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Abstract. Based on the “Potential energy method”, the improved mesh stiffness calculation model 
of spur gear pair with actual involute and transition curve is proposed. Furthermore, the spalling 
effect, nonlinear contact stiffness, improved fillet-foundation stiffness, time-varying friction 
coefficient under mixed elasto-hydrodynamic lubrication (EHL) condition are assimilated into the 
model. Then the results of the improved mesh stiffness model are obtained by numerical 
simulation, in which the mesh stiffness under mixed EHL friction and the effect of height for 
spalled area on the mesh stiffness are comprehensively investigated. 
Keywords: mesh stiffness, friction coefficient under EHL, nonlinear contact stiffness, improved 
fillet-foundation stiffness, spalling effect. 

1. Introduction 

Time-varying meshing stiffness (TVMS) is an important stimulating factor of the gear system, 
the vibration and noise of the gear system are greatly affected by the meshing stiffness. Therefore, 
in order to obtain the TVMS in accurate and efficient way, many improved and modified methods 
have been proposed. The analytical method to calculate the gear tooth deflections was proposed 
in [1]. The nonlinear Hertzian contact stiffness was proposed based on [2]. Yang et al. [3] studied 
gear impact dynamics with Hertzian damping, tooth friction, and bending stiffness. Zhu et al. [4] 
designed a program to predict the lubrication features, friction, surface stress and flash temperature 
based on measured 3D surface roughness. Castro et al. [5] obtained the coefficient of friction in 
mixed film lubrication based on the model of gears with discs. Chaari et al. [6] studied the mesh 
stiffness and dynamic response of a spur gear system under the effect of spalling and tooth 
breakage. Chen et al. [7] conducted dynamic simulation of spur gear, in which the tooth root crack 
propagates along tooth width and crack depth. Kiekbusch et al. [8] calculated the torsional mesh 
stiffness of spur gears based on 2D and 3D FE models. Chen et al. [9] conducted dynamic analysis 
for the spur gear with crack in the gear tooth, and the crack depth on the system response was also 
analyzed. Wan et al. [10] improved the calculation process of mesh stiffness, and the dynamic 
model of gear-rotor system was proposed considering tooth root crack. Ma et al. [11] proposed a 
dynamic model for cracked spur gear, then the time-varying stiffness was calculated based on the 
model. Wang et al. [12] built a model of spur gear pair with profile error, and then the mesh 
characteristics were studied. Liang et al. [13] evaluated the mesh stiffness of planetary gear set 
under the influence of crack. Saxena et al. [14,15] studied the influence of shaft misalignment and 
friction on the mesh stiffness of spur gear pair. Ma et al. proposed improved time-varying mesh 
stiffness model of spur gears under cracked effect [16], and with tip relief [17]. 

In the paper, the mesh stiffness calculation model of spur gear pair with spalling effect is 
proposed, in which the exact involute and transition curves of gear teeth, the nonlinear Hertzian 
contact stiffness, modified fillet-foundation stiffness, mixed EHL friction coefficient are fully 
considered. 
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2. Analytical method of TVMS for spur gear pair 

The tooth profile of the spur gear enters and leaves contact simultaneously along the entire 
width of the end face. Therefore, when the tooth profile comes into and out of contact, this will 
cause sudden loading and unloading on the teeth. As a result, vibration and noise are generated. 

The “potential energy method” [3,9] is applied in the study to obtain the TVMS of spur gear 
pair under mixed EHL friction excitation with spalling effects. The gear deformation consists of 
three parts of elastic deformation: 1. the bending deformation, shear deformation, and axial 
compression deformation of the tooth portion; 2. the base deformation of the transition fillet 
connected to the gear teeth; 3. the contact deformation between the tooth causing the contact stress. 
Therefore, the corresponding mesh stiffness components can be derived from the gear 
deformations. 

2.1. Friction coefficients obtained by mixed elasto-hydrodynamic lubrication 

Under mixed EHL condition, the synthesized coefficient of friction 𝜇ெ௅  can be obtained 
throught following expression [5]: 𝜇ெ௅ = ሺ1 − 𝑓௔ሻ𝜇஻௅ + 𝑓௔𝜇ா௅, (1)

where, 𝜇஻௅, 𝜇ா௅ indicate the coefficient of friction in the boundary film lubrication and full film 
lubrication, respectively. 𝑓௔  represents the load distribution function, which determined by the 
specific lubricating film thickness between gear teeth. For the boundary film lubrication condition, 
the coefficient of friction is in the interval 0.08-0.13, and 𝜇஻௅ = 0.1 is adopted in the study.  

For the full film lubrication condition [18], the coefficient of fiction can be calculated by: 𝜇ா௅ = 𝑒௙ሺௌோ,௉೓,௩బ,ௌሻ𝑃௛௕మ|𝑆𝑅|௕య𝑉௘௕ల𝑣଴௕ళ𝑅௕ఴ , (2)𝑓ሺ𝑆𝑅,𝑃௛,𝑣଴, 𝑆ሻ = 𝑏ଵ + 𝑏ସ|𝑆𝑅|𝑃௛logଵ଴ሺ𝑣଴ሻ + 𝑏ହ𝑒ି|ௌோ|௉೓୪୭୥భబሺ௩బሻ + 𝑏ଽ𝑒ௌ, (3)

where, 𝑏௜  are constant coefficients that shown in Table 2, 𝑆𝑅  indicates the slide-roll ratio, 𝑃௛ 
indicated the maximum Hertzian pressure, 𝑣଴ presents the absolute viscosity, and 𝑅 denotes the 
effective curvature radius, 𝑣௘ denotes the suction speed at the contact point. 

2.2. Analytical method of gear tooth stiffness 

The Fig. 1 shows the schematic diagram of spur gear tooth under meshing force, Fig. 2 shows 
the spur gear tooth with spalling effect. With angular displacement adopted, the tooth axial 
compressive stiffness, tooth bending stiffness, and tooth shear stiffness and can be expressed as: 1𝑑𝑘௧ୟ = න ሺsin𝛼ଵ ± 𝜇cos𝛼ଵሻଶ𝐸𝐴௫ଵ 𝑑𝑥ଵ𝑑𝛾ఈ೟గ/ଶ 𝑑𝛾 + න ሺsin𝛼ଵ ± 𝜇cos𝛼ଵሻଶ𝐸𝐴௫ଶ 𝑑𝑥ଶ𝑑𝜏ఈభఈ೎ 𝑑𝜏, (4)1𝑑𝑘௧௕ = න ሾሺcos𝛼ଵ ∓ 𝜇sin𝛼ଵሻሺ𝑥ఈଵ − 𝑥ଵሻ − 𝑦ఈଵሺsin𝛼ଵ ± 𝜇cos𝛼ଵሻሿଶ𝐸𝐼௫ଵ 𝑑𝑥ଵ𝑑𝛾ఈ೟గ/ଶ 𝑑𝛾 
      +න ሾሺcos𝛼ଵ ∓ 𝜇sin𝛼ଵሻሺ𝑥ఈଵ − 𝑥ଶሻ − 𝑦ఈଵሺsin𝛼ଵ ± 𝜇cos𝛼ଵሻሿଶ𝐸𝐼௫ଶ 𝑑𝑥ଶ𝑑𝜏ఈభఈ೎ 𝑑𝜏, (5)

1𝑑𝑘௧௦ = න 1.2ሺcos𝛼ଵ ∓ 𝜇sin𝛼ଵሻଶ𝐺𝐴௫ଵ 𝑑𝑥ଵ𝑑𝛾ఈ೟గ/ଶ 𝑑𝛾 + න 1.2ሺcos𝛼ଵ ∓ 𝜇sin𝛼ଵሻଶ𝐺𝐴௫ଶ 𝑑𝑥ଶ𝑑𝜏ఈభఈ೎ 𝑑𝜏, (6)

where, 𝑥ఈଵ, 𝑦ఈଵ, 𝑥ଵ, 𝑦ଵ, 𝑥ଶ, 𝑦ଶ can be described in function of angles 𝛼, 𝛾, 𝜏 [16]. In the of double 
operators ± and ∓ in above expressions, the upper operators represent the approach process, the 
lower operators represent recess process. The cross-sectional area of spalling area can be 
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expressed as 𝐴௦ = ሺ2 ⋅ ℎ௫ ⋅ 𝐿ሻ − ሺℎ௦ ⋅ 𝑙௦ሻ, and the corresponding moment of inertia of the section 
can be calculated by 𝐼௦ = 1/12 ⋅ ሾሺ2 ⋅ ℎ௫ሻଷ ⋅ 𝐿 − ሺℎ௦ଷ ⋅ 𝑙௦ሻሿ. 

 
Fig. 1. Schematic diagram of spur gear tooth under meshing force  

 
Fig. 2. Schematic diagram of spur gear tooth with spalling effect and spalling parameters 

2.3. Analytical method of nonlinear contact stiffness 

Due to the nonlinear contact force between gear tooth, the Hertzian contact stiffness is 
nonlinear in principle. The analytical method is applied to express the nonlinear Hertizian contact 
[2], therefore, the approximate formula is drawn as follows: 

𝑘ℎ𝑖 = 𝐸𝑒0.9𝐿0.8ሺ𝐹𝑖ሻ0.11.275 , (7)𝐹𝑖 = 𝐹 ⋅ ሺ𝐿𝑠𝑟𝑖ሻ, (8)

where, 𝑖 denotes the 𝑖th meshing tooth pair, 𝐿 is the tooth face width, 𝐹 is the total meshing force, 
which can be expressed as 𝑇/𝑟௕ଵ , where, 𝑇  denotes the torque of the driving gear, 𝐹𝑖  is the 
meshing force of the 𝑖th tooth pair. 

2.4. Analytical method of improved gear foundation stiffness  

When calculating the mesh stiffness, in addition to tooth deformation, the deflection caused 
by the fillet foundation should also be considered. The stiffness component caused by the 
deflection of the fillet foundation can be expressed as: 
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1𝑑𝑘𝑓 = cos2𝛼1𝐸 ⋅ 𝑑𝐿 ൝𝐿∗ ቆ𝑢𝑓𝑆𝑓ቇ2 + 𝑀∗ ቆ𝑢𝑓𝑆𝑓ቇ + 𝑃∗ሺ1 + 𝑄∗tan2𝛼1ሻൡ, (9)

where, 𝐿 is the tooth width of spur gear, 𝛼ଵ is the pressure angle acting on gear tooth, 𝑢௙ and 𝑆௙ 
are illustrated in schematic diagram, the coefficients 𝐿∗, 𝑀∗, 𝑃∗, 𝑄∗ can be obtained from the 
polynomial functions proposed in [1]. 

In the actual condition, one gear body support multiple gear tooth in meshing, therefore, higher 
value of mesh stiffness is obtained, that compared with the actual value in multiple-tooth meshing. 

An improved analytical method based on FEM simulation is proposed [17] to eliminate the 
deviation, which can be expressed as: 𝑑𝑘௙ = 1൬ 1𝜆௣𝑑𝑘௙௣ + 1𝜆௚𝑑𝑘௙௚൰ ,       𝜆௣ = 𝜆௚ = 1,       ሺ𝑁 = 1ሻ, (10)

where, 𝜆 denotes the correction coefficient for fillet-foundation stiffness, 𝑝 and 𝑔 indicate the 
driving, driven gear, respectively, and 𝑁 presents the number of gear pairs in meshing. 

3. Results and discussion 

The basic parameters of the spur gear pair that used for improved TVMS calculation model is 
shown in Table 1.  

Table 1. Parameters of the GTF transmission system 
Parameters Value Unit 

Number of teeth on gear / 𝑁௚ 43 – 
Number of teeth on pinion / 𝑁௣ 42 – 

Teeth width / 𝐵 60 mm 
Modulus / m 3.5 mm 

Pressure angle / 𝛼 20 degree 
Addendum coefficient / 𝑐௡ 1 – 

Tip clearance coefficient / ℎ𝑎௡ 0.25 – 
Young’s modulus / 𝐸 2.068×1011 Pa 

Poisson’s ratio / 𝜈 0.3 – 

The coefficient of friction μ that obtained from EHL lubrication is shown in Fig. 3, in which 
the coefficient is first drop and then increase to previous value with the rolling angle of gear pair, 
in addition, the curve of friction coefficient are plotted in three rotational speed, which are 
1000 rpm, 2000 rpm, and 3000 rpm, respectively, the figure shows that the friction coefficient 𝜇 
decreases as the rotational speed rises.  

 
Fig. 3. The coefficient of friction for varying rotational speed 
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The mesh stiffness of spur gear pair is simulated with Matlab, and the mixed EHL friction 
coefficient is applied in the model, the results are shown in Fig. 4, it can be drawn from the  
Fig. 4(a) that the meshing process of spur gear pair experiences single teeth meshing and double 
teeth meshing, as the mesh stiffness also fluctuates with the number of teeth in meshing. 
Furthermore, the amplified figure of the mesh stiffness in single teeth meshing shows that the 
mesh stiffness experiences abrupt change caused by the change of direction of friction force.  

 
a) 

 
b) 

Fig. 4. The mesh stiffness under EHL friction: a) original, b) amplified  

The mesh stiffness with spalling effect are also studied as shown in Fig. 5, in the section, the 
effect of height of spalled area is studied, the mesh stiffness of spur gear pair with spalled area 
heighted 3 mm, 5 mm, 8 mm, 10 mm, while the length and width of spalled area are all kept as 
5mm, in addition, the spalled area happed nearby the pitch line. As the figure illustrate, the extent 
of drop for mesh stiffness in single teeth meshing area deepened as the height of spalled area 
expanded. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 5. The mesh stiffness with spalling effect: a) ℎ௦ = 3 mm, b) ℎ௦ = 5 mm, c) ℎ௦ = 8 mm, d) ℎ௦ = 10 mm 

4. Conclusions 

In this paper, the improved mesh stiffness calculation model that considered friction force 
excitation that obtained from the mixed EHL model, in addition, the spalling effect of the spur 
gear pair are also studied. 

Form the results of numerical simulation, the mesh stiffness, especially in single teeth meshing, 
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shows similar pattern as the evolution of friction coefficient. The sudden drop of mesh stiffness is 
illustrated as the spalling effect is considered, and the results show that the extent of dropping in 
mesh stiffness is amplified with the increase of height of the spalled area.  
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