase asynchronous machine as an example to discuss the influence of tuning 
parameters and electromagnetic parameters on resonance characteristics. 

Fig. 3 shows the triple resonance curves of torsional vibration mode excited by various 
electromagnetic force components. The solid line represents the amplitude (𝐴ଵ ) of the rotor 
shafting which is a typical bimodal curve, and the dotted line represents the amplitude (𝐴ଶ) of the 
stator system. The vibration of rotor shaft system is stronger than stator system. When  𝜎ଶ = 𝜎ଷ = 0, the curve is symmetric M-type. There is energy conversion between different modes. 
Fig. 3(b) and (c) illustrate different forms of transformation when both of 𝜎ଶ and 𝜎ଷ are positive 
or negative at the same time. The resonance region is wider than that excited by a single frequency. 

Fig. 4(a) shows the resonance curves of different damping coefficients. It can be seen that the 
smaller the damping is, the narrower the resonance region is. However, with the amplitude of rotor 
vibration increasing, it is easy to enter into the instability region. The higher the peak value of the 
rotor vibration curve is, the more prone the stator and rotor to rub and produce noise. Therefore, 
the damping of the system should be strictly controlled. The electromagnetic force is proportional 
to the base value 𝐵௢ of magnetic flux-density. Fig. 4(b) shows the electromagnetic force is much 
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more stronger when the base value of magnetic flux-density is higher. The amplitude of stator 
system increases significantly, which exceeds the amplitude of the rotor shaft system. This 
phenomenon illustrates that the electromagnetic force has a significant effect on the vibration 
amplitude of the stator system. 

 
a) 𝜎ଶ = 0, 𝜎ଷ = 0 

 
b) 𝜎ଶ ൐ 0, 𝜎ଷ ൐ 0 

 
c) 𝜎ଶ ൏ 0, 𝜎ଷ ൏ 0 

Fig. 3. The frequency-response curves with different tuning parameters 

 
a) Influence of damping coefficient 

 
b) Influence of magnetic flux-density   

Fig. 4. The frequency-response curves 

5. Conclusions 

According to motor vibration experiment, the motor generates rigid body vibration within a 
certain frequency range. Introducing the energy method, the Lagrange-Maxwell equation is used 
to solve the natural frequencies and mode shapes with the linear part of magnetic field energy. 
The nonlinear part as a disturbance energy to deduce the nonlinear vibration equations of stator 
and rotor coupling rigid body model in torsional vibration modes. Finally, the characteristics of 
triple resonance involved two natural frequencies are analyzed. 

The simulation results illustrate that the tuning parameters, damping coefficient and magnetic 
flux-density have significant influence on vibration characteristics. The rotor shafting amplitude 
curve is a symmetric M-type bimodal curve. Thus, the stator system is very sensitive to 
electromagnetic excitation. When there is internal resonance in the system, multiple resonance is 
easily excited. And there is energy conversion between the modes. This work provides theoretical 
reference for the optimization of the whole structure and the design of reliability operation of the 
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stator and rotor coupling system. 
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