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Abstract. Inner race fault in bearing suspension is relatively the common fault in induction motors
coupled with a gearbox, their detection is feasible by vibration monitoring of characteristic bearing
frequencies. However, vibration signals have numerous drawbacks like signal background noise
due to external excitation motion, sensitivity due to the installation position and their invasive
measurement nature. For this reason, it is necessary to apply an extremely efficient method known
as stator current signal analysis which offers significant savings and implementation advantages
over traditional vibration monitoring. This paper represents a mathematical model for
electromechanical systems and for rolling-element bearing faults to study the influence of
mechanical defects on electrical variables (stator current). The novelty in this work involves three
contributions: modelling of rolling bearing faults by external forces applied on the
electromechanical system; Physical representation of rolling bearing fault allowing the modeling
of the studied system functionality and, the influence of mechanical fault (inner race) in the
electrical variables (stator current). Simulation results at the end of this paper demonstrate the
effectiveness of the proposed mathematical model to detect gearbox’ bearing fault based on the
electrical stator current signal with high sensitivity using fast Kurtogram approach.

Keywords: bearing fault detection, induction machine, gearbox, MCSA, spectral kurtosis.
1. Introduction

Gearboxes based on induction motors are one of the most popular mechanisms in industrial
machinery. Their safety, reliability, efficiency and performance are highly considered by
researchers and engineers. Although induction motors and their transmission mechanisms are
reliable, however they are subjected to failures. Recent studies show that an important percentage
of gearbox-induction machine failures are related to bearings [1]. This type of fault must be
detected as soon as possible to avoid fatal machine breakdowns which may increase maintenance
costs and leads to production losses.

Over the last two decades, Motor Current Signal Analysis (MCSA) method has been widely
used for electrical and mechanical systems condition monitoring [2-8] and unquestionably
contains a lot of information. Signal processing method for healthy gearbox monitoring can be
classified into time, frequency and time-frequency domains analysis. These works confined us to
use conventional method such as frequency domain technique analysis and signal demodulation
technique [4], and signal demodulation technique [4, 5], which may detect abnormality in the
system and faults' presence and do not provide enough information such as: the defect’s severity.
Nevertheless, the combined time-frequency representation provides energy signal as function of
time and frequency and can be performed with constant or varying time frequency resolution.
Many time frequency approaches like: Multi resolution Fourier Transform [6]; Wavelet Packet
Transform (WPT) [7, 8], have been exploited to analyze current signal and extract important
information when diagnosing the induction motor.

Multi-resolution analysis method using wavelet transform have gained a lot in effective signal
processing tool. Generally, the WPT needs comparison of Time-Frequency (TF) maps
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representing the normal or abnormal functioning, this is a very tedious work because of the
increased dimensionality. Moreover, revelations of fault symptoms depend on the damage severity
and this comparison may not be discernable at the first stages of fault evolution.

However, the recent proposed signal processing method, named the Fast-Kurtogram tool
which has been developed by Antoni and Randall [9], who demonstrated the superiority of wavelet
analysis in many applications [10]. The spectral kurtosis is a frequency indicator used to calculate
the kurtosis of the analyzed signal. The objective is to detect the transient components in the signal
and indicate the frequency band in which these will occur, the paradigm relies on the assertion
that all types of transient are associated with the center frequency/bandwidth (f./B,,) which
augments the kurtosis hence, its detection.

This paper represents the use of Fast Kurtogram to validate the mathematical model of the
proposed rolling bearing in defect functioning mode in early detection and advancement
monitoring of the receiver side’s bearing fault, particularly the inner race fault. Most of authors
focus their research work on the motor alone, but in our study we consider the electromechanical
system (both motor and gearbox reducer) as shown in Fig. 2. A new dynamic model of an
electromechanical system is proposed. It consists of gearbox with and without defect driven
rolling bearing.

The fast kurtogram approach is used for signature characterization of the inner race fault of
the motor stator current. This approach is very suitable for such diagnosis and provides a better
detection of the bearing fault in order to validate the proposed mathematical model.

The organization of this paper is as follows: The first section describes the Spectral Kurtosis
and Kurtogram. Section 2 represents the electromechanical model. Section 3 represents the
bearing mathematical model with a defect on the inner race. Finally, section 4 represents the
simulation results and comments of the bearing fault in gearbox-induction machine.

2. Modeling of the electromechanical system
2.1. Modeling of the electrical part (asynchronous cage motor)

To model the asynchronous cage motor some hypotheses are considered which are:

— Perfect symmetry.

— Assimilation of the cage to a short-circuit winding of the same number of phases as the stator
winding.

— The electromotive force has a sinusoidal distribution in the air gap of the machine.

— Notches are supposed to be non-existent.

— Saturation is neglected, it follows that the own and mutual inductances are independent of
the currents flowing in the different windings.

— Hysteresis and eddy currents are not considered.

2.1.1. Three — phase model of the asynchronous machine

Either a three-phase asynchronous machine for stator or rotor is shown schematically in Fig. 1
where the phases are respectively marked ay, bg, ¢; and a,., b, ¢,. The electrical variable angle 8
as a function of time defines the instantaneous relative position between the magnetic axes of the
a and a, phases chosen as reference axes.

The six windings ag, bg, ¢ and a,., b,., ¢, (Fig. 1) obey the following electrical equations:

— For the stator:

Vas l:as ®as
Vbs = Rs lps| + % mbs . (1)
Ves les ch
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— For the rotor:

Var igr Dar
Vir| = R, ipr| t E wbr ’ (2)
Ver Der

where R, and R, designate the resistors per phase of the stator and the rotor respectively.

Fig. 1. Asynchronous machine model (three-phase case), where: ag, b;, ¢,: correspond to the three
phases of the stator, a,, b, ¢, correspond to the three phases of the rotor

The totalized flux coupled with the stator and rotor phases are expressed in the following form:

[Q)s] = [Lss] [ls] + [Msr] [ir]' (3)
[wr] = [er] [lr] + [Msr] [is]' 4)

where @, @,. is the stator and rotor fluxes respectively; [Lg], [L,] represent the matrices of stator
and rotor inductors respectively; [Mg,] corresponds to the matrix of stator rotor mutual
inductances:

0 p A1 p 2m
cos cos ( — ?) cos ( - ?)
2 4T
Mg, = M |cos <9 - ?> cosf cos (9 - ?) )
41 2n (%)
cos <9 — ?) cos (9 — ?> cosf
ls Ms Ms lr Mr Mr
Le = IMS I Msl' Lgs = [Mr L MT]'
M; M ls M, M, lr

By introducing Eq. (3) in Eq. (1) and Eq. (4) in Eq. (2), we finally obtain:

d d
[Vl = [Rs]lis] + [Lss] = lis] + - [Ms ][5, ©
d d
[Vr] = [Rr] [lr] + [er] E [lr] + E [Msr] [lr]

Knowing that the matrix of mutual inductances My, contains trigonometric terms, which
makes the analytical resolution of the system very difficult or practically impossible. This leads
us to use the park transformation which will make these parameters independent of the position 8.

ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627, KAUNAS, LITHUANIA 3



MATHEMATICAL MODELLING OF ROLLING ELEMENT BEARINGS FAULT FOR THE DIAGNOSIS IN THE GEARBOX-INDUCTION MACHINE.
AZEDDINE RATNI, DIAMEL BENAZOUZ

2.1.2. Model of the three phase asynchronous machine in the park reference (d, q)

The park transformation often called two-axis transformation, makes the real variables
correspond to their components:

— Homopolar (index 0).

— Direct axis (index u).

— Axis in quadrature (index v).

The relationships between three-phase and two-phase quantities are written as follows:

Xy X
|:xvl B T
Xo

le_ )
X

With T, Park transformation matrix given by:

2m 2m
2| cosbs  cos (65 - ?) cos (05 + ?)
T= |z . ®)
3| si 0, — in(@ —2—7{) —sin(@ +2—n)
sinf; —s s~ 3 s+
The three-phase- to two-phase transformation is done by:
X
X a
[xd =T x”l'
q X,
cos 6, —sin B
. 2 ]
-1 = cos (95 3 ) —sin (95 3 )
3 T I
Los (95 + ) —sin (95 + ?ﬂ
The transformation 2 to 3 is done by:
|-
where 6; is the angle of the d-q mark.
We have three possible orientations of the d-q mark:
1) d-q mark linked to the stator 8, = 0 and w; = —w,-.
2) d-q mark linked to the rotor s = w, and wg = 0.
3) Landmark d-q linked to the rotating field 6, = w;:
7o o | e o P
= ; — , 9
Vsq 0 R lsq + dt + ©)
R | = o X P [
= ; 10
qu 0 Ryllirg dt |9 wr 0 (19

A final important point of asynchronous machine modelling is the mechanical equation of the
machine. This equation is written as:

dq,
dt

Ce—Cry Qp=w, c¢r=fQ, (11)

4 MATHEMATICAL MODELS IN ENGINEERING. MARCH 2020, VOLUME 6, ISSUE 1



MATHEMATICAL MODELLING OF ROLLING ELEMENT BEARINGS FAULT FOR THE DIAGNOSIS IN THE GEARBOX-INDUCTION MACHINE.
AZEDDINE RATNI, DIAMEL BENAZOUZ

with: J: Total inertia of moving parts; w,: Mechanical speed of rotation, c.: electromagnetic
torque of the machine, c;: friction resistant torque, c,: load torque, p: number of pairs of electrical
poles of the motor, f: friction coefficient.

The electromagnetic torque of the machine is given by the following expression:

3
Ce = EP(Q)sdisq - Q)sqisd)- (12)

The equations of the system can be rewritten in matrix form as follows:

dx
e Ax + Bu, (13)
where:
1 1 1—-o0 1-0 1 1-01
o, T, o @s o MT, o MY
1 1 1-o0 1-01 1-0 1
4] = s o, T, o o M T MT,
- M 1 i
FT 0 —Fr Wg— Wy
M 1
| 0 T_r Wy —Wg _T_r ] (14)
— 1 0
oLg
1
[B]=] o '
oLg
0 0
0] 0

where the state vector is given by as: x = [lsa  lsq Dsq Dsal” andu = [Vsa  Viq]”.
The mechanical equation is given by:

dn,

]dt

+fQ =c.— ¢ (15)

In addition, the equation of the electromagnetic torque can be expressed as a function of the
stator currents and the rotor. This is given by Eq. (16):

pM . .
Ce = L_(Qsdlsq - (bsqlsd)- (16)

2.2. Mechanical part model (one stage spur gear transmission)

A dynamic model is developed to study the bearing defect which influences on the dynamic
behavior of the system. In this purpose, we propose a novel approach to model the dynamical
behavior of bearing defect. The electromechanical model is shown in Fig. 2.

This is a model of two parameters, involving damping and stiffness, with lateral and
transitional oscillations, and it has six freedom degrees. 8,, is the rotational angle of the motor, 6,
and 6, are the pinion and the wheel rotational angles respectively, 6, is the load rotational angle,
v, and y, are the radial displacement of the flexible shafts. It was modeled as a pair of solid disks,
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related by a set spring damper along the contact line (inter-outer friction is ignored for
simplification and placed on flexible shafts which are supported by rolling element bearing. Since
inner race friction is canceled, the oscillation in the direction of x is a free response and will vanish
due to inherent damping. A set of differential equations can be obtained based on Fig. 2.

Motor Gears

e
-1
A
1
,J
2
oy
k-1

Y

o

Pinion

Bearing Yaz

[9 ki

AN Tiive

Wheel

Fig. 2. 6 degree -of-freedom gear dynamic model (Note that the vertical direction
is aligned with the pressure line of the gear mesh) [11]

Applying the fundamental principle of Newton’s dynamics, the dynamic behaviour of the
electromechanical model can be represented by the system of differential equations as follows:

Im.ém =Tem — kcl(gm - 91)__ Ccl.(ém - 91)’ (17)

1,61 = k(6 - 61) + Cc_l(em - 91) — Rp1kt(Rp161 — Ry20, — yy sina + y, sina) (18)
_Rblct(Rblel - szez - 5/1 Sln a + }-}2 Sln 0(),

1,0, = —k,(6, - 6,) — Ccz(gz - gr) + Rp2ki(Rp161 — Rp20, — yi sina + y, sina) (19)

+Rb2Ct(Rb191 - széz - yl Sln a + yz Sln 0(),
1.6, =T, + kc2(92 - er) + CCZ(HZ - er)' (20)
myy; = kt(Rblgl _szgz —yisina +y, sina) @1)

+Ct(Rb191 = Rpy0, — yy sina + y, sin Of) - k1(3’1 - Yd1(t)) - C1(5’1 - ya1(0)),
myy, = kt(Rblgl — Rpz0; —yisina +y, sin @) 22)

+Ct(Rb191 — Rpy0; — yy sina + y, sin 05) - kz(yz - ydl(t)) - Cz(j’z - de(t))-

3. Bearing faults and vibration modeling
3.1. Mathematical description of rolling element bearings fault

Oscillation is the response of a mechanical system to the forces occurred by defects. An ideal
gearbox or a bearing would generate minimal oscillation during its normal operation. Forces that
generate vibration can be obtained from different sources. Most common sources are the
unbalanced mass, faults or defects in the bearing and misalignment. Mass unbalance is caused by
the non-uniform distribution of mass about the centre of rotation and generates a sinusoidal force
expressed by Eq. (23):

F; = Aj cos(wgt + @,), w; = 21f;. (23)

When the shafts of the driver and the driven machines do not align properly: misalignment
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occurs, and generates a periodic impulsive force expressed as:

0 Ny
k
F,= E Aks (t - —) ~ f, E AT cos(wgm t + Q). (24)
k=1 fs m=1

A bearing defect also generates an impulsive force given by Eq. (25):

0 Ny
k
F;= Z Aks (t - —) ~ f, Z AT cos(w,m t + @7). (25)
k=1 fC m=1

To take into account rolling elements slip, a random uncertainty is added to the occurrence
time for each impulse such that:

F4=ZA36<t——+6k>. (26)
k=1 ¢

Assuming a fixed position of the sensor oscillation, Eq. (26) needs to be modified to take into
account the transmission path variations of the rotating defects (ball and IR defects). As the defect
rotates, the distance of the defect to the fixed sensor will change periodically. In addition, in case
of non-uniform load distribution, when a rotating fault strikes the raceways, it will be felt
differently in different load zones of the bearing. These can be translated to the input force by
modulating with the appropriate cosine pulse series given by Eq. (27):

N3
Z Ak cos(wgk t + 0%). (27)
k=1

Based on the previous fault functions, we can deduce that the global fault function is
as follows:

Ny N3
ya = Acos(wgt + @,) + f; Z Al cos(wsm t + OT) + f; Z Al cos(w.m t + 0F),  (28)
m=1 m=1
Ny
. dF . o m
ya(t) = E—Alwssm(wst +0y) — f; ws Z AT m sin(wgm t + OT)

N, m=t (29)
—f; g z ATmsin(w.m t + O5).
m=1

The parameters of the fault functions and the values for the frequency of the impulse train, f;
for different types of faults are given in Table 1 and Table 2 respectively.

3.2. Bearing defect or characteristic frequencies

The characteristic vibration frequencies due to bearing defects can be calculated from the rotor
speed and the bearing geometry. The typical rolling element bearing geometry is depicted in Fig. 3.
The characteristic vibration frequencies can be calculated using equations given in Table 2. In the
following equations, « is the contact angle, between the races and the balls, in radians and f;, is
the rotor speed (in Hz).
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Table 1. Fault functions parameters

Symbol Description

Ay Appropriate amplitude found by the unbalance size
ATi=123 Appropriate amplitude of the mth harmonic

Ak Initial magnitude of the kth harmonic

fs Running speed

1z Characteristic frequency of the defective bearing element

04 Appropriate phase angle
o7 i=123 Initial phase of the mth harmonic
N,i=123 Number of harmonics in the impulse train.

Outer race of
the bearing

. Inner race of
_________ T;Bd H.Inlllng the bearing
— - element

Fig. 3. Rolling element bearing geometry

Table 2. Bearing characteristic frequencies
Fault location Failure frequency

Defect on inner race (BPI) fi= ;(1 + S—Z cos d)) fa

Defect on outer race (BPO) fo= g (1 - % cos d)) fa

1 B
Defect on cage (FT) feage = > (1 - p—dcos ¢) fa
d

|4 B4\?
Defect on ball (BS) fi=2e (1 + (p—d) cos? ¢>) f
d

2By
fo s the rotation frequency of the rolling bearing

4. Numerical simulations and results (detection of the inner race fault)

The following results have been obtained from the electromechanical system comprising the
three-phase asynchronous motor and the single stage spur gear.

First, we consider the healthy mode functioning system, after that, the inner race bearing defect
is modeled by considering Eq. (25) where f; = 85.84 Hz.

15 15

10 10

5 5

P g 0

5 5

10 -10

15 . . . . . . . . . 15 . . . . I . . . .
4.2 4.4 46 48 5 5.2 5.4 5.6 5.8 6 4 42 44 46 48 5 52 54 5.6 5.8 6
Samples Number x 10° Samples Number x 10*
a) b)

Fig. 4. Simulated stator current: a) healthy mode, b) in presence
of the inner race defect (amplitude increase operated in y;(t))
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The obtained signals of the induction stator current in healthy mode and in defect mode are
shown in Fig. 4 and their spectrum signals are given in Fig. 4. It appears that it is not possible to
detect the inner race defect directly from the analyses of the waveform of the stator motor current.

In Fig. 5, f; = 50 Hz, denotes the stator current frequency. A comparison between the stator
current spectrums obtained from healthy mode of the gearbox and the gearbox in defect mode on
its bearing at the receiver side of the inner race. failed to detect the presence of abnormality in the
system. Based on these results, we can say that the obtained waveforms using Fast Fourier
Transform (FFT) analysis of the stator current does not detect the fault related to the inner race
defect.

amplitude [ dB]

=100 P bbbl bgbubeshdisbia ikl h sl Ml b Mo i bl

amplitude [ dB]

0

-200 I I I I I I I
0 200 400 600 800 1000 1200 1400 1600 1800

frequency [Hz ]
b)
Fig. 5. Stator current spectrum: a) healthy mode, b) in presence of the inner race defect

fo-kurt.1 - K"Ex=0.1 @ level 4, Bw= 409.5938Hz, fc=4710.3281HZ
0.07

0.05 x10" Fourier transform magnitude of the squared envelope
T T T T
7+ 4
x 0.04 4f,+2sf,
g of ]
2
0.03 oL 2fs . |
25 +2sf;
ab 4
0.02
T 6fi+ 25 1
0.01 2r B
1k 4
Ll . 1
0 1000 2000 3000 4000 5000 6000 0 5‘(; 0 1;30 L 2:]0 ng 3‘00 3‘50 44;0 .
frequency [Hz] frequency [Hz]
a) b)

Fig. 6. a) Fast kurtogram of the signal of Fig. 4(a), b) squared envelope spectrum of stator current
from gearbox with healthy bearing (B,, = 409.5938 Hz, f. =4710.3181 Hz)

In fact, the presence of inner race defect causes repetitive transient in the stator current
whenever the rolling element passes through the damaged area. These transients present a small

energy. So, it is not easy to detect the faults from simple conventional approaches. To solve this
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problem, we suggest to use the Fast kurtogram which is sensible in detecting any change in
transient signal. To do so, the proposed approach is based on two steps:

Step 1: Obtain the Fast Kurtogram of signal given in Fig. 6(a) by using the Spectral Kurtosis
algorithm. The obtained result indicated in color map is given in Fig. 6(a). We calculate the
Kurtosis values for several combinations of center frequency (f;) and bandwidth (B, ) in a
predetermined way. Then calculate the optimum filter, defined by f and B,,. The highest Kurtosis
of the optimum filter is selected to be used in the envelope computation.

Step 2: Squared envelope spectrum is performed. Its characteristic frequencies can be
identified by the peak search around predicted values.

fo-kurt.1 - Krmx=2’4 @ level 4, Bw= 409.5938Hz, fc=1023.9844Hz

. 2
2.
15
. 1
1
5.
6 0.5
6.6
7
0

0 1000 2000 3000 4000 5000 6000
frequency [Hz]

Fig. 7. Fast kurtogram of the signal of Fig. 4(b), the maximum
is reached at dyad (B,, = 409.5938 Hz, f, = 1023.9844 Hz)

w

level k

~

'\”)| 1 | 1 ‘.~ |

4
time [s]

x 10"3 Fourier transform magnitude of the squared envelope
7 T T T T
6L i
5 y E

i .
WL 1 i
3,
3 , -~ , 7
i T [ ath

2L i
I A h ﬂ ﬂ ]
0 Y| A by A L s J.\ JL

0 50 100 150 200 250 300 350 400 450

frequency [Hz]
Fig. 8. a) Squared envelope signal, b) squared envelope spectrum of stator current from gearbox
with inner race defect (B,, = 409.5938 Hz, f. = 1023.9844 Hz)

The healthy gear is modeled to be geometrically perfect (e(t) = 0, i.e. 0% amplitude
increase), Fig. 7 shows the Kurtogram of stator current for a healthy bearing. Fig. 7(a) Shows the
maximum spectral kurtosis value (K4, = 0.1) at dyad (B,, = 409.5938 Hz, f, = 4710.3281 Hz)
and the corresponding squared envelope spectrum. Fig. 6(b) indicates the current frequency
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components which corresponds to 2f; (50 Hz) and 2sf; (12.9 Hz) where “s” is the motor slip.

In the presence of the inner race defect, (amplitude increase operated in e(t)), the Kurtogram
has the maximum value of the spectral kurtosis (Ko, = 2.4) at dyad (B,, = 409.5938 Hz,
fe = 1023.9844 Hz) as obtained in Fig. 7.

In the analysis of the squared envelope spectrum given in Fig. 7(b), the main feature observed
is: the frequencies amplitudes of interest f; (85.84 Hz) and its harmonics with typical frequency
modulation at f;, where f, = 2f;- f4.

We can conclude that the existence of bearing fault results in the maximum value of the
spectral kurtosis (K,4,) at dyad (B,, = 409.5938 Hz, f. = 1023.9844 Hz) in the Kurtogram.

10°

4 ]
| —E— f;
——2fy —
3 5
— T
3 /.
; P
2 -
o
2 , :
e
| -
4
01
=
0
2 25 3 35 4 45 L | |

Degradation Rates
Fig. 9. Amplitude variation of the frequency characteristic component based on the defect’s evolution

5. Conclusions

In this paper, a new mathematical modelling of rolling element bearings fault of induction
motor coupled with a mechanical meshing transmission has been developed. This will allow us to
simulate the dynamic interactions between the mechanical vibrations generated by gears-box in a
healthy mode and with presence of bearing damage of the driving machines. Based on the
simulation results, it has been shown that detecting the characteristic frequencies of a bearing fault
in the current motor is difficult even when the corresponding fault frequencies are prominent in
the gearbox vibration, and it is especially difficult for the inner race faults. Moreover, we have
modeled the bearing defect in the receiver side, which make the detection of the damage through
the stator current more difficult. Comparative studies between healthy and defect bearing using a
direct analysis of waveform or Fourier spectrum of the induction stator current did not give any
useful information about the presence of abnormality in the system. However, it has been shown
that the use of Fast kurtogram is an effective tool to detect the inner race fault with efficiency. In
reality, the fast kurtogram approach determines the dyad that causes spectral kurtosis
maximization, the corresponding band pass filter is identified and used to determine the envelope
obtaining. The obtained envelop spectrum in healthy bearing and faulty are compared to each
other to provide the key information of the inner race bearing defect. The related frequency
modulation of the inner race bearing fault is given by the characteristic frequency (frequency
defect: fy).

Through the obtained graphs, we can estimate the degradation rates of the inner race bearing
through the increase of harmonic amplitude. These observations can be used to fix the threshold
that helps us to decide when to stop the production line before any serious or drastic problems. As
illustrated in (Fig. 9), the amplitude evolution of the characteristic frequency components is given
as a function of the defect evolution. Notice the nonlinear progression between the amplitude of
the characteristic frequency and the defect rate. By observing the frequency amplitude of bearing
defect we can know the degradation rates of the component given in (Fig. 9).
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