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Abstract. Creep fracture of rock cracks is responsible for the creep failure of fractured rock
masses. To capture creep fracture behaviors of fractured rock, we investigated the time-dependent
characteristics of the rock crack propagation. The theoretical analysis shows that, similar to the
rock creep process, the creep fracture of rock cracks includes the attenuation and steady creep
stages. In addition, we established an equivalent Burgers model for creep fracture of rock cracks
by introducing the equivalent stress and proposed a double Burgers model to study creep behaviors
of fractured rock masses. Moreover, the proposed double Burgers model was embedding into
FLAC3D, using FISH function. The numerical simulations on the specimens, containing ordered
and random cracks, show that the creep fracture is responsible for the creep damage of fractured
rock masses; moreover, the lateral creep damage is larger than the axial creep damage.

Keywords: rock mechanics, creep-fracture, Burgers model, fractured rock masses.
1. Introduction

Extensive micro, meso and macro defects in rock masses may affect the failure pattern and
stability of the rock masses, because the failure the rock masses frequently results from the creep
expansion and coalescence of the original defects [1-4]. In addition, the mechanical property and
the distribution significantly affect the failure pattern. Thus, the time-dependent characteristics of
the rock masses, containing original defects, deserve detail investigations.

The loading history may affect the nonlinear creep of the rock mass. To study the failure
mechanism of the fractured rock mass, the time-dependent crack propagation, namely the creep
fracture, should be considered. Creep fracture (subcritical crack propagation) occurs, because
cracks propagate at an extremely low speed when the long-term load is lower than a critical value
[5, 6]. In addition, many factors, including the stress intensity factor, pressure, temperature,
activity of the environmental medium may affect subcritical crack propagation.

Extensive experimental studies showed that the creep fracture is common. For instance, using
the SEM method, Kranz [7] studied the creep fracture of the Barre granite when a load, being
equal to 87 % of the fracture strength was applied, and further proposed that the increase in the
loading time promotes the crack length and the crack number. Xiao et al. [8] investigated the
dynamic crack propagation and coalescence of the micro cracks in the specimens in uniaxial
compressive and tensile conditions. They found that the total deformation is equal to the medium
deformation and the crack deformation, caused by crack sliding and propagation. Wu and
Thomsen [9] investigated the micro crack propagation and the macro deformation of the Westerly
granite under creep load and detected increasing acoustic emissions. In addition, they further
proposed that the failure of the specimens results from the crack propagation and coalescence.

Previous studies mainly were focused on the macro creep response of the rock mass [10-12].
However, the crack creep propagation, especially the creep failure of rock masses induced by rock
crack creep fracture, lacks sufficient investigations. External loads subsequently cause the cracks
to open, slide, initiate, propagate, and then coalesce. Simultaneously, the crack distribution may
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significantly affect creep fracture with the accumulation of the creep damage. Therefore, the
mechanical model of the creep fracture that can depict the failure mode and mechanism deserves
detail investigations. In the present article, based on the rock fracture mechanics and creep
mechanics, we proposed a method to calculate the inelastic damage deformation, caused by creep
fracture. More importantly, we verified the feasibility of this method by embedding this method
into FLAC?P. This method may shed some lights on the creep deformation mechanism of rock
masses.

2. Theoretical basis
2.1. Crack initiation

The normal and tangential stresses applied on the main crack surface in compressive-shear
states yield (Fig. 1):

One = 01SIN%Y + g5c05%Y, (1)

g4 — O-
Tpe = %Sin&p. )

where 0y, and 7,, are normal and tangential stresses applied on the main crack surface,
respectively, o; and g5 are the maximum and minimum principal stresses, respectively, Y is the
angle between the crack and the maximum principal stress.

According to the maximum circumferential stress theory, the initial crack propagates at the tip
of main crack along the direction of the maximum circumferential stress, with a crack initiation
angle 8, of 70.5°. The stress intensity factor (SIF) K; at the main crack tip is [13]:

2
K, = ﬁ (Tne - O-nef)\/ﬁ: €))

where f is the friction coefficient of the crack surface, and a is the half of crack length.
When the SIF at main crack tip is higher than the fracture toughness K, of rock, the wing

crack initiates.
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Fig. 1. Schematic diagram of wing crack initiation at the main crack tip
2.2. Transient propagation of the wing crack

The previous experimental studies [1, 6-8] indicated that the wing crack propagates
approximately along the direction of the maximum principle stress, after it initiates, as shown in
Fig. 2.
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Fig. 2. Wing crack propagation

The influence of the main crack on the SIF of wing crack tip can be reflected by the effective
shear stress 7, applied on the main crack [13]:

Te = Tne — Onef- 4

According to Horri and Nemat-Nasser wing crack model [14], the SIF of the wing crack tip
can be expressed:

2 .
KI = aTeTs;nl/) - O'3\/H, (5)

where [ is the propagation length of wing crack, 1 is the angle between the wing crack and the
main crack.

The SIF at the wing crack tip continuously decreases with the wing crack propagation,
according to Eq. (5). The crack transient propagation length can be obtained, by assuming that K;
is Kj¢ in Eq. (5).

2.3. Creep propagation of wing crack

Previous experimental results [3, 5, 7, 15] showed that a subcritical crack growth at very low
velocity (10-2-10 m/s) can be observed when the SIF is between the threshold stress intensity for
subcritical crack growth K, and the fracture toughness K, [3, 5, 15-17], which is crack creep
propagation. When K; is lower than K|, crack propagation ceases. The ultimate crack propagation
length [,, can be obtained, by assuming that K; equals K, in Eq. (5). The subcritical crack
propagation length [, is a difference between the ultimate crack propagation length [,, and crack
transient propagation length [; (I, = L, — ;) (Fig. 3).

Experimental studies on the subcritical crack propagation showed that the rate of the creep
fracture is [3, 5, 15-17]:

2at,sin n
V= AK" =A(%—03Jn_ls) ,

where, L is an arbitrary value in range of subcritical propagation length, A and n are parameters
related to subcritical crack propagation.

Eq. (6) shows that the crack propagation rate decreases with the increase in crack propagation
length. When the SIF decreases to the threshold stress intensity for subcritical crack growth K,
the crack propagation ceases [15-17].

(6)
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Fi;;. 3. The evolution curve of the SIF at the wing crack tip
3. Equivalent Burgers model for crack creep fracture

Cracks in compressive-shear states are very common in rock engineering. Thus, the time-
dependent stability of these cracks is significant. Eq. (5) can be rewritten:

K? N 2at,sing K\ K? + 805T.asiny

L= 03%1 03T 203%1 ’ M

when, dl can be further obtained:

dlzi(4K,—K—IZ— K,2+C)dK,, ®)
2B JKZ+C

where B and C are o2m and 8ao;7,sinp, respectively.
The whole duration t of subcritical crack propagation can be expressed according to Eq. (8):

o )

t=—— —| 4K, ———— K/ +C |dK,, 9
25 ), '\ e , ©)
with Egs. (8) and (9), the crack propagation length can be calculated.

Using the above theoretical model to analyze the creep fracture characteristics, two cracks,
Crack #1 and Crack #2, with different occurrences, are adopted. The computational parameters
were: for Crack#1,a = 0.21 m, ¢ = 45°; and f = 0.25, for Crack#2, a = 0.10 m, Y = 20°; and,
and f = 0.15the maximum and minimum principle stresses were 35.0 MPa and 1.65 MPa,
respectively. According to the previous study [18], the parameters of the rock sample are listed in
Table 1. In addition, Fig. 4 shows the calculation element of the creep fracture.

Table 1. Calculation parameters of subcritical crack propagation of marble

Subcritical crack propagation parameters
A n

Marble 3.4328 2.40 5.98x107172 12.58

Lithology | K;c (MPam®?) | K, (MPam®>)
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Fig. 4. The calculation unit for wing crack

Fig. 5 shows the creep fracture curves of crack propagation for Cracks #1 and 2. For
simplification, the dimensionless propagation length L (L = [/a) was used. Clearly, the crack
propagation length increases with the increase in creep time. Similar to typical rock creep, the
creep fracture of rock crack includes the attenuation and steady creep stages, characterized by the
decreasing and constant propagation rates, respectively. When the SIF at the wing crack tip is
lower than K|, or the crack coalesces with other cracks, the crack propagation ceases.

The creep fracture characteristics may vary for various cracks with different occurrences. For
Crack #1 and Crack #2, the transient dimensionless lengths were 0.87 and 0.40, and the
dimensionless creep lengths were 0.45 and 0.21 respectively. Moreover, the whole duration t of
crack creep propagation for Crack #1 and Crack #2 are 175.61 h and 134.93 h, respectively. The
creep fracture time for Crack #1 is higher due to the relatively longer propagation length for crack
#1 (see Fig. 5).

14
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1.0 —&— Theoretical analysis curve of creep fracture of rock crack 1#
—O— Theoretical analysis curve of creep fracture of rock crack 2#
08} = Burgers model curve of creep fracture
~
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Creep fracture time(h)
Fig. 5. Creep fracture curves of rock cracks

Eq. (6) shows that the SIF increases with the increase in the effective shear stress 7,, whereas
decreases with the increase in the minimum principle stress o3. To establish the equivalent Burgers
model for the creep fracture, we introduced the equivalent stress o,:

7,2
0, = —

(10)

o3

The proposed equivalent Burgers model is shown in Fig. 6. The crack transient propagation
can be described by a Hooke body. The crack creep propagation is described by the connection
between a Newton body and a Kelvin body in series. The equivalent Burgers model for creep
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fracture is:

0,
=2y % (1—e ’71)+—et, (t<tp), (11)
E, E; N2 ¢

where £, is termination time of crack creep propagation, L is the dimensionless crack propagation
length,tis the time to subcritical crack propagation, E;, E,, n; and 1, are model parameters,
respectively.

E,
E, M2 N

% T LT

Ge

Fig. 6. Equivalent Burgers model for creep fracture of rock crack

The creep fracture curves of rock cracks are fitted by using the proposed equivalent Burgers
model. Table 2 summarizes the model parameters of Cracks #1 and 2. From Fig. 5, it is found that
the equivalent Burgers model curves agree very well with the theoretical curves. The proposed
equivalent Burgers model is proper to describe of the creep fracture process of rock cracks.

Table 2. Fitting parameters of equivalent burgers model of rock crack
Crack number o, (MPa) E, (MPa) E; (MPa) 1, (MPa-h) 1, (MPa‘h) t. (h)
1 82.71 296.29 94.58 5059.85 90787.68 175.58
2 20.65 187.01 51.15 2463.11 26206.15 134.93

4. Double Burgers model for fractured rock masses

The creep deformation of the fractured rock masses composes of the creep deformations of the
rock matrix and the rock cracks. Thus, to investigate the macro creep damage of the fractured rock
masses, in the present study, the proposed equivalent Burgers model for creep fracture of rock
cracks is integrated with the Burgers model of rock matrix to describe creep behavior of fractured
rock masses.

4.1. Damage deformation caused by crack creep fracture

The strain increment of the fractured rock masses, d¢;;, composes of the strain increment of
rock matrix, dsioj and the damage strain increment of the cracks, dei’}’?'

de;; = defy + de]}. (12)
The increment of the linear elastic strain of the rock matrix is:

where S, is elastic flexibility tensor for rock matrix.

The damage strain increment, caused by crack slippage and propagation, can be obtained,
using the Rice thermodynamic theory [19, 20]:

of, (o, H
aelp = Lo ag,, (14)

a0

where f, (0, H) is a set of thermodynamic forces conjugated to the internal variables g, the g;; is
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the stress tensor, H is the present condition of the internal variable, and V, denotes the volume of
a representative volume element (RVE).

The average slip b; of the points on PP’ is equal to the average Mode II crack opening
displacement induced by the effective shear stress 7, (see Fig. 7(a)):

1 (%401 -vd1, 5 T, (1 — vd)
= [ BT gr 2y = T T 00 15
by ZaJ. E, a x5 dxy E; : (15)

—-a

where, v, is the Passion ratio, Ej is the elastic modulus.
The increment of inelastic strain induced by crack slippage can be expressed [19, 20]:

mil _ —sin26 cos26\ ,—
defj” = wo ( cos20  sin26 ) dby, (16)

where, w, = Na?/A, is the initial crack density parameter, N is the number of (non-interacting)
cracks having the same orientation ¢, A, is the area of the representative unit, b, = b/a, a
normalized slip, 6 is the angle between the two coordinate systems 8 = m/2—1.

Then, Fig. 7 shows the increment of the nonlinear damage strain, caused by wing crack
propagation. According to the equilibrium conditions of the plane and the Mohr-Coulomb
criterion, the balanced force 7., on the main crack plane is:

Tp1 = T, — 03Lcos6. (17)

The average opening of the mode II crack, b_z induced by t,;, due to wing crack
propagation is:

— 1—v2
) = ﬂ(E—OvO(Te — g;Lcosh). (18)
‘ Gli i 0
'y REN
dl \
Ll e
e N7
o3 ‘ o3
e 7 \\‘J“\ d7b -
\
771
a) b)

Fig. 7. a) Model of wing crack in compressive-shear state,
b) increment of the inelastic damage strain induced by wing crack propagation

The inelastic residual energy, generated by wing crack propagation is [20]:

2o =2 ("0 ap, + 2 fllGdl (19)
Q=" Tne n ’
Ay )y 27 A0 )y
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where:
K2

G=—(1-vd), (20)
E,

The = Tne — 03LcCOSO. 21

The increment of the inelastic residual energy can be expressed as [20]:

oA A _
digp =22 qp, + Lq1 = — (Za‘['n db, + 2GdL). (22)
ab, oL Ay

2

So, a set of thermodynamic forces f, (o, H) conjugated to the internal variables b, and L can
be expressed as:

1 —_
f.(o,H) = T (2at’ db, + 2GdL). (23)
0

The increment of the nonlinear damage strain is:

—sin2¢ cos2¢\ ,— 0 —sing — 41 -vd)
wo( cos2¢ sin2<p> db; + wo (—sin(p 2cos<p> Ldb, - E, TeprdlL

4m(1 — vd) (0 0
E, 0 o3

m _
dejj =

+wq )LdL.

According to Eq. (24), the increment of the nonlinear damage strain, caused by wing crack
propagation can be obtained. Thus, the damage deformation is time-dependent due to creep
propagation of wing crack [21, 22].

4.2. Double Burgers model

The Burgers creep model of rock matrix includes the Kelvin model and the Maxwell model,
thus, the corresponding constitutive model, in the form of stress and strain deviation, yields
[10-12]:

E
2E,,6, + 2m16) = n—”sij + (1 +=+ "Ll) $y + L8,
T2

, 25
Ery N E., g (25)

where, E,;, E,,, 1,1 and 1,, are the elastic modulus of controlling delay, the elastic shear
modulus, the rate of determining the delayed elasticity and the viscous flow rate, respectively.
The stress tensor g;; at a certain point can be decomposed into the deviatoric stress tensor (S;;)

and the spherical stress tensor (a;,). Similarly, the strain tensor &;; at a certain point can be
decomposed into the deviatoric strain tensor (e;;) and the spherical strain tensor (&p,). These
parameters have a specific relationship under an elastic state, which can be expressed as follows:

{Sij = 035 — é‘i]'O'm, (26)

5ij = el'j + Sijsm.

The following assumptions are made (Ottosen 1986): (1) creep is sensitive to deviatoric stress
tensor (S;;), but the spherical stress tensor (g,,,) does not cause the creep; (2) the Poisson’s ratio
of the rock does not change over time in the process of creep. Based on the above assumptions,
the Burgers model yields:
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Sij . Sij [ Grqt Sij
e = +—|1—ex (——)]+—t, 27
Y= 26, " 26, P ) 2, 7)
Erl ErZ

Gyr = 2(1 +vy)’ Gar = 2(1 +vg)

(28)

Double Burgers model of fractured rock masses is proposed in order to study the creep
behaviors of fractured rock masses [23]. The implementation steps are as follows: (1) Determine
creep parameters of the rock matrix based on Burgers creep model; (2) Determine creep
propagation length of rock cracks based on equivalent Burgers model for crack creep fracture;
(3) Determine the inelastic damage strain, caused by creep fracture of rock cracks; (4) Determine
whole creep strain of fractured rock masses according to Eq. (12). To implement the numerical
simulation of double Burgers model of fractured rock masses, the inelastic damage deformation
caused by crack creep fracture is embedded into the Burgers model in FLAC?P.

5. Case study

Numerical simulations on the specimens, containing ordered and random fractures were
performed to investigate the creep characteristics of fractured rock masses.

5.1. Numerical results of the specimen containing ordered cracks

Fractured rock specimen with a height of 2.0 m and a width of 1.0 m has two sets of ordered
cracks [24, 25]. Table 3 shows the distribution parameters of the original cracks. According to the
previous study [16], the creep parameters of rock matrix are shown in Table 4. The parameters for
subcritical crack propagation and equivalent burgers model of marble crack are listed in Tables 1
and 2, respectively. The maximum and minimum principle stresses applied on specimens are set
to 35 MPa and 1.65 MPa, respectively.

Table 3. Structural parameters of ordered rock crack groups

Crack group Dip Trace Spacing Break Initial crack density Friction
number angle (°) | length (m) (m) distance (m) parameter wg coefficient
1 45 0.42 0.35 0.40 10.50 0.25
2 20 0.35 0.50 0.36 9.00 0.15
Table 4. Burgers model parameters of marble
Lithology G,1 (GPa) G,, (GPa) 11 (GPa'h) 1y, (GPa‘h)
Marble 2.869 1.388 6.598 2769.28

The inelastic damage strain, caused by creep fracture of rock cracks is calculated according to
Eq. (24). The axial and lateral inelastic damage strains are plotted in Fig. 8, where the lateral
damage strain is much higher than the axial damage strain. For example, the lateral damage strain
is 2.68 times of the axial damage strain at creep time of 176 h, because the contribution of wing
propagation to lateral damage strain is larger than axial damage strain [26].

Figs. 9(a) and (b) show the comparisons of creep curves of fractured rock specimen with and
without consideration of creep damage, respectively. It is noted that both the lateral and axial creep
strains with consideration of creep damage are higher than those without consideration of creep
damage. Especially, the lateral creep strain with consideration of creep damage is much higher
than that without consideration of creep damage. For example, the lateral creep strain when creep
damage is considered is 1.48 times of this when creep damage is ignored at creep time of 176 h.
The creep ratio at steady creep stage with and without consideration of creep damage is
7.18x10° h'! and 4.33 h'!, the former is 1.66 times of the latter.
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Fig. 8. Inelastic damage strain curves of ordered rock cracks group
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Fig. 9. Comparisons of creep curves of fractured rock specimen with and
without consideration of creep damage for: a) lateral creep strain, b) axial creep strain

5.2. Numerical results of the specimens containing random cracks
Fractured rock specimens containing random cracks is a square with a height of 20 m and a

width of 20 m as shown in Fig. 10. The distribution parameters of the random cracks are listed in
Table 5.

03

Fig. 10. Fractured rock specimens containing random cracks

The creep damage strain-time curve of the fractured rock masses is plotted in Fig. 11. The
axial and lateral creep damage strains nonlinearly increase with the increase in creep time. The
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lateral damage strain is much higher than the axial damage strain. The lateral damage strain is
3.46 times of the axial damage strain at creep time of 200 h.

Table 5. The distribution parameters of the random crack

Fig. 11. The creep damage strain-time curve of the fractured rock masses

Dip angle (°) | Trace length (m) | Break distance (m) Spacing (m) Gap width (m)
. Normal Negativ§ Uniform Negativ_e Negativie
Joint distribution exponential distribution exponential exponential
distribution distribution distribution
Avg. Sd. Avg. Avg. Sd. Avg. Ave.
1 67.0 8.5 221 0.68 0.18 1.25 0.1
2 1152 | 6.1 1.75 1.12 0.24 1.16 0.3
3 35.1 1.3 1.89 0.87 0.56 1.08 0.4
Note: Avg. is average value, and Sd. is standard deviation
060 Lateral creep damage strain
0.55 o Axial creep damage strain
0.50
0.45
£ 040}
S035F
Zo30f ¢
% 025 0°
F020f,
015
010
0.05 5
0.00 I e
0 20 40 60 80 100 120 140 160 180 20
Creep time(h)

Fig. 12 shows the creep curves of fractures rock masses, when creep damage is considered and
ignored. It is noted the crack creep fracture significantly contributes to the lateral creep damage,
so the lateral creep strain with consideration of creep damage is much higher than that without
consideration of creep damage, however, the contribution of crack creep fracture to the lateral
creep strain relatively is smaller.

Creep strain (10%)

6.5
6.0 -
5.5
5.0
4.5
4.0
3.5 —— Lateral creep strain with consideration of creep damage
3.0 —o=— Lateral creep strain without consideration of creep damage
25 —— Axial creep strain with consideration of creep damage
: —o— Axial creep strain without consideration of creep damage
2.0
RIS
IR
1 5 o y%J‘FPKH‘J‘K)‘K)‘KPK)‘KPK
AT eOe0eo000D00a00000e00T

1.0
0.5

0.0 1 1 1 1 1 1 1 1 1 1 )
0 50 100 150 200 250 300 350 400 450 500 550

Creep time( h)

Fig. 12. Comparisons of creep curves with and without consideration of creep damage

For example, the lateral and axial creep strains when creep damage is considered are 1.40 and
1.03 times of those when creep damage is ignored at creep time of 200 h, respectively. The above
rules for fractured rock specimens containing random cracks are the same to fractured rock
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specimens containing random cracks.
6. Conclusions

Creep fracture of rock cracks is responsible for the creep failure of fractured rock masses. To
investigate the macro creep damage of the fractured rock masses, the equivalent Burgers model
for creep fracture of rock cracks is integrated with the Burgers model of rock matrix to describe
creep behaviors of fractured rock masses. The following conclusions are obtained:

1) Similar to the rock creep process, the creep fracture of rock cracks includes the attenuation
and steady creep stages. An equivalent Burgers model for rock crack creep fracture is proposed,
based on the introduction of an equivalent stress.

2) The creep deformation of the fractured rock masses composes of the creep deformations of
the rock matrix and the rock cracks, moreover, the contribution of crack creep fracture to the creep
strain can be considered as creep damage strains.

3) The equivalent Burgers model for creep fracture of rock cracks is integrated with the
Burgers model of rock matrix. The double Burgers creep model for fractured rock masses is
proposed to describe creep behaviors of fractured rock masses.

4) The lateral creep strain with consideration of creep damage is much higher than that without
consideration of creep damage, however, the contribution of crack creep fracture to the axial creep
strain relatively is smaller.
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