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Abstract. Since the discovering of the HIV/AIDS epidemic, more people have been infected with
the HIV/AIDS infection and several individuals have died of HIV/AIDS virus. In this research
work, an infection-age-structured mathematical model for HIV/AIDS transmission dynamics is
developed and investigated, taking into consideration the public awareness, Treatment and Sex
behaviours. It is assumed that the infectious population is structured according to time and age of
infection. We established the criteria for the existence and uniqueness of solution. An explicit
formula for the effective reproduction number Ry of the model is obtained. We showed that the
disease-free-equilibrium (DFE) state is stable if Ry < 1. Constructing a Lyaponov function, the
global stability of the DFE state of the system is obtained for Rz < 1. Endemic Equilibrium (EE)
state was analyzed locally and globally with the method of linear and nonlinear Lyapunov
function; it was found that EE is locally asymptotically stable if R > 1 and globally stable if
Rp > 1for X; < X,.
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1. Introduction

Human Immunodeficiency Virus (HIV) Infection is a virus that destroys the immune system
in an individual’s system which natural defence against illness. There are two types of HIV, which
are HIV 1 and HIV 2, HIV 1 is the more fatal and deadly which is the cause of the Acquired
Immunodeficiency Syndrome (AIDS) pandemic while, HIV 2 is also known to cause AIDS [1].
Symptoms of the virus are diarrheal, fever, constant cough, and skin problems usual infections,
severe illnesses [2]. The virus infection spread from person to person including having unguarded
sex with an infected person, sharing of the followings, needles, syringes as well as other items for
injection drug use with an infected person. Blood transfusion or organ and tissue transplant can
also transmit the virus [1]. The Virus does not spread through the following, skin to skin contact,
shaking of hands, as well as kissing, through Air and water, drinking items, saliva, tears sharing
of a toilet, towels and mosquitoes or insects biting [3].

There are stages of HIV infection which are Acute HIV infection is the first few weeks after
infection. The second stage is called clinical latency is after the first month, HIV enters the clinical
latency stage [3]. The third stage, AIDS which we called acquired immunodeficiency syndrome.
Without treatment, HIV advance to AIDS, at this point, the immune system is too weak to fight
off life-threatening disease and infection [1]. Whereas, untreated life expectancy with AIDS is
about three years. HIV/AIDS destroys T cells called CD4 cell, these cells help immune system
fight infections of individuals. More so, healthy adults have a CD4 count of 800 to 1,000 per cubic
millimetres. If CD4 count falls below 200 per cubic millimetres, then it is likely to have progressed
to AIDS [3]. AIDS weakens the immune system to the point where it can no longer fight off most
diseases and infections. This makes individuals more vulnerable to a wide range of illnesses [3].

Meanwhile, more than 70 million individuals have been infected with the HIV virus and about
35 million individuals have died of HIV [1]. Therefore, Sub-Saharan Africa remains most severely
affected, with nearly 1 in every 25 adults (4.2 %) living with HIV. Mathematical models have
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been used frequently to study both transmission and infectious dynamics of virus [4]. Meanwhile,
there are numerous works on Transmission of HIV/AIDS Infection. In this research work, we
considered infection-age-structured of mathematical model of HIV/AIDS dynamics incorporating
public awareness, behaviours and treatment.

2. Model formulation

We considered an infection-age-structured mathematical model for transmission dynamic of
HIV/AIDS infection incorporating HIV public awareness, sexual behaviours of some individuals
and treatment. The transmission dynamics of HIV was developed using ordinary and partial
differential equations and integro-differential equation. The total population () is partitioned into
five (5) compartments, namely; unaware susceptible individuals (S), aware susceptible individuals
whose modify their sex behaviours (S; ), aware susceptible individuals whose abstain and remain
faithful to uninfected sex partners (S,), infected individuals class (I) and removed individuals
class (R).

S(t) is generated by a recruitment rate of A and the natural death rate for all compartments is
u. As aresult of counselling and awareness, a proportion of the susceptible leave the S class at the
rate of i (0 < ¥ < 1)which is the individuals abstained and remained faithful to uninfected sex
partners and a fraction of 1 — v is the rate at which individuals modify their sex behaviours. Also,
p is the rate S of individuals knowing their HIV status. The expected reduction in unsafe sex
behaviours by the S; class as a result of awareness is accounted for by € (0 < &€ < 1). Thus, 4, is
the force of infection from S to I, where A; = B,1(t) and f; is the incidence rate of unaware
susceptible (effective infection contact rate). A, is the force of infection from S; to I, where
A, = B,I(t) and B, is the incidence rate of aware susceptible. The infection spreads through direct
contact between S and S; with infected class (). The disease induced death rate is a(t) and
received treatment at the rate of §(7), then moved to removed class (R), the R class whose are
assumed in this study not be involved in transmission as a result of efficacy of ART and has
additional disease induced death rate of v, I(t) is structured by the infection-age with the density
function i(t, 7) following the idea of [3], where t is the parameter and 7 is the infection-age. There
is a maximum infection age T at which a number of the infected individuals form infected class
leave the class via death, 0 < t < T. Meanwhile, since the infection period of HIV is long, then,
the population is not constant, it is varying. A schematic diagram for the model is shown in Fig. 1.
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Fig. 1. Schematic diagram of HIV/AIDS infection
These assumptions lead to the following system of nonlinear integro-partial differential

equations with non-local boundary conditions, which describes the dynamics of the transmission
of the disease as:
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as
Ezl'l—uS—/llS—ll}pS—(l—ll))pS, (1)
% = (1—1)pS — uS; — €1,5,, (2)
% = YPpS — uS,, 3)
di(t,7) 0i(t, 1) , B
o T or + (u+ a(r) + 8(x)i(t, ) =0, “)
dr = f 8i(t,t)dt — uR — uR, )
dt — J,
where:
T
M= f Bii(t, T)dr, (6)
0
T
A, = f B,i(t, T)dr, (7
0
i(t,0) = B(t) = 1,5 + €4,S = B,S()I(t) + €B,S()I(L). ®)

The total Population size N is given by:

N=S+5+S,+1+R, )
where:
T
1) = f i(t,7)dx, (10)
0
S(O) = 50, 51(0) = 510, 52(0) = 520, I(O) = Io, R(O) = Ro, N(O) = No, (11)
i(0,7) = ¢(1). (12)

Integration of Eq. (4) over 7 is setting as:

J; (aigt;r) N 61’5;:)) e+ fo (U + () + 8(2)i(t,T) dr = 0,

%+ fo (atf;:)) dt + (1 + a(r) + 6(1)) fo i(t,7)dr =0,

%*’fo it 7) + (1 +a(7) + 5(1))f0 i(t,7)dr = 0, (13)

dl .
&+l(t,’[)|g +u+a(t)+6()I() =0,

%4_ i(t,T) —i(t,0) + (u+ a(®) + §()I(t) = 0.

Substituting Egs. (8), (10) into Eq. (13) yields:

dl
e +i(6,T) — B1SI(t) — el S)I(t) + (u+ a(r) + 6(7))I(t) = 0. (14)

T is the maximum infection age and if T = T then the infected person die of the disease i.e.:
i(t,T)=0. (15)
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Implies:

% = BSOIE) + eBoSOIE) — (1 + a(r) + 8§())I(D). (16)

3. Basic properties of the model
The addition of Egs. (1), (2), (3), (5) and (16) is given by:

dN _dS  dS, dS, dI  dR
dt —dt dt dt dt dt’ (17)

dN—A N — a(t) — uR
& s
— < A—uN. 18
dt = H (18)

We apply theorem of differential inequality in [5] and separation of differential inequality of
Eq. (18), we have:

dN

= dt, 19
A—uN (19)
A (A—uN
Ny <A BT N e (20)
u I
Thus, as t — oo, we have:
A A
OSN(t)S(NO——)e“”+—. (21)
u u

Implies, as limt — oo, N(t) < A/u, where N(0) < A/u.

However, if N(0) = A/u, N(t) will decrease to A/u. So N(t) is a bounded function of time.
We can say that Q) is bounded and at limiting equilibrium ¢t — co, N(t) = A/u. Besides any sum
or difference of variables in Q with positive initial values will remain in ( or in a neighbourhood
of Q. Thus (1 is positively invariant and attracting with respect to the Eqgs. (1)-(5) which are
epidemiologically meaningful and mathematically well posed.

4. Existence and uniqueness of solution

We shall first and foremost establish the criteria for the existence and uniqueness of solution
of the model Egs. (4), (7) and (12). We define the derivative part of Eq. (4) as:

0i(t,7)  0it,T) _ Gt hT+h) — i)

i 22
T Fe limh — 5 (22)
Let:
Then, the ordinary differential equation:
dq(h
WD | o+ o)+ 8@ah) = 0, (24)
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has the unique solution:

q(h) = q(o)e—féi(u+a(5)+5(5))ds. (25)
Using Eq. (23) in Eq. (25), we have:

i(to + 1o + ) = i(to, Tg)e™ lo (Ha(©+5())ds, (26)

which gives the value of i at all point on the characteristics passing through the point i(t,, 7o),
when i(ty, 7o) = (0,7 — t); h = t, we have that:

i(t,7) = (1 — )e o Lra@ro@Nas <1 27)
Also, when i(ty, 79) = (t —7,0); h = t, we have:
h
i(t,7) = B(t — t)e” Jo (Wta®+8()ds = ¢~ ¢ (28)

The Egs. (27) and (28) give the solution of i(¢t, T) in the positive quadrant t > 0; 7 = 0.
Thus, problem Egs. (4)-(12) has the following unique solution that exists for all time:

) _(Bt—Dmn(), t>r1,
it = {d)(‘c -tn(r), t<r. (29)
Eq. (29) is rewritten in the form:

B(t — 1)n(7), t>r1,

i(t,7) = NIO) (30)
o(t t)n(‘r—t)' t<T.

where:

n(t) = e—for(u+a(s)+6(s))ds — e—ure—foh(a(s)+6(s))ds. (31)

Eq. (31) denotes the survival probability, the probability for an individual to survive to age 7;
thus m(tr) = 0.

The expected life of an infected individual given by Eq. (26).

The function:

K(t) = ¢(0)n(r), T€][0,T]. (32)
Let, ¢() is non-negative and belong to LT(0,7), a(e) is non-negative and belong to
Llloc([o' T))’ and
fr(/x +a(s)+68(s)ds=T, ¢eL(0,7), ¢(r)=0aein [0,1] (33)
0

We rewrite Eq. (8) in the form:

T
B(®) = {01 (2) + 0, (D)} f i(t, 7, (34)
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where:

@1 = BSOI)

s = eS(OID) Y0100 (33)
Eq. (35) are also non-negative and belongs to LT (0, 7).
Substituting Eq. (30) into Eq. (34), we have for t < 7:

(1)

8O = (0.0 + 0.00) | [ BG— Dm0+ [ o0 to (36)
And fort > t:

BO = [ (92 + 9 @)B(e - D) G7)
Thus, B(t) satisfies the following Volterra Integral equation of the second kind:

B(t) = Fx(t) + ftK(t — s)B(s)ds. (38)
With:

F(o) = fT<p(r) o ¢(r—t)dr—fT<p( +0 ™D g ar, (39)

(t—1t) n(7)

where:

(‘P1(T) + @2 (T)) € ¢(1), (40)

K(t) = p(Om(t), (41)

where t = 0 and the function @ (¢4, ¢,), T and ¢ are extended by zero outside the interval [0, T].

Eq. (38) is known as the renewal equation and also as the Lotka equation, we observed that the

kernel K (t) is an infectious function of newly infected individuals defined in Eq. (32). Eq. (38) is

equivalent to Egs. (4), (8), and (12); actually Eq. (38) is the main tool to investigate the existence

of Egs. (4), (8) and (12), the connection being provided by Egs. (30), (39) and (41) respectively.

The following Lemma states some properties of Eq. (38) on the basis of the assumptions Eq. (33).
Lemma 1: Let Eq. (33) be satisfied, then:

Kt)>0ae K(t)=0, t>1, KelL'(R,)NL(R,), (42)
F(t) =0, K(t)=0, t>1, Fec(R,). (43)

If moreover, according to [6]:
¢ W00, (u+a(s)+8())$() €L'(0,D), Few'r “44)
Proof:

Eq. (42) and the first part Eq. (43) are obvious. To prove that F € (R,), we take t, = 0 then
we have:

FO = [ 00 225 (66— 0 - pa—w)ir+ [ 00D (0 - ), 45)
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where, ¢ € L1(R):

(1)
m(z—1t)

Ast = tg, so that:

<P( )= (@@ —t) = ¢z —t))dr

<|¢|Lrj|¢(r—t) o —to)ldr.  (46)

lim,_, F(t) = f (p(‘[) t) (¢p(t —to))dt = F(t,). 47)

Similarly, Eq. (44) implies F € WYT(R,). Thus, completes the proof. In the next theorem, we
establish the existence and uniqueness of Egs. (4), (8) and (12) through Eq. (38). Now we study
Egs. (4), (8) and (12) by considering Egs. (38)-(41). Since the function F is continuous for the
purpose of this section it is sufficient to study Eq. (38) in the class of continuous functions. Thus
we introduce the following definition of a solution.

Definition 1. A Solution to Eq. (38) is a function B € (R,, R) satisfying Eq. (38). First we
have the following theorem, which is standard in the theory of Volterra equations. We provide a
proof here for the sake of completeness.

Theorem 1. Let Eq. (33) be satisfied, then Egs. (38)-(41) has a unique solution B €c (R, R)
such that B(t) = 0 for all ¢ in addition if ¢ satisfied Eq. (44), then:

t
B € W},,’Z(RJr), Bi(t) = Fl(t) + K(t)B(0) + j K(t — s)B(s)ds. (48)
0
Proof: first we assume that:
T
|K|L1(R+) = -L K(s)ds < 1. (49)

The solution of Eq. (38) is obtained using the standard Picard iteration defined, for ¢ > 0 by:

t
BYH(E) = F(E) + f K (s)B*(k — 5)ds. (50)
0
And initialized by B°(t) = 0 on IR*.
Therefore:
B(t) = F(v),
‘ (51)
B = F(¢t) + j K(t —s)B*(s)ds.
0

If we take any T > 0, then by Egs. (42)-(43) we obtained B* € ([0,T]) and B*¥(T) > 0,
moreover:

t
|B**1(t) — B*(t)| < f K(t — s)|B*(s) — B¥"(s)lds, (52)
|B*** — B¥|cqoryy < IKliarpy|B* = B Heqory- (53)

Thus by Eq. (49) the sequence B¥(t) converges uniformly on [0, T] to a solution of Eq. (38)
3B € C([0,T]) and B(t) = 0.
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Concerning Uniqueness of this solution of the model, we set B(t) and B(t) to be the two
solutions of Eq. (38), so that:
|B_B| D = |K|L1(R+)|B_B|

(54)

c(loT c(or]’

This implies that by Eq. (49), we have B(t) = B(t).
In addition, if ¢ satisfied Eq. (44) then by Lemma 1 and Eq. (51), we have B¥ € W*T(R,)
and setting V¥ (t) = %Bk(t) a.e we have V¥ € LT(R,) and

t
VEHL(t) = F1(t) + K(t)F(0) + f K(t — s)V¥(s)ds. (55)
0
This yield:
|Vk+1 - VleT(R+) S |K|L1(R+)|Vk - Vk_llLT(R+). (56)

Thus, again by Eq. (49) the sequence V¥ converges in LT (R,) to V(t) = % B(t) are therefore
Eq. (48) following from Eq. (55). In addition to Eq. (49), to make our argument valid we take a 3:

T
f e UK (t)dt < 1. (57)
0

Setting B = e"¥B(t), F = e *F(t), K = e"®K(t), Eq. (38) is transformed into an
equation to the follows:

B(t)(t) = F(t) + j t?(t — s)B(s)ds. (58)
0

And since Eq. (58) satisfies Eq. (49), this is similar with Eq. (56). The next theorem allows us
to state results for problem Egs. (4), (8) and (12) through Eq. (30).
Theorem 2. Let Eq. (33) and Eq. (44) be satisfied, and we also assume that:

T
$(0) = f PP dr. (59)

And let i(t, ) defined by Eq. (30), where B(t) is the solution of Eq. (38)-(40), then:

i€ ([0,7] XR,), i(t,1) =0, (u+a(s)+48())i(te) € L(0,T)VE>0, (60)

di(t, di(t,
i(t. 7 + dGL) exist a.e in [0,7] X [0, T]. (61)
at at

And problem Egs. (4), (8) and (12) is satisfied. Moreover, according to [7], i(t, T) is the only
solution in the sense of Egs. (60, 61).

Proof: the proof of Egs. (60, 61) is quite straightforward and follows from the properties of
B(t) which is stated in Theorem 1. We only note the following inequality concerning the last part
of Eq. (51):

tAT

J-T(/J + a(r) +6()i(t, t)dr = (u+a()+6@)B(t—1)n(r)dr (62)
0 0
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J- (,u+0((‘r) +6(T))¢(T—t) - () )d‘[

< MaxIB(t)I f (w+a(r) +6(r)r(r)dr
(tvr) t
rel <““mﬂm“wummf (1 +a(s) + 8(s)ds
tAT

< f “Hutra(s)+8(s)ds .
g\ggﬁtf]lB(f)l + elo lblcqozn (63)

Eq. (63) provides the fact that Eq. (59) is intended to guarantee the continuity of i(t, ) through
the line T = t; so that:

M®=f¢®ﬂﬂw=ﬂm- (64)

We note that the solution of problem Egs. (4), (8) and (12) must be in the form of Eq. (30)
with B(t) satisfying Eqgs. (38)-(40) such that Egs. (30) and (44) are enough to provide a classical
solution in the next following theorem.

Theorem 3. Let Eq. (33) be satisfied, then i(¢t, T) defined by Eq. (30) has the following
properties:

i(t,) € C([0,T];L'(0,7)), i(t,T) =0 ae in [0,7] X R,, (65)
lit,)lr < e 10T, (66)
i(t, ‘[) is continuous for 7 < t and satisfies Eq.(8) fort > 0, (67)
11m [l(t +ht+h) —i(t, D] =—(p+a®) +6(1))i(t, 1) aein[0,7] X R,. (68)

Proof: let us prove Eq. (66) first. From Eq. (39) we have:
F(t) < |<P|LT|¢|L1: K() < |‘P|LT' (69)

Then, from Eq. (38):

t
maswmwm+wmf8@w. (70)
0

Thus, by classical Gronwall’s inequality:
B(t) < lglyre Tl (71)
From this estimate, Eq. (30) yields:

(‘[+t)
Q)

< <|(p|LTf eEDlol 7 dr + 1) |pl,2 = et|<P|LT|¢|L1_
0

h@ﬂb—fBG—ﬂﬂﬂw+f¢()
(72)

Eq. (65) follows easily from Eq. (67). Now from a given ¢ € L1(0, 7), let ¢™ be a sequence
such that ¢™ satisfy Eqgs. (44) and (59):
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lim|¢™ — ¢l = 0. (73)

And let i™ be the solution of Egs. (4), (8) and (12) corresponding to ¢™ . Thus
" € C([0,T]; L*(0,7)) and by Eq. (66) and linearity, we have:

lin(t,0) — i(t,9)] 2 < et9lT|pm — ] ,a. (74)

So that i is the limit of the sequence i in the Space C([0,T]; L*(0,7)) i.e Eq. (65) is true.
Finally, Egs. (67)-(68) are straightforward and that completes the proof.

This shows that even when the initial age of infection ¢ is not regular the solution i(¢, T) still
has some regularity. We also note that the estimate Eq. (66) provides continuity of the solution
iwith respect to initial age of infection ¢. Hence, model Egs. (4), (8) and (12) exist and are unique
and well posed mathematically. In the norm of the space L' (0, 7): this illustrates the existence and
uniqueness of model Egs. (4), (8) and (12) which is in agreement with the biological meaning of
the age of infection i(¢, T) for the period of disease.

In the next theorem, we used a similar approach to the work of [2] to prove the existence and
uniqueness of solution for the model Egs. (1), (2), (3) and (5).

Theorem 4. The exists of a unique solution of Egs. (1), (2), (3) and (5) for |t — t;| < a,
IS —Sol < b, [S; = S14| S c,[S2 = Syl < d, I =Ll < e, IR —Rol <.

Proof:
fl(sisltSZ'I'R) =A- /-‘lS - ﬁlSI - l/)ps - (1 - IP)PS: S(O) = SO! (75)
f2(8,81,82,1,R) = (1 = )pS — uS; — &SI, 5,(0) = Sy, (76)
f3(5r 51!521 I' R) = lppS - nuSZ' SZ(O) = SZO! (77)
£,(5,S,,S,,1,R) = 81 — uR — vR,  R(0) = R, (78)
Then:
9fi _ f _ f _ af1 _ fr _
fz fa fa afz fa _
§=0-Wp-chl, FZ=-n FZ=0, Ep8), 2=0,  (80)
0f3 _ ofs ofs 0fs af3 _
1!) 651_0! 652_ Il; al _01 aR _01 (81)
6f4 _ fp 0fi fr _ fr _
5= % 35,70 3570 =% p=—Wrw (82)

Taking the absolute (module) values of Egs. (79-82) show that

j =3S5,51,52,1, R are bounded. Hence, there is exists a unique solutlon of the model Eqs. (1 5)
5. Existence of equilibrium

Eqgs. (1-5) are rewritten as follows:

ds

= &3
3§ =A—- 1S —A;S, (83)
d—; = (1 —P)pS — puS; — el,S, (84)
Zte _ 85
5= YpS — S, (85)
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2i(t,7) | 0i(t,7)

dRat T + Ayi(t,T) = 0, (86)

== fo 8i(t, 7)dr — A3R, (87)
T T

A =f Bii(t,T)dt, A, =f Bi(t, T)dr, (88)
0 o ;

B.C. i(t,0) = B(t) = ﬁls(t)fo i(t,)dr + eﬂzs(t)J; i(t,7)dr, (89)

Ai=u+p, Ay=pu+a@)+6@), A;=u+v,

At DFE, we let:

S(t) = x(), Sl(o) = yol SZ(O) = uol R(O) = rol l(t’ O) = ZOJ N(t) = no' (90)
And set % + % + % + % + % = 0, then we have the following results as the Disease Free
Equilibrium (DFE):

A (A=yY)Ap  PAp ) o1

E® = (5°5,°5,%1°R° =< , , ,0.0
(5%5:75, ) w+p) uw+p) ulu+p)

6. Effective reproduction number

In an infection age and age-structured models, the basic or effective reproduction number are
often expressed as the sum of the infectivity of each infected compartment, see for example in [8,
9]. For a single infected compartment, the basic reproduction number is simply the product of the
infection rate and the mean duration of the infection, the effective reproduction number of the
model becomes:

T

Ry =1 <(HATP)> fOTr[(T)dT + e, (ﬁ)fo n(T)dr. (92)

This is the number of secondary cases the number of generated by individuals in the actively
infected class and x° = (A/u + p) represents the number of susceptible individuals in the

absence of HIV/AIDS. The term w(t) = e~ Jo (ra@+8(NAs 5 the survival probability as a
function of infection age 7 in the actively infected class. The effective reproduction number
obtained in Eq. (92), using this to determine the Local Stability of the Disease Free Equilibrium
State.

7. Local stability of the disease free equilibrium (DFE) state

Theorem 5. The DFE state E? is locally asymptotically stable if Ry < 1 and unstable if
RE > 1.
Proof: to show the local stability of DFE state given by Eq. (91), we have the following results:

z(0) = B;x°Z(0) fTe_“n(‘r)dT + ¢B,x°2(0) fTe_MT[(T)dT. (93)
0 0

Dividing both sides of Eq. (93) by z(0), we obtain:
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T T

1= leof e Mr(r)dr + sﬂzxof e Mn(r)dr, (94)
0 0

where x° is defined as in Eq. (91).

Define a function G (4) to be right hand side in Eq. (94). G(A) is continuously differentiable
function with lim,,_,,G (1) = 0 this shown that G1(1) < 0 and therefore, G(A) is a decreasing
function. Hence, any real solution of Eq. (94) is negative if G(0) < 1 and positive if G(0) > 1.
Thus, if G(0) > 1, then DFE state is unstable.

To show that Eq. (94) has no complex solution with non-negative real part if G (0) < 1. In fact,
we set:

H(1) = B1x°n(r), F(1) = Brex’nm(7). (95)

Thus, we have:

G(A) =J0

Suppose G(0) < 0. Assume that A = a; + b,i is a complex solution of Eq. (96) with a; = 0
[7]:

T T

e MH(t)dt + .f e MF(7)dr. (96)
0

G| =

T T
f e MH(t)dr + f e MF(t)dr
0 0

T T
< f e~ (@+bOTH(T)dr| + f e~ (@*bO)TE(T)dr
0 0

7

T T
< f e "MTH(t)dt + f e"MTF(1)dt = G(ay) < G(0) < 1.
0 0

It follows from Eq. (97) that Eq. (94) has solutions A = a, + byi only if a; < 0. Thus, every
solution of Eq. (94) must have a negative real part. We observed that R; = G (0). Therefore, the
DFE state E° is locally asymptotically stable if G(0) < 1.

8. Global stability of the disease free equilibrium (DFE) state

We construct a Lyapunov function as outline in the work of [10] to study the global stability
of the DFE state in this study.

Theorem 6. The DFE state E, of the model Egs. (1-5) is Globally Asymptotically Stable
(GAS) in Q if Ry < 1 while unstable if R > 1.

Proof: Using the approach of [4], by constructing a suitable Lyapunov function as follows:

__o_oi(_o_ol> — 40 — 0
L(t)—(x x xlnx0)+ y—y ylnyo +(u u ulnuo)

T i(t,7)
+f0 r(7) ) drt.

Using Eq. (66) in Eq. (98) and at the DFE, we have the following results:

(98)
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aL _ (u+p)
dt X
aL. _— (u+p)
dt X

-2 =L —y92 ~ B —u0y2 1+ i, 0)(R; — 1),
Y u (99)

(x —x%)?% - g(y -y%?% - % (u—u®?—i(t,0)(1 — Rp).

The equality % = 0 holds if and only if x = x°, v = y°, u = u°, i(t,0) = 0. Thus, from the
solution Eq. (29) for the model Egs. (4) and (8) along the characteristics lines, it can be see that
i(t,t) =0 for all t > 7. Hence, i(t,7) - 0 as t = oo. Therefore, from the LaSalle invariant
Principle, the Disease-Free Equilibrium (DFE) is globally asymptotically stable (GAS) if Ry < 1.

9. Endemic equilibrium (EE) state

The endemic equilibrium state is referred to as the state in which HIV/AIDS still persist in the
population. We let:

S=x", St)=y', S(@)=u, R®)=r", i(t1)=i"(),
T

I(t) =2z, N()=n" z*:f i*(7)dr. (100)

Let {x*,y*,u",r", i*(7)} represents any arbitrary endemic equilibrium of the model Eq. (13).
Thus, equilibrium satisfies the following equations:

A=Bix*z" —(u+p)x* =0, (101)

(A =Y)px™ —py™ — efpx"z" = 0, (102)

lppx* —uu* =0, (103)

alaf) +(u+a(®) + 6@ = 0, (104)
T

SJ "Ddr—(u+v)r'=6z"—(u+v)r =0, (105)

i*(%) =pBx*z" + eBx*z". (106)

Solving Eq. (104) yields:

i*(1) = Ce~(Wra@+s@)r, (107)
From Eq. (107) we obtain:

i*(1) = i*(0)e~(Wta@+s@)  i+(0) = (. (108)
Eq. (108) is rewritten as:

i*(r) = i*(0)n(7), (109)

where, (1) is defined as in Eq. (22).
Substituting Eq. (109) into Eq. (105) we get:

= J T'*O d 110
r ‘(u+v>fol””(’) . (110)

Substituting Eq. (109) into Eq. (106), we have:
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T

i*(0)m(r)dt + €f,x* fTi*(O)T[(T)dT. (111)

0

JORY*Y|

0
Divide both side of Eq. (111) by i*(0), we get:

T T 1

1= ﬁlx*f n(t)dt + sﬂzx*f n(t)dr, x'= m, (112)
0 0 1

where, T is defined as in Eq. (26).
Substituting Eqs. (112) and (109) into Eq. (101) gives:

T
A— ﬂlx*f *(0)n(r)dr — (u+p)x* =0,
0

A= Byx*i* ()T — (u+ p)x* =0,

1
A—(,u+p)x*:A_(“+p)(ﬁlﬁ+sﬁzﬁ) (113)

* 7 1 _ ’
p1x*m B (‘Blﬁ - gﬁ2ﬁ> T
ABT + ef,m) — (1 + p)
B '

Substituting Eq. (112) into Eq. (110) gives:

i"(0) =

i*(0) =

BT (v)dr,
§  ABTHepm) — (utp) - (114)

(1 +v) _ B '
= SA(ByT + ef,m) — 6 (1 + p)
Bi(u+v) .

Substituting Eq. (112) into Eq. (103), we have:

L_W¥p L _ ¥p (116)

w T uT + B

Substituting Egs. (112), (109) into Eq. (102), we have:

1 . 1 Tl*
1-9)p (m) —uyt—¢ep; (m)fo i*(0)m(r) = 0,
a-y)p o ( ep, > . ABiT + ef,m) — (U + p) _
BTt + ef,T Bt + efpT By
1-9Pp . EBIABT + eBom) — (u+p)]

B +epm 0 BB+ efom)
y* = (A =PIy + €Bo(u + p) — B AT + 5.82”).

WP (BT + €B,T)
Substituting Eq. (113) into Eq. (109) is setting as:

[A(B1TT + €f,m) — (u + p)] .
B '
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E* — (S*,Sl*,SZ*, i*, R*)
_ < 1 (A —)pBi + e (U + p) — eBA(BiT + £f,T0)
ﬁ )

1T+ efyT B (BT + €B,T) (119)
Yp [ABiT + eB,m) — (u+ p)] * . SA(BT + ef,m) — 5 (1 + P))
H(PT + efoT)’ pim ' Bi(u+v) '

10. Local stability of the endemic (EE) state

Theorem 7. The unique EE E*{x*,y*,u",r*,i* (1)} given by Egs. (108), (115-118) with i*(0)
given by Eq. (109) is locally asymptotically stable if Ry > 1.

Proof: to show the local stability, we linearize the system Eq. (13) around the endemic
equilibrium E* and we have the following results:

2(0) = i*(0) + (Byx" + eBox") jo 2(0)e M n(r)dr
—pix* [ 2(0)e M m(r)dT
(41 + Buz* + By [y 2(0)e~tn(r)dr) (120)
g ([ 20 Hn(v)dr)
(a1 + Buz* + By f 2(0)e~Mn(r)dr) |

+(B1z” + eB,2")

+(B1 + &f>)

Divide through by z(0), then we have:

(Brz" + €B22") (—P1x7)

1 — 0 | * . * -

R (((u FpEN+ Bz 4B )] z(O)e-“n@)dr))l

) , (121)
-fte‘“n(r)dr + b+ 5,82)(_,6:135 ) (fte‘”n(r)dr) ,

0 ((u +p+A)+ Bz + 5 fo Z(O)e‘“n(‘[)d‘c) 0

where:
_i7(0)

Suppose that 4 is real, then from the characteristics Eqs. (122) and (97) and the fact that
Ry > 1, we obtained that A < 0, since for 1 = 0, then right — hand side of Eq. (122) is
non-negative while, the left-hand side is positive. Therefore, the endemic equilibrium E* is locally
asymptotically stable, since the real root has the dominant real part.

11. Global stability of endemic equilibrium (EE) state

Theorem 8. If R; > 1 then there exists a unique endemic equilibrium E*{x*, y*,u*,r*,i* (1)}
where x*, y*, u*, r* and i*(7) satisfies the Egs. (101-106).
Define L,(a,b) =a—b — bln% for a, b > 0. We construct the following Lyapunov

functional:

WZ = W3+W4+W5+W6+W7. (123)
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With:
y

Ws = (x —x —X*ln%). W, = <y—y* —y*ln;), W = (u—u* —u*ln%),

- T
Wy = (r —r* = r*lnF), w, = J i(t)L, (i(t, 7), i*(T))dT.
0

(124)

The following Lemmas evaluate the derivatives W5, W,, Ws, W, W, along the solutions of

Egs. (1-5) respectively.
Lemma 2. Let W; be defined as in Eq. (124), then:

Wi =—

Htp)(x—x) Bi(x—x7) -
— . (xz — x*z%).

X

Proof: Direct differentiation of Eq. (124) is given by:

Wi = (x - x*) dx
37\ x Jdt
Using Eq. (1) in Eq. (125), we have:
1 x—x"
i = (F25) (4 - = dyx = pr — (1 = )p).

From Eq. (101), we obtain:
A=Bix*z" + (u+p)x*.

Substituting Eq. (127) into Eq. (126) we have:

W31 = -

_ ¥\2 A%
(u+p)(x—x") +Bl(xx X )(X*Z*_xz)_

X
Lemma 3. Let W, be defined as in Eq. (124), then:

*x

Wi =" epoa =20~y —u(1-75) 0=y

Proof:

Wy = (u)dl = (%) (1 = )px — uy — eB,xz).

y dt

From Eq. (102), we obtain:

*

y *
A-¥)p =u;+£ﬁzz ,

*

wi =1 ) RS ORRT ACEDICEEP)

Lemma 4. Let W5 be defined as in Eq. (124), then:
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Ypy o YpxT
WslzT(u—u)— "

(u—u*).
Proof: direct differentiation of Eq. (124) is given by:
u—u"\du u—u* Ypx*
WSl:( u )Ez( u )(l/}py—( u* )u)

wi = % (u—u*)— IijC (u—u*).

Lemma 5. Let W, be defined as in Eq. (124), then:

S 6z
W6=—Z(r—r*)— Z*
r r

(r—r".

Proof: Direct differentiation of Eq. (124) is given by:

r—r*)dr_(r—r*

W6=( i )(62—(,u+v)r).

r T

From Eq. (105), we obtain:

1) 6z*
Z(r—r*)— Z*(r—r*).

We = —
6T r r

(132)

(133)

(134)

(135)

(136)

We state the following lemma by [11] (Lemma 5.2) to aid us establish the proof of Lemma 6.

Lemma 6.
W, = fwﬁ(a)Lz(i(t, a),i*(a))da.
0

then:

W =9(0)L,(i(t, 0),i(0)) + j w(ﬁl(a) - 8(a)9(a))L,(i(t, a),i*(a))da.
0

Lemma 7. Let W, be defined as in Eq. (124), then:

+1

Wi = i*(0) (1 RTORAITO -

i(t,0) i(t,O)) Zdei*(‘c){ 3
0

(137)

(138)

Proof: applying the result in Lemma 6, we obtain the direct differentiation of Eq. (124) as:

W, = i*(0)L,(i(t, 0),i*(0))

dt

+J. (di*(T) —(uta@+ S(T))i*(T)Lz(i(t,‘r),i*(‘r))) dr.

Using L,(a,b) =a—b — bln% for a, b > 0 in Eq. (139) is given by:
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Wi = i*(0) (l(t 0) — i*(0) — i* (O)Inl(t 0))

*(0)
T (di'(@) o i, 0)

+f0 { T — ®(1)i (T)}{l(t, 0) —i*(0) —i*(0)In i*(O)}dT'
or:

1 i(t,0) i(t,0)
Wi=i (0)(1— 0) +1n L,*(O)> (140)

T(di*(t) » i(t,0) i(t,0)

+J0 { ot — d(1)i (T)}{l— (0) +1n i*(O)}dT’
where, (1) = u + a(r) + 5(7).

Using Eq. (104) i.e (4 + a(7) + 8(7)) = ?E g;) n Eq. (140), we have:

o i(t,0) i(t,0) Tdi*(1) i(t,0) i(t,0)
W71_l(0)<1_i*(0)+1n i*(0)>+2f0 It { —i*(0)+ln i*(O)}dT' (141)

The addition of Egs. (128), (131), (133), (136) and (141) take the for:
AW, (t) _ dWs+ Wy + Ws + W+ W5)
o -
d—zt =X, — X, + X, (143)
where:
5= B e a4 2o 00 -y + P - ) +¥(r—r*), (144

(n+p)x —x")? y*x l/)p

o —yx*)( )+ (145)

. i(t,0) i(t,0) di*(1) i(t,0) i(t,0)
X3—l(0)<1—i*(0)+11‘1 i*(0)>+2J It <l—i*(0)+ln i*(O))dT' (146)

Since 1 —a + Ina < 0, Va > 0 implies from Eq. (146) that z < 0 with equality holding if

and only if a = 1. From Eq. (143) if X, > X; then % will be negative definite, meaning that
dWZ

< 0. Also it follows that 22 =0 if and only 1fx =x",y=y",u=u", r=r" and
% = %, vVr=>0. Therefore, the largest compact invariant set in {x*,y*,u*,r*,i"(7) €
_dw,

= 0} is the singleton {E*} if R > 1, then by the Lassalle’s invariant principle, {E*} is
globally asymptotically stable in Q if X; < X,.

12. Conclusions

In this paper, an infection-age-structured mathematical model to study the effect of HIV public
awareness program, with unaware HIV susceptible on HIV/AIDS dynamics was developed and
analysed. We took into consideration the public awareness, Treatment and Sex behaviours. The
criteria for the existence and uniqueness of solution were obtained. it was discovered that the
model has two equilibrium states; Disease Free Equilibrium (DFE) and Endemic Equilibrium
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(EE). We analysed the invariant region and shown that the dynamics of model Egs. (1-9) is in the
region (), the model equations was considered as been epidemiologically and mathematically well
posed. An explicit formula for the effective reproduction number Ry of the model is obtained. The
results from stability analysis showed that DFE is locally asymptotically stable when Ry < 1 and
globally asymptotically stable when R < 1. More so, the EE was found to be locally
asymptotically stable when R; > 1 and globally asymptotically stable when Ry > 1 for X; < Xj.
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