Consideration of longitudinal vibration of automobiles
in planar model with taking road deformation and loss
of contact into account

Ham Vu Cong!, Cuong Phung Manh?, Dung Tran Quang®

Faculty of Mechanics, Le Quy Don Technical University, Ha Noi, Vietnam

2Corresponding author

E-mail: 'conghamf767@gmail.com, *phungmanhcuongk23@gmail.com, 3tranquangdung79@gmail.com

Received 3 July 2020; received in revised form 11 December 2020, accepted 14 January 2021 W) Check for updates
DOI https://doi.org/10.21595/jve.2021.21575

Copyright © 2021 Ham Vu Cong, et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. This article considers longitudinal planar vibration of a two-axle automobile moving
linearly with a constant velocity and subjected to pre-deterministic kinematic excitation caused by
the rough road surface. The automobile is modeled as a vibration system which has three masses
and four degrees of freedom. The deformed road is modeled as an elastic beam which is simply
supported at the two ends and lying on Kelvin’s visco-elastic ground. The change in dimensions
of the contact areas is considered. The loss of contact between the wheels and the road surface is
taken into account by producing the contact state parameters in the differential equations of motion
of the vibration system. The partial differential equation which describes the motion of deformed
road is then transformed into a set of all ordinary differential equations by applying the
Bubnov-Galerkin’s method. Some typical results coming from numerical consideration are also
presented in the article.

Keywords: vibration, automobile, planar model, half-car model, wheel separation, loss of contact,
road deformation.

1. Introduction

When an automobile moves on rough roads, vertical vibrations appear as an inherent property.
If the level of vibration exceeds a definite threshold, the wheels of the automobile may separate
from the road and this phenomenon is called as the loss of contact, or the wheel separation in some
documents. The loss of contact reduces controllability of the automobile both in velocity and
direction, and therefore, the safety of movement.

In many books and papers concerned with the vibration of automobiles, the loss of contact is
either disregarded such as in the references from [1-13] or although regarded but all spring-damper
couples which represent the wheels has the lower end consistently clamped to the road surface as
in [14]. These physical models are widely applied and help scientists to gain a lot of significant
results, but obviously not authentic. It is needed to propose other models which have the
authenticity higher.

Recently, the authors of this own article have started investigating into vertical vibration of
automobiles with taking account of wheel separation or/and road deformation. The loss of contact
is taken into account by introducing the so-called contact state parameters while the road
deformation is taken into account by applying the models of elastic beam or rectangular plate on
Kelvin's visco-elastic ground. In papers [15, 16], the one-fourth model is applied and the loss of
contact is taken into account, but only the article [16] takes account of the road deformation. In
the article [17], longitudinal vibration of automobiles is considered in the planar model (a half-car
or one-second model), the loss of contact is also taken into account, but the road deformation is
not regarded. This paper continues to consider longitudinal vibration of automobiles in the planar
model where the loss of contact is taken into account by using two contact state parameters and
the road deformation is taken into account by applying the models of the elastic beam on Kelvin's
visco-elastic ground.
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2. Formulation of the problem
2.1. Assumptions

Vibration model of the vehicle-road coupled system is made with these assumptions:

— Automobile under consideration has the body and two axles absolutely rigid and move
linearly with a constant velocity.

— Dynamic behavior of all spring-damper couples in the systems is linear.

— Contact area (if exists) between each wheel and the road surface is a rectangle whose
dimension in the direction of vehicle axle is unchanged while loaded.

— The road profile is assumed to be predeterministic.

2.2. Contact characteristics between the wheel and the road

Fig. 1 shows a round wheel that is lying in contact state with the road surface and its vibration
model. In the figure, 7, is the radius of the wheel; b, — the width of the tyre, also the width of the
contact area if exists; k;, ¢, — the wheel string-damper couple which represents the dynamic
behavior of the wheel in vertical direction; C - center of the wheel; Q — vertical load applied on
the wheel axle; R —reaction force from the road; Az; — vertical compress deformation of the wheel
or the spring representing its elasticity; d. — the length of the contact area; D — the expected
contact point between the road surface and the wheel. In general, D is the shadow (in vertical
direction) of the wheel center onto the road surface; if the contact state between the wheel and
the road surface exists, D is also the center of the contact area.
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Fig. 1. a) Contact characteristics and b) vibration model of a deformed wheel

Assuming that the off-contact-area part of the wheel profile is still exactly rounded with the
radius unchanged, we can get the relation between the length of contact area and vertical
deformation of the wheel:

d. = 2,/12 — (1, — Az,)2. (1

Let F;, be the resultant of spring and damping forces in the wheel spring-damper couple. From
the equilibrium condition of forces acting in the wheel model one can get Q = R = F;. The value
of F; can be expressed in term of vertical compress deformation of the wheel Az; (Az; is also the
spring which represents the wheel) as:

d(Azy)

R 2)

FL = kL(AZL) + Ch,
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If the loss of contact really appears or starts to appear, the wheel is not deformed and the values
of Az;, d. and F; are all equal to zero.

Now if we redefine Az; as the difference in vertical displacements of points D and C, i.e.
Az; = up — u¢, noting that both road deformation and wheel separation are taken into account,
then the expression in the right side of Eq. (2) can be used to verify if the loss of contact occurs or
not. This expression can be called as the verifying value of contact force and denoted as F;, so
that:

Fy = ky(up —ue) + ¢, (p — ). 3)

It is obvious that if F; > 0, the wheel still lies in the contact state with the road and F;, is also
the resultant force of the wheel spring-damper couple. If F; < 0, the wheel separates from the
road and the resultant force of the wheel spring-damper couple is equal to zero. According to this
reasoning, we introduce the so-called contact state parameter which is denoted as s and taken value
ass=1if F, >0 and s = 0 if F;, <0. The formula for the resultant force of the wheel
spring-damper couple in all three different states of relative position of the wheel-road couple
(really contacting, starting to separate or contact, and really losing contact) now can be uniquely
written as follows:

Fy = sF, = sk, (up —u¢) + ¢, (itp — ). “4)

In order to distinguish the front and the rear wheels later, we will use subscripts or superscripts
“1” and “2” respectively, such as k. j, ¢, ;, Fij, Sj, d¢j, Az, j, ete. (j = 1, 2).

2.3. Vibration model of the vehicle-road coupled system

Basing on the construction of two-axle automobiles and the assumptions mentioned above, we
can make the longitudinal planar vibration model of an automobile taking road deformation into
account as shown in Fig. 2. The vehicle is modeled as a vibration system of three masses
corresponding to the body and the two axles while the deformable road is modeled as an
homo-geneous elastic beam lying on the Kelvin’s visco-elastic ground. Fig.2 describes the
mechanical system under consideration in the so-called natural position in which all the springs
are completely free and the road lies in the contact state with the two wheels.
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Fig. 2. Longitudinal vibration planar model of the vehicle-road coupled system

Here are some explanations for Fig. 2:
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Cp, Cy, C, — centers of gravity of the body, the front and the rear axles, respectively;

A, B — connection points of suspension spring-damper couples to the vehicle body;

my, Jp, Mcq, My — inertial characteristics of the vehicle body and the two axles;

{kr1, cr1}, {krs, €72} — suspension spring-damper couples at the front and the rear axles;

{ky1, 1}, {kpo, €12} — Wheel spring-damper couples at the front and the rear axles;

{ks, cs} — stiffness and damping coefficient of Kelvin’s visco-elastic ground;

a,, a, — distances in horizontal direction from the center of gravity of the vehicle body to the
front and the rear axles;

w = w(x, t) — displacement function of the beam representing the deformed road,

up, @p — vertical and angular displacements of the vehicle body;

Ucq, Uy — vertical displacements of the front and the rear axles;

uy, ug — vertical displacements of points A and B;

Tp1, Tp2 — representatives of the heights (or depths) at the expected contact points D;, D, from
the nominal road surface due to the road roughness.

It is noted that the displacements u,, @y, Ucq, Uc, are measured from the natural position of
three masses (vehicle body and two axles).

2.4. Determination of forces acting on the automobile

Fig. 3 shows the force diagrams of three masses in vibration model after freeing them. In the
figure, Gy, G¢q, G, are the gravitational forces of three masses; Fry, Fr,, Frq, Fr, — the resultant
forces of the suspension spring-damper couples; F; 4, F;, - the resultant forces of the wheel spring-
damper couples, or the contact forces for simpliciy. Subscripts b, 1 and 2 used here imply that the
concerned quantity belongs to or concerns with the vehicle body, the front and the rear axles,
respectively.

e ;; _fuz'z e c% _{uﬂ

6}1
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Fig. 3. Force diagrams of vehicle body and two axles

The forces in Fig. 3 can be expressed as:

Gp =mpg, Gep=merg,  Gez = M2y,

Fri =F'r1 = kpi(uer — ) + cp1 (Yo — ),

Fry = F’ZZ = kra(uc; — up) + cr2(Uez — Up), (5)
Fi=5F1=5 [kpy (upy — ucr) + €1 (Upy — Ucr)),

Fip = 55F15 = splki(Upy — Ucz) + €2 (Upy — Uea)]-

Vertical displacements uy, ug, Upq, Up, in Eq. (5) can be calculated as:
Up =up+ a9, Up =Up— A, Up; =Wpy +7p1,  Upz = Wpy +Tpy, (6)
where wpy = W(X, t)||x=xp,>» Wp2 = W(X, t)|lx=x,, are vertical displacements at points D; and
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D, of the beam which represents the deformed road.
Substituting Eq. (6) into Eq. (5) one can get the expressions of resultant forces in suspension
and wheel spring-damper couples:

Fri = F'rq = kpiluc — (Wp + a190p)] + cralitcr — (@ + a1905)],

Fry = F'rp = kpaluc, — (wp — azpp)] + cpp ity — (@ — az@p)], 7)
Fiq = s1lkps(Wpy +1p1 — uct) + c1 (Wpy + 7pg — )],

Fip = s3[ka(Wpa + 1py — Uca) + ¢ (Wpy + Tpp — TUgp)].

2.5. Differential equations of motion of the mechanical system
2.5.1. Differential equations of motion of the vehicle

By writing the dynamic equations of three masses in Fig. 3 then using the Eq. (7) of forces and
taking some needed arrangements, we can get the differential equations of motion of the vehicle
as follows:

Myl + (Cr1 + Cr2)Up + (€711 — C12Q2) Py — Crilcy — Cralics

+(kr1 + kr)up + (kriay — krpa2)@p — kpqucr — krpUuc, = —my g,
Jp®p + (cr1a1 = Cr2a2) Uy, + (€105 + €1203)Pp — Cr1a4lcy + CraGylicy

+(kr1ay — kroaz)uy + (lea% + sza%)(Pb = kriaucy + krpazuc, =0,
Meqlicy — Critly — Cr1@1Pp + (€11 + 51601)Ucy — ki — kr1a190p

+(kry + sikp)ucy = —merg + s1lkps(Wpy + 1p1) + €1 (Wpy + 7p1)],
Mealic; — CraWp + Cra@aPp + (Crz + S2C12)Ucz — kraUp + kG20

+(kry + S3ki)Ucy = —Meag + Sp[k,(Wpy + 1p2) + ¢, (Wpy + 7p2) ]

®)

2.5.2. Differential equation of motion of the deformed road

As presented above, the deformed road is modeled as homogeneous elastic beam that lies on
Kelvin’s visco-elastic ground. Additionally, the beam is simply supported at the two ends has the
length of L, the rectangular cross-section with the width by and the height hgy. Vertical
displacement of the beam is a function of the x-coordinate and time t, ie. w = w(x, t).

By considering the equilibrium of a typical beam element, we can obtain the differential
equation of motion of the beam which represents the deformed road as follows [16]:

’w(x, t) N ow(x, t) El0*w(x, t)

B 52 Cs o + ksw(x, t) + b, oxt +p(x,t) = —phgg. )

In Eq. (9), p and E — mass density and Young’s module of beam material; I — bending inertial
moment of beam cross-section (I = bgh}/12); g — gravitational acceleration and p(x,t) —
function of pressure distribution in the contact areas. Function p(x, t) is assumed unchanged in
y-direction and exists in wheel-beam contact areas only.

Solution w = w(x, t) of Eq. (9) should be satisfied the boundary conditions:

w(x, )||x=0 = W(x, )|lx=, = 0. (10)

The differential equations of motion of the vehicle-road coupled system are the combination
of four ordinary differential Eq. (8) and partial differential Eq. (9).
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2.6. Simpler particular cases of the differential equations of motion

2.6.1. The case of ignoring road deformation

In case the road deformation is ignored, we have w(x, t) = 0 for all x and t. Moreover, it can
be assumed that kg = ¢ = o0 and Eq. (9) becomes an identity. The differential equations of
motion of the vehicle-road coupled system reduce to those of the vehicle only and have the form
as follows:

(Mplip + (Cr1 + Cr2)Up + (Cr1a1 — Cr2Q2)Pp — Crilcy — Cralics
+(kr1 + kpup + (kriaq — kpa2)@p — krqucr — ko, = —myg,
Jp®p + (cr1a1 = Craa2) Uy, + (€105 + €1203)@p — Cr1a4licy + CraGylicy
+(kriay — krpaz)u, + (lea% + sza%)Qab —kriaiucy + krpasuc; =0,

Meqlicy — Crilly — Cr1@Pp + (Cry + S1€01) Ut — KUy — k10190 an
+(kr1 + sikp)uct = —merg + s1(kpaTpr + CLaTpa),

Mealicy = CraWpy + Cra@aPp + (Crz + 52C12)Ucz — KUy + krG20p
+(kry + 52k 2)Uc, = —Meag + 55 (kpoTpy + CLoTp2)-

2.6.2. The case of disregarding the loss of contact

If the wheels are assumed to lie in the consistent contact state with the road surface, we have
s; = s, = 1 at every point of time. In this case, Eq. (9) is still used with no change and the
differential equations of motion of the vehicle can be deduced from Eq. (8) by setting
s1 =5, =1:

(Mpliy + (Crq + Cr2)Uyp + (Cr1ay — Cr2A2)Pp — Crilcs — Cralcs
+(kr1 + kr)up + (kriay — kr202)@p — kpqucr — kraUe, = —myg,

Jp®p + (cr1a1 = Craa2) Uy, + (€105 + €1203)@p — Cr1a4licy + CraGylicy

J +(kr1ay — krpaz)uy, + (lea% + sza%)‘Pb — kriayucy + krpasuc; =0,

Meqlicy — Crilly — Cr @i Pp + (€1 + CL1)Uer — KUy — kr1ay@p + (kpy + kg )uer
= —mc19 + [kp1(Wpy +1p1) + 11 (Wpy + 7p1)],

Mealicy — Cralp + Cra@aPp + (Crz + Cr2)Ucy — kraUp + krpaa @y + (Krp + ki2)uc,
= —mcyg + [ko(Wpy + 1) + ¢, (Wp, + 7p2)]-

(12)

2.6.3. The case of ignoring both the road deformation and the loss of contact

If both the road deformation and the loss of contact are ignored, the differential equations of
motion of the vehicle-road coupled system reduce to those of the vehicle in which s; = s, =1
and Wp1 = Wpy = WDl == WDZ = 0'

Myily, + (Cr1 + Cr2)Up + (C7101 — C72A2)Pp — Cr1llcy — Cralc
+(kr1 + kr)uy + (kriay — krpa2)@p — krqucr — ko, = —my g,
Jp®p + (cr1a1 = Cr2a2) Uy, + (cr105 + €1203)@p — Cr1a4lcy + CraGylicy
+(kriay — kraaz)uy, + (kTIa% + sza%)QDb — kriaucy + kppazuc, =0,
Meqlicy — Crlly — Cr1@1Pp + (Cr1 + €p1)Ucy — kU — kppai9p + (kg + kpucy
= —me1g + (Kpatpr + Cra¥pr),
Mealic; — CraWp + Cra@aPp + (Crz + CL2)Uca — kU + kraaa@p + (Krz + ki2)uc,
= —Mcpg + (Ki2Tp2 + C2Tp2)-

A

(13)
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2.7. Transforming the differential equations of motion into a system of all ODEs

Because of the presence of partial differential Eq. (9), the differential equations of motion of
the mechanical system cannot be able to solve. In order to obtain the functions which reflect
vibrations of the automobile and the road, the Bubnov-Galerkin’s method is applied here to
transform the original differential equations of motion into a system of all ordinary differential
equations (ODEs) of time variable only. These ODEs are called as the transformed differential
equations of motion which can be solved numerically, for instance.

A procedure for reaching the purpose is given as follows:

1) Approximating the displacement expression of the beam as a series of functions which
satisfy the boundary conditions Eq. (10) as:

w(x,t) = ZTl(t)sm Ll)r[x’ (14)

where T;(t) are time functions to be found and N is the number of terms in the series used.

2l-1)nx
L

Note that functions sin are linearly independent and have the orthogonality:

L
f C@L-Dmx Q@U-Dmx (0, 1£0,
sin sin dx—{

L L =Wz, 1= (15)
0

2) Substituting the expression of w(x,t) according to Eq. (14) into Eq. (9) to obtain its
derivative equation which can be written as:

S @l-Dmx v, . @-Dmx . ow @l-Dmx
phg Z Tl(t)smf + ¢ Z T, (t)smf + kg Z T; (t)smf
=1 =1 =1

(16)

N
EI 21 — 14t 21 — Dmx
= T @D G DM ot = —pghs.

I ! L

3) Accepting the expression of p(x, t) as p(x,t) = p(t)U(x) (variable separation method).
Concretely, p(x, t) = p;(t)U;(x) in the contact area of front wheel and p(x, t) = p,(t)U,(x) in
the contact area of rear wheel where p;(t) (j = 1, 2) are time functions to be found, and U;(x) are
the x-variable functions whose expressions are chosen according to the assumption of pressure
distribution on the contact areas. Four types of pressure distribution proposed by the authors of
this paper are presented in [16]:

— Even (constant, or rectangle) distribution: U;(x) = 1(Vx).

— Parabolic distribution: U;(x) = 1 — (2x/d,;)*.

— Cosine distribution: U;(x) = cos(mx/d,;).

— Squared cosine distribution: U;(x) = cos?(mx/d.;) = 0.5[1 + cos(2mx/d.;)].

4) Consecutively taking k = 1, 2,..., N and multiplying both sides of Eq. (16) by sin ——— (2 Unx

then integrating two sides of the obtained equation with respect to x-variable from 0 to L (over
the length of the beam), noting the orthogonality Eq. (15), one can get a system of N ordinary
differential equations of the form:
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El 2k — 1)*n* 2Ly _ 212k _
pheTi(t) + csTe(t) + [ks + by IF T () + — L p1(t) + ——p2(t)
___4pghg {17
2k — D’
where:
Xp1+0.5d¢q
2k —Drnx
L = f Ul(x)smfdx,
b t0sies (18)
2k —1Dnx
Ly = f Uz(x)smfdx

Xp2—0.5dc2

5) Expressing functions p;(t) (j = 1, 2) in Eq. (17) in terms of the unknown functions of time
which consist of the vehicle generalized coordinates u;,, @y, U¢q, Ucy and functions Ty (t),
l=1,2,..., N. Toreach the purpose, we use the equilibrium equations presented before:

where F,; is the resultant force of the j-th wheel spring-damper couple (the contact force of the
Jj-th wheel) and R; is the road reaction force at this wheel.

Using the expression of w(x,t) in Eq. (14), we determine the vertical displacements of
expected contact points D; (j =1, 2) as:

N N
@2l = Dxy; ,
oy = 08Bl = ) Tsin—p = ) 710
=1

5 ( ) H N (20)
. w(x,t — Drxp; N
701 =g ll=ss) Zn(t)smf’= > 0w,
=1
where:
; 2l — Dmxp;
x G T N j =12 1)

L

The expressions of Fy j can be then obtained by putting Eq. (20) into the two last equations in
Eq. (7) as:

N N
FL] = Sj |:ij (le(])Tl(t) + rD]- — ucj> + CL] (Z Xl(])Tl(t) + TD] - uC])l: (22)

1=1 =1
(G =1,2).

The reaction force R; can be determined by using the pressure distribution function:

O.Sdcj
de _O'Sdci
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where:
O.Sdcj
Iy; = f U;j(x)dx, (G=1,2). (24)
—O.Sdcj

Using Eq. (22), (23) and (19), we can deduce the expressions of p;(t):

pj(t) = Iy b IkLJ (Z Xl(])Tl(t) +71pj — uq) t+cyj (Z Xz(})Tz(t) +7p; — kj)l' (25)

(]:12) 1 =1

6) Substituting the expressions of p;(t) from Eq. (25) into Eq. (17) to obtain N ordinary
differential equations as:

EI(2k — 1)*n*
bgl*

N
251]1k 1) . .
+I b1 ki ZXZ( )Tl(t) +7py —Ucr |+ Cpa ZXI( )Tl(t)+7"m —Ucq
u1bLL

phsTi(t) + csTi (t) + [ks + ]Tk(t)

v (26)
25317 ) @ . .
T bl ki, ZX[ Ti(t) +1p2 —Uca | + €12 ZX[ Ty (t) + 7pz — Uca
vz L4 L =1 =1
pghs
=—— (k=12,..,N).
Qk-1Dm ( )
By introducing the following notations:
_ 25111k _ 25212’( _ + EI(Zk - 1)47t4
M1k = [UlbLLJ Hop = [UZbLLJ k — 1S bBL4_ 4 (27)
1, k=]
Su={y kai
where 8y, is the Cronecker’s operator, Eq. (26) can be rewritten as:
N
phpT(t) = MakCratict — HarCralics + Z(Sklcs + .U1kCL1Xl(1) + .uszLZXl(Z))Tl(t)
=1
28
—Markiitcr — HarkioUcs + Z(5lek + H1kkL1Xl(1) + HZkkLz)(l(z))Tz(t) (28)
=1
(Zk Dr — i (kp1mpy + €1aTp1) — Mo (KiaTpz + Cr2Tp2), (k=12,..,N).

7) Using the Eq. (20) of wp; and Wwp, we can rewrite the differential equations of motion of
the automobile Eq. (8) in the following forms:
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Myl + (Cr1 + Cr2)Up + (Cr1a1 — C12Q2)Pp — Cr1lcy — Cralics
+(kr1 + kruy + (kriag — kraa)@p — ke — kroic, = —myg,
Jo@p + (Cr1a1 = C12a,) + (cr105 + Cr205)Pp — Cr1a4Tcy + CraGalc;
+(kria; — krpaz)u, + (leaf + kTZa%)q)b — kr1aqUcq + krpazuc; =0,
N
. . . . 1)
Meqlicy — Crilly — Cr1Q1Pp + (Crq + S1C11)Uct — S1C11 ZXl( )Tl(t) = kriuy

=1
N

) (29)
—kria,0p + (kry + sk )ucy — sikpy Xz(l)Tz(t) = —mc1g + s1(kp17p1 + CraTp1),

=1

N
.. . . . 2).
Meolicy — Crallp + CraaPp + (Crz + S2C12)Ucz — S2C12 ZXI( )Tl(t) — kru,

=1

N

2 ;
throay0p + (kpy + S2ki2)ucy — S2kio )(z( )Tl(t) = —Mcpg + 55(k12Tp2 + C127D2).
=1

Now the original differential equations of motion of the vehicle-road coupled system with the
presence of partial differential Eq. (9) have been transformed into a system of (4 + N) ordinary
differential Egs. (29) and (28).

The transformed differential equations of motion Egs. (29) and (28) can be written in matrix form
as:

[M1g +[C1q +[K1G =F, (30)

where ¢ — vector of generalized coordinates, F — vector of excitation; [M], [C], [K] — mass,
damping and stiffness matrices, respectively.

Concrete forms of the vectors and matrices mentioned above are determined as follows:

— The vector of generalized coordinates has (4 + N) elements as:

C_i = [ub (t), (pb (t), uc1 (t), u’CZ (t), Tl (t), Tz (t), T3 (t), ey TN(t)]T (3 1)
— The vector of excitation is expressed as:

_ —myg }
0

—me1g + S1(kp1Tp1 + €1a7p1)

—Mezg + Sa(kpaTpa + CLaTp2)

4pghg ; )

T t11 (k17 + €LaTp1) — P21 (KL2Tp2 + €127p2)

4pgh . . : (32)
- e U12(kpaTp1 + CLaTp1) — Uaz(kioTp2 + C127p2)

o1
I

3
4pghs i .
T T5r P13(KpaTpr + €LaTp1) — taz(KiaTp2 + C12Tp2)
4pghg , .
- m — tan (ka1 + €a7p1) — Man(ki2Tp2 + CL2TD2)

— The mass matrix is a diagonal matrix as:
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m, 0 0 0 0 0 0 0 -
o J, 0 0 0 0 0 0
0 0 mgy O 0O 0 0 0
0 0 0 mgw O O O 0
M]=|0 0 0 0 phy O O 0 (33)
00 0 0 0 phy O 0
0 0 0 0 0 0 phy 0
[0 0 0 0 0 0 0 .. phy

— The stiffness matrix [K] has (4 + N) rows, each of which has (4 + N) elements as:

(K1l = [kry + kpoy —kp1aq + krpap, —kpq, —k12,0,0,0, ...,0],

(K] = [=kpia1 + ka0, kpiaf + kpp03, —kpiaq, krpa5,0,0,0, ...,0],

[K3:]
= [_le’ —kriay, kry + 51k, 0, _51)(9)’%1' _51X§1)kL1' _51X§1)km, e —51X1(\/1)kL1],

[Ky] = [_kn: kr2a;,0,kry + 52k 5, _52X§2)kL2' _Sngz)kLz' _52X§2)kL2» ey —52)(1512)](1,2],

[Ksi] = [0,0, —uq1kpq, —pa2kpz, Hy + l’lllkLl)(F) + li12kL2X§2)'.U11kL1X§1) + #12kL2X§2)' (34)
H11kL1X§1) + /~l12kL2X§2)' 'Huku)(zsll) + .L‘lszZX}E]Z)],

[Kei] = [0,0, —piz1kp1, _#ZZkLZ'.u21kL1X§1) + ﬂzszinz): H; + leku)él) + ,Uzszz)(gz)'
#21kL1X3(,1) + Mzszz)(gZ): ey #21kL1X1(vl) + .Uzszz)QEIZ)]'

[Ka+n,i] = [0,0, —pin1kya, _.UNszz,#mkafl) + /iNszz)(gz)'.Umkagl) + HNszz)(gz)
/JN1kL1X3(,1) + /JNZkLZX?(,Z)' o Hy + #leL1X1E/1) + #NszzXI(VZ)]-
— The damping matrix [C] has the form similar to that of the stiffness matrix. One can obtain

matrix [C] from matrix [K] by replacing the notations {H,, kr1, k1o, k1, k. >} by the notations
{cs, €1, €12, CL1, CL2 ), TESpECtively.

2.8. Initial conditions

The common form of initial conditions in problems on the vibration of automobile is that the
vehicle is moving on a horizontal road with the surface completely smooth when entering a rough
surface, and the initial time point (¢ = 0) is chosen so that the vehicle is still not entering or starts
entering the rough road surface. At that point of time, vibration of the vehicle does not appear,
thus the vectors of generalized velocities and accelerations are equal to zeros and the vector of
generalized coordinates is equal to that of static displacements of the system:

‘LJ; ”c:o = %) =0, C?||t=0 = _.0) =0, Glle=o = do- (35)

The vector of static displacements ¢, can be determined by using data Eq. (35) into the
transformed differential equations of motion Eq. (30) and deducing:

[K1odo = Fo = Go = [K13'F,, (36)

where [K]y, ﬁo — initial values of the stiffness matrix [K] and the excitation vector F.
In order to calculate the values of the elements of matrix [K],, we firstly make and solve the

static equilibrium equations of the automobile to get the initial values of contact forces FL(jo) and

reaction forces from road Rj(o) (G=1,2)as:
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0 0 0 0 a;
FL(1) = Ri ) = (mm +my )g, FL(z) = R§ ) = (mcz +my )g- (37)

The obtained values of two contact forces allow to calculate the initial values of static
deformations of the springs which represent the two wheels AZS-), the lengths in x-direction of

two contact areas dgj.) as follows:

0 0 0 0
AZI(,l) = FL(1)/kL1' d£1) = 2\/1"“2, — (= AZIS1))2’

(3%)

0 0 0 0 ,
AZIEZ) = FL(Z)/kLZ, dEZ) = 2\/1"“2, — (1 — AZ,SZ))Z, j=1,2.

Now we can calculate the initial values of the integrations in Eq. (24) and (18).

Vector ﬁo can be obtained from vector F simply by assigning value zero to all quantities 54,

3. Some results from numerical computation

This section presents some illustrating results obtained from numerical computation when the
initial conditions mentioned in Section 2.8 are applied. The results we can directly obtain from the
process of computation consist of the generalized coordinates, velocities, accelerations as
functions of time as listed below:

Up (t)! Py (t), Uct (t)l U2 (t), Tl (t), ’1.12 (t), Ry ’I:‘N (t):
ub (t)' (pb (t), uCl(t)l uCZ (t), Tl (t), TZ (t), ey TN (t), (39)
ub (t)' (pb (t)! uCl (t)' uCZ (t), Tl (t)! T2 (t), ey TN (t)

Basing on these results, one can additionally obtain the contact forces F;;(t) (j = 1,2) as time
functions, the total time of contact loss in a given interval of computation time and fulfil other
desired considerations.

The input data used for numerical calculation are taken as follows:

— The values of vehicle parameters are those of automobile GAZ-66 [19]: a; = 1.563 m,
a, = 1737 m, 1, = 0.45 m, b, = 0.25 m, m;, = 2200 kg, J, = 2750 kg.m?, m¢; = 660 kg,
me, = 580 kg, kpy = 246000 N/m, kp, = 196000 N/m, k;; = k;, = 800000 N/m,
¢r1 = Cpy = 1500 N.s/m, ¢4 = ¢, = 62000 N.s/m.

— The values of parameters concerned with the elastic beam and the Kelvin’s visco-elastic
ground are referred to those in [11]: L = 160 m, by = 1.00m, hg = 0.30 m, E = 6.998x10° N/m?,
p = 2373 kg/m?, kg = 8x10° N/m?, ¢g = 0.3x10° N.s/m?.

— The used values of N (N = 5) in series Eq. (14) is chosen from considering the convergence
of calculation results while the values of geometrical parameters concerned with road surface are
taken based on actual observations. The pressure distribution function applied is parabolic.

The case under consideration which is presented below concerns with the road excitation as a
single pulse in which the road profile is a half cycle of sinusoidal wave. This type of road profile
is described in Fig. 4 where hy and L are respectively the height and length of the pulse. The
values of hy and Ly are taken as hy = 0.12m, Ly = 0.65 m. The distance x, in Fig. 4 is introduced
for the generality of consideration and the clarity of graphs in time domain. The value of x; is
calculated in accordance with a specified value of time (t,) and vehicle velocity (V) by using the
formula x, = Vt, (the value t, = 0.5 s is fixed in this paper).
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Fig. 4. Geometrical description of a half cycle of sinusoidal wave

Vibration of the vehicle will be considered in four different cases which involve the fact of
taking road deformation (RD) and wheel separation (WS) into account or not. For ease of
presentation, the four cases are denoted as follows:

Case 1: Taking account of both road deformation and wheel separation.

Case 2: Taking account of road deformation and ignoring wheel separation.

Case 3: Ignoring road deformation and taking account of wheel separation.

Case 4: Ignoring both road deformation and wheel separation.

3.1. Comparison of the results obtained from four consideration cases.

The plots in Fig. 5 and Fig. 6 present the changes in vertical displacement and acceleration of
vehicle body while the plots in Fig. 7 and Fig. 8 respectively show the variation of contact forces
at the front and the rear wheels with respect to time when the vehicle speed is taken as 20 km/h.

It can be seen from the plot form show that:

— Wheel separation really appear in the case of consideration. In Fig. 5, the plot of u,(t) has
some pieces lying upper than zero level, and in Fig. 7 and Fig. 8, the plots of F;; (t) and F;,(t) in
case 1 and case 3 have some flat pieces lying right on the abscissa.

— The plots in two cases of taking wheel separation into account (case 1 and case 3) have
evident differences both in comparison with each other and with the other two cases.

— The differences in vertical displacements and accelerations between the two cases of
disregarding wheel separation into account (case 2 and case 4) are not as significant as the
differences in the same quantities between any other two cases. This means the effect of wheel
separation on vehicle vibration is more significant than road deformation, and moreover, wheel
separation makes the effect of road deformation become more significant at least in the situation
of consideration.

1006

Vertical Displacement of Vehicle Body uB(t), [m]

0.04 : : ;
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| | [ [ i i i
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OF---- o F T | | |
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Fig. 5. The change in vertical displacement of vehicle body
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Vertical Acceleration of Vehicle Body, [m/s2]

Time, [s]
Fig. 6. The change in vertical acceleration of vehicle body

x 10° Contact Force at Front Wheel
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Fig. 7. Variation of contact force at the front wheel

3.2. Effect of vehicle speed on response of the system

Table 1 presents some numerical results which reflect the effect of vehicle speed (V) on the
root mean square values RMS(.) of vertical acceleration of vehicle body and contact forces at the
two wheels; the maximum value of vertical displacement of vehicle body. The used values of
vehicle speed are discretely taken from 0 to 35 km/h. The graphs which depict the mentioned
results are describe in Fig. 9. The results also involve the four considered cases mentioned above.
The first column correspond to the static state of the vehicle (V = 0).

The plots in Fig. 9 show that:

— There are significant differences between the two cases of taking wheel separation into
account in comparison with the two cases of disregarding this phenomenon. Especially, the
difference in results between the two cases of not taking the loss of contact into account is not as
much as the differences between any other two cases.
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— The increase in vehicle speed leads to the increase in the RMS values of contact forces in
general. The fact may involve the transformation of kinematic energy into potential energy of
deformable parts.

— The effect of the increase in vehicle speed on the two other quantities (the RMS value of
vertical acceleration and the maximum value of vertical displacement of vehicle body) does not
follow an obvious trend. This may concerns the complexity in relations of geometrical parameters
of the vehicle and the road profile and the velocity of movement.

— The RMS values of contact forces in the two cases of taking wheel separation into account
are less than the corresponding values of the other two cases. This is reasonable because in periods
of losing contact at any wheel, the contact force is equal to zero.

x 10° Contact Force at Rear Wheel
T T
| |
| |
| |
2F---- —--—
| |
| |
| |
= 1.5F---- ===
— | |
:_7' | |
& I I
— 1--=--- - ===~
w | |
3 | |
S | |
£ 05----- I
5 I I
E
c
8 OfF---- -3
: : : Taking both RD and WS
05L---- e o Taking RD and ignoring WS
| | | - Ignoring RD and taking WS
] : : : ----- Ignoring both RD and WS
o 05 1 15 2 25 3 35

Time, [s]
Fig. 8. Variation of contact force at the rear wheel

Table 1. Effect of vehicle speed on RMS values of some typical quantities
and the total time of losing contact

Vehicle speed (V), [km/h] 0 5 10 15 20 25 30 35
Case 1 0 4.077914.1048 | 3.6398 | 4.2111 | 4.7999 | 4.5314 | 4.1904
. Case 2 0 4.077914.5836| 3.9364 | 3.3969 | 3.4797 | 2.9569 | 2.3620
RMS (iip), [m/s?]
Case 3 0 4.1153 | 4.1521 | 3.8054 | 3.4496 | 3.8003 | 3.3325 | 2.6553

Case 4 0 4.1153|4.6327 | 4.0155 | 3.4103 | 3.5263 | 3.0045 | 2.3996
Case 1 | 17835 | 18869 | 19117 | 19514 | 20177 | 21056 | 21821 | 22654
Case 2 | 17835 | 18869 | 19702 | 20301 | 21410 | 23123 | 25106 | 27101
Case3 | 17835 | 18889 | 19157 | 19560 | 20092 | 20971 | 21798 | 22542
Case4 | 17835 | 18889 | 19741 | 20373 | 21505 | 23280 | 25340 | 27427
Case 1 | 15912 | 16882 | 17144 | 17526 | 18362 | 19241 | 19806 | 19338
Case2 | 15912 | 16882 | 17679 | 18170 | 19532 | 21107 | 23057 | 24977
Case3 | 15912 | 16904 | 17133 | 17373 | 18223 | 19009 | 19894 | 20623
Case4 | 15912 | 16904 | 17702 | 18234 | 19621 | 21254 | 23267 | 25266
Case 1 [ —0.0721 | 0.0284 | 0.0213 | 0.0067 | 0.0328 | 0.0445 | 0.0451 | 0.0621
Case 2 [ —0.0721 | 0.0284 | 0.0180 | —0.0025 | —0.0133 | -0.0093 | —0.0264 | —0.0392
Case 3 | —0.0702 | 0.0302 | 0.0202 | 0.0056 | 0.0006 | 0.0066 |—0.0010|-0.0236
Case 4 | —0.0702 | 0.0302 | 0.0201 | —0.0004 | —0.0121 | —0.0069 | —0.0238 | —0.0372

RMS (Fp4), [N]

RMS (), [N]

Zhymazx»> [M]
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Fig. 9. Effect of vehicle speed on RMS or maximum value
of some parameters reflecting vibration of the vehicle

4. Conclusions

The article has made a longitudinal vibration model of a two-axle automobile where both road
deformation and the loss of contact are taken into account. The automobile is modeled as a linear
vibration system which has three masses and four degrees of freedom. The deformed road is
modeled as an elastic beam which is simply supported at the two ends and lies on the Kelvin's
visco-elastic ground. The model of wheel-road contact has taken account of wheel separation and
the change in dimmension of the contact area if exists. The original differential equations of
motion of the vehicle-road coupled system with a partial differential equation have been
transformed into a system of all ordinary differential equations by applying the Bubnov-Galerkin’s
method. An example of numerical computation has been fulfilled where the results of four
different cases of formulation have been put in comparison and the effect of vehicle speed on
vibration of the system has been considered. The obtained results proves the necessity of taking
the loss of contact into account when considering vibration of vehicles.
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