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Abstract. Beams with elastic constraints are widely used in dynamic systems in engineering. A
general explicit solution is presented here for the vibration of simple span beam with transverse,
rotational and axial elastic boundary constraints due to an arbitrary moving load. The
Euler-Bernoulli beam theory is adopted, in which the boundary constraints are treated as
multi-directional boundary springs. After the modal analyses, the explicit closed-form solutions
of transverse and axial vibration of the beam under a constant, sinusoidal and cosinoidal moving
loads are obtained, respectively. And the vibration of a beam subjected to an arbitrary moving
load is derived by the superposition of Fourier series. The current analytical solution is exact and
can be applied in multiple engineering fields to obtain accurate structural vibrations. In numerical
examples, the effects of the boundary springs on the natural frequencies, modes, deflection,
bending moment and boundary reaction of the beam are studied in details. The effects of the
number of terms in Fourier series of arbitrary moving load are also discussed.

Keywords: beam vibration, arbitrary moving load, analytical solution, elastic boundary constraint,
multi-directional boundary spring.

1. Introduction

Dynamic analysis of the beam due to moving load is an important research topic in
engineering, which is widely applied in bridges, railways, mechanical process, micro-structures,
piping systems, etc., [1-3]. Many studies have been performed to explore the various aspects of
this moving load problem [1], and most of them are concerned with the transverse vibration of the
beam. The early work on the behavior of a beam subjected to a constant moving load was reported
by Timoshenko [4]. Fryba [5] studied the vibration of a simply supported beam subject to a
moving load using Laplace-Carson integral transformation technology. Hilal et al. [6, 7]
investigated the vibration of a single span beam with hinged or fixed boundary conditions using
the Duhamel’s integral technology, in which a constant or harmonic load traveling on the beam
with accelerating, decelerating and constant velocity, respectively. Yang et al. [8] studied the
vibration of the cracked inhomogeneous cantilever beam under a fixed axial force and a moving
transverse load. Ouyang and Wang [9] explored the effect of the axially moving forces on the
transverse vibration of the rotating beam. Simsek et al. [10] analyzed the dynamics of elastically
supported functionally graded beam systems, in which the displacement of the beam is assumed
as a sum of power functions and the equations of motion are derived using the Hamilton’s
principle. In the work of Zhu and Law [11], the vibration of multi-span continuous beam is
analyzed, and the moving load is identified.

There are not so many studies on the longitudinal vibration of the beam subjected to moving
load. Dmitriev [12] presented the early analytical solution on the longitudinal vibration of the
beam subjected to a constant axial force and fixed axially in one end. Mamandi et al. [13] studied
analytically not only the transverse vibration, but also the longitudinal vibration of inclined beam
subjected to a moving load. The effects of the transverse or axial elastic constraint on the
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longitudinal vibration were also considered in the researches of Nguyen and Duhamel [14], Wu
[15], Toth and Ruge [16], but the means adopted in their works are the finite element method, not
the analytical solution.

Considering that the analytical solution is exact and can be applied in multiple engineering
fields to obtain accurate structural vibration or to validate the numerical analysis, a general
analytical solution is presented in this paper for the transverse and longitudinal vibration of beam
subjected to an arbitrary moving load. Differs from the previous research, it is an explicit
closed-form solution, and the multi-directional boundary springs are considered to cope with the
elastic boundary constraints widely adopted in engineering [2, 16, 17]. The Euler-Bernoulli beam
theory is adopted. The eigensolutions for the transverse and longitudinal vibration are deduced
firstly in modal analysis. Then the explicit closed-form solution is presented for the forced
vibration of the beam under a constant, sinusoidal and cosinoidal moving load respectively with a
constant velocity through modal superposition method. And then the vibration of a beam subjected
to an arbitrary moving load is obtained by the technology of Fourier expansion. Finally, the effects
of the different elastic boundary spring and number of Fourier series of the arbitrary moving load
on the vibration of the beam are discussed.

2. Theory and formulations

A single span Euler-Bernoulli beam with multi-directional boundary springs is shown in
Fig. 1, in which kg ;, k,; and k,; (i = 1, 2) are the constants of axial, rotational and transverse
springs, respectively. These boundary springs represent the multi-directional elastic boundary in
engineering structures, such as bridge [3, 11] and functionally graded beam [10]. P, P, are axial
and transverse load respectively moving with a constant velocity of v. E, I, A, m and L are
Young’s modulus of material, the moment of inertia of cross-section, the area, the mass per unit
length and the length of the beam, respectively. The transverse and longitudinal vibrations of the
beam are analyzed independently, and the nonlinear effect is neglected in the current work.

kal krl Px i i v) kl‘2 ka2 X
—»
C E I Am,L D
ka ke
X \ L |
Zy |

Fig. 1. A single span with multi-directional elastic boundary springs under moving loads
2.1. Transverse vibration

The transverse vibration is governed by the following partial differential equation:

2°w(x,t ow(x,t 2 0*w(x,t o*w(x, t
0w D) 0w weot) 0w

L = — la
e te " 5¢ 43r oxt ot - O mvOR(), (12)

where §(+) is Dirac delta function; C;, and C;; are the external and internal damping coefficients,
respectively. If the Rayleigh damping is adopted, they are proportional to the mass and stiffness
of the beam, respectively:

Cte = aym, Cy; = BeEI (1b)
where @, and B, are proportional constants. The transverse displacement, w(x, t), is written in

modal form:

ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 1 773



AN EXPLICIT CLOSED-FORM SOLUTION FOR TRANSVERSE AND LONGITUDINAL VIBRATION OF BEAM WITH MULTI-DIRECTIONAL ELASTIC
CONSTRAINTS UNDER AN ARBITRARY MOVING LOAD. YONG DING, LINGXIA HAN, JIUANG YOU

WEO= ) o) @)

where ¢,,(x) is mode shape function from modal analysis, and g, (t) is the modal amplitude from
forced vibration analysis. Substituting Eq. (2) into Eq. (1), and multiplying by ¢,, (x), integrating
with respect to x from 0 to L, and applying the orthogonal conditions, the equations about the
modal amplitude is obtained:

Pn(VO)P,(t)

q.n(t) + Z(t,nwn‘?n(t) + wrzlqn(t) = M
tn

n= 1;21“"001 (3)

where {; ,, w, and M, are the modal damping ratio, modal frequency and modal mass for the
nth mode, respectively, and:

L
Men = [ #3GOmax. @)
0
The damping ratio from the Rayleigh damping is:
a, + prwy,
=7 5

Gen == 5)
2.1.1. Modal analysis of transverse vibration

The associated eigenvalue problem of the beam in transverse vibration is [18]:
P""(x) = *p(x) =0, (6a)
where:
geow'm (6b)

©El

In which w is the circular frequency. The boundary conditions of the beam with the boundary
springs shown in Fig. 1 are:

ke1(0) = —E1¢"'(0),

—El$"(0) = —k19'(0), )
kiap(L) = EI§"" (L),

—EI¢p" (L) = kpp¢p"(L).

The general solution of Eq. 6(a) is:
¢(x) = A;sindx + A,cosAx + AgsinhAx + A coshAax. ®)

Substituting Eq. (8) into Egs. (7), the equations of the constants of 4; (i =1, 2, 3, 4) are
derived as:

Kll K12 K13 K14— Al
K.A, = K21 KZZ K23 K24- AZ —
e K31 K32 K33 K34- A3

K41 K4-2 K4-3 K4-4- A4

(€))

o O O o

1 774 JOURNAL OF VIBROENGINEERING. NOVEMBER 2019, VOLUME 21, ISSUE 7



AN EXPLICIT CLOSED-FORM SOLUTION FOR TRANSVERSE AND LONGITUDINAL VIBRATION OF BEAM WITH MULTI-DIRECTIONAL ELASTIC
CONSTRAINTS UNDER AN ARBITRARY MOVING LOAD. YONG DING, LINGXIA HAN, JIUANG YOU

The elements of the matrix K; are:

K1 = —Ki3 = —EIZ®, K =Ky = ker, Ky1 =Koz = kry, Ky = =Ky = EIA,

K31 = kepsindAL + EIA3cosAL, Kz, = kicosAL — EIA3sinAL,

K33 = kypsinhAL — EIA3coshAL, Ki, = ki,coshAL — EIA3sinhAL, (10)
K41 = EIA?sinAL — k,,AcosAL, K,, = EIN*cosAL + k,,AsinlL,

K,3 = —EIA%sinhAL — k,,AcoshAL, K,, = —EIA*>coshAL — k,,AsinhAL,

thus, the characteristic equation of this system is obtained from the existence of the non-trivial
solutions of Eq. (9) and expressed as:

det(K,) = 0. (11)

The eigenvalues, 4, (n = 1,2,..., ), are obtained from Eq. (11). Then the eigenfunctions,
¢ (x), are deduced from Eq. (9), in which the constants of the nth mode are 4, , = 1:

_ K33(K4-4K21 B K24-K41) + K34(K4-1K23 B K43K21) + K31(K4-3K24 B K44K23)

A - )

21 Koq(KaaKas — KusKsz) + Kag(KysKoy — KugKos) + Kua (Ko Koz — Koy Kas)
Ao = K2 (K4aK31 — K34Ky1) + Kyp (K34Kq1 — K31K34) + K35 (K34 Kyq — KaaKoq)

3 Kp4(KyaKss — KysKag) + Ksq(KasKpz — KupKos) + Kug(Ksy Koz — Koy Kss) (12)
A = Ky1 (Ky3K3; — KypK33) + K31 (K42 Koz — Ka3Kpp) + Kuq (K32K33 — K33K33)

4n

" Kp4(Ky2Kss — Ky3Ksy) + Kag(KusKoz — KuaKoz) + Kyg(Ks2Kps — KopKas)'
n=12,...,00.

2.1.2. Forced vibration analysis of transverse vibration

Although the modal amplitude in forced vibration, q,(t), can be solved numerically by
Duhamel’s integral technology, an analytical solution is more clear and helpful to understand the
behavior of vibration [6, 7]. To consider an arbitrary moving load, P,(t) in Eq. (3) is expressed as
Fourier series firstly:

a © 2nm(t —T 2nn(t—T
PB(t) = —0+Z ancos¥+bnsin¥ , n=1,..., 00, (13)
2 n=1 T T

where T is the time while the moving load is on the beam, T = L/v:

2nm(t —T)

2 (T 2 (7
a, = —J- Pz(t)cosTdt, b, = —J- P,(t)sin
0 0

2nm(t —T) p
T T

t, (14)

If the solutions of Eq. (3) for constant, sinusoidal and cosinoidal moving loads are derived
respectively, the general analytical solution for an arbitrary moving load can be obtained by the
superposition of a series of solutions.

When the moving load is a constant, B,(t) = P,, the solution of Eq. (3) is:

qn(t) = qn(t) + g5, (0), (15)

where g;,(t) and g, (t) are the homogeneous and the particular solutions, respectively. The
particular solution is assumed as:

Gn (t) = By zsind, vt + B, ,,cosA, vt + B3 ,sinhA, vt + B, ,,coshA, vt. (16)
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Substituting Eq. (16) into Eq. (3) and considering the equation is valid at any time, the
multipliers of sinA,, vt, cosA,vt, sinhA, vt and coshA, vt are equal to zero, respectively. So that
the constants in Eq. (16) are derived as:

_ [(w% - A%LUZ) + 2A2,n(t,nwnlnv]PZO

Bl,n - 2 ’
[(wrzl - /1%172)2 + (ZZt,nwn/lnv) ]Mt,n
B _ [_ZZt,nwnAnv + Az,n(wrzl - /1%1]72)]1)20
2n — ]
" [(wTZL —AZv?)? + (ZZt,nwnllnv)z] My
(17)
B _ [A3,n (szl + /131172) - 2A4,n<t,nwn/1nv]PZO
3n — )
U [+ 2922 = (20nwndev)’| Mo
_ [2A3,n<t,nwn/1nv - A4,n(w1gt + A%vz)]PZO 1
4n — 2 ) =1,...,0
[_(szl + /1%172)2 + (th,nwnlnv) ]Mt,n
The homogeneous solution is:
qn(t) = e~tn@nt(Dy  coswp pt + Dy pSinwp ,t), (18)

where wp ,, is the natural frequency considering the damping ratio:

Wpn = Wy ’1 - (tzn (19)

The constants Dy ,, and D, ,, are determined by imposing the initial conditions of Eq. (20) and
obtained in Eq. (21):

q,(0) =0, ¢,(0) =0, (20)
_ (Bl,nlnv + BZ,n(nwn + B3,nlnv + B4,n<nwn) (21)

Din=—Byn —Byn, Dyp=
Wpn

when the moving load is an sinusoidal function, P,(t) = P,,sin(Qt + ¢), the solution of Eq. (3)
is still as Eq. (15). The particular solution is assumed as:

q",(t) = By yeos[(A,v + D)t + @] + B', ,cos[(A,v — D)t — @]
+B'3 ,sin[(A,v + Q)t + @] + B’y sin[(A,v — Q)t — @] + B's e cos(Qt + ¢) (22)
+B'¢ ne *Vtcos(Qt + @) + B'; e’ Esin(Qt + @) + B'g e MVtsin(Qt + ¢).
Substituting Eq. (22) into Eq. (3) and considering the equation is valid at any time, the
multipliers  of  cos[(A,v + Q)t + ¢], cos[(A,v — Q)t — o], sin[(A,v + Qt + ¢],

sin[(A,v — Q)t — ¢], e’n?cos(Qt + @), e *nvtcos(Qt + @), e’nvtsin(Qt + ),
e Mtsin(Qt + ¢) are equal to zero, respectively. So that the constants in Eq. (22) are derived as:

_So (A1,n51 + Az,nsz) B = SO(Al,nSB + Az,n54)

B'in= 2
" st+sz " s2+s2
g =50 (Azpsi — Aiys,) g =50 (—AznS3 + Ay nSs) (23)
T s? + 52 P e s+ 2 ’
1tS; 3 155
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_ 5055(A3,n + A4—,n) B = 5057(_A3,n + A4,n)

B, = ) )
>n sZ +s2 on s2+s2
B = 5056(A3,n + A4,n) B = 5058(_A3,n + A4,n)
n s& + s¢ ©o e s7+s§ '
P
So = -2 s; = Wi — (v + )2, 53 = 20w, (A0 + Q),
2M,

S3 = wrzl - (/11117 - Q)ZJ Sy = Z{t,nwn(lnv - Q): S5 = Zﬂ(lnv + {t,nwn):
Se = Mav)? — Q% + 20 qwndnv + 02, 7= 2Q(A,0 — {pnwy),
sg = Av)? — Q2 — 2{ qwp AV + w3, n=1,..., 0.

The homogeneous solution is:
q,@®) = e‘ff'n“’"t(D’anostnt + D’Z‘nsinant), 24)

where the constants D', ,, and D', ,, are determined by imposing the initial conditions of Eq. (20)
and obtained in Eq. (25):

Dll,n = _(B,].,Tl + B’Z.Tl + B’S,Tl + B’G’n)COSQD - (B’3,TL - B’4,Tl + B,7,Tl + B’S’n)sil‘lq),
D'y, = —[—B’Ln(lnv + Q)sing + B', ,(A,v — Q)sing + B'5 ,(1,,v + Q)cosg 55
+B'4(Ayv — Q)cosp + B's (A, vcosp — Qsing) — B'g , (A, vcosg + Qsing) (25)
+B'; (A, vsing + Qcosp) —B'g , (A, vsing — Qcosg) — (t_nwnD’Ln]/wD‘n,

when the moving load is an cosinoidal function, B,(t) = P,ycos(Qt + ¢), the solution of Eq. (3)
is still as Eq. (15). The particular solution is assumed as:

q”n(t) = B”anos[(ﬂ»nv + Q)t + (P] + B”z,ncos[(/lnv - Q)t - §0]
+B"5 psin[(A,v + Q)t + @] + B”, ,sin[(A,v — Q)t — @] + B"' s ne?nVicos(Qt + @) (26)
+B" ¢ ne *Vtcos(Qt + @) + B”; ,e*Visin(Qt + @) + B''g e Vsin(Qt + ).

Substituting Eq. (26) into Eq. (3) and considering the equation is valid at any time, the
multipliers  of cos[(A,v + Q)t + ¢], cos[(1,,v — Dt — ], sin[(A,v + Q)t + ¢],
sin[(A,v — Q)t — ¢], e*ncos(Qt + @), e *nvtcos(Qt + @), e’nvtsin(Qt + ),
e Mvtsin(Qt + ¢) are equal to zero, respectively. So that the constants in Eq. (26) are derived as:

_So (Az,n51 - A1,n52) B = So (Az,n53 - Al,n54)

Bll —
L st +s2 ToT sZ+s? ’
B — 50(A1,n51 + Az,nsz) B = 50(A1,n53 + AZ,nS4)
3n s? +s2 P AT s2 + 52 '
1 2 3 4 (27)
B = 5056(A3,n + A4—,n) B = 5058(_A3,n + A4—,n)
sn sZ2 + s? ’ en = 52 + s? ’
5 TS 7 T Sg
B = $0Ss5(Azn + Aun) B = $057(Azpn — Aun) n=1. o
n s& +s?2 ’ 8n sZ +s2 ’ e
where the expression of s; (i =0, 1, ..., 8) is same as that in Eq. (23).
The homogeneous solution is:
@ () = e Sen@nt(D" | coswpnt + D" 5 pSinwp 4t), (28)
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where the constants D"'; , and D", ,, are determined by imposing the initial conditions of Eq. (20)
and obtained in Eq. (29):

D" n=—(B" n+B"y3n+B sy +B " ¢n)cosp — (B"3, —B"4n+B"7n + B"g,)sing,
D"y, = —[-B"1n(Ayv + Q)sing + B, ,(A,v — Q)sing + B"5,,(1,v + Q)cose 5
+B" 4 (A, v — Q)cosg + B"'5 (A, vcosp — Qsing) — B¢, (A, vcosg + Qsing) (29)
+B"; (A, vsing + Qcosp) —B"'g , (A, vsing — Qcos@) — {4 n@,D"'1 1|/ wpn -

After the general solution of transverse vibration is obtained, the bending moment of the beam
could be derived:

*w(x,t
M(x,t) = —El #. (30)
0x?

2.2. Longitudinal vibration

The longitudinal vibration is governed by the following partial differential equation:

0*u(x, t) ou(x,t) 0 0%u(x,t) 0%u(x,t)

—C..— —FEA = — vt)P, 31

m 9t2 + Coe ot a3 g2 Ox2 5(x — vt)P.(t), (€1Y)

where C,, and C,; are the external and internal damping coefficients in longitudinal vibration,
respectively. If the Rayleigh damping is adopted:

Cae = agm, Cq = BoEA, (32)

where a, and 8, are proportional constant. The longitudinal displacement is expressed as:

WO =) @R, ()

where 1, (x) is the mode shape function, and 7, (t) is the modal amplitude. Similar to Eq. (3) in
transverse vibration, the equation of modal amplitude in longitudinal vibration is:

Y (V)P ()

n=12,00, (34)
Ma,n

0 () + 2 nwnty (t) + wir, (t) =

where {,, and M, are the modal damping ratio and modal mass in longitudinal vibration,
respectively, and:

L
Mg, =f m2(x)dx. (3%5)
0

The damping ratio from the Rayleigh damping is:

ag + Bowi

T (36)

{a,n =

The mode shape and amplitude are also derived from modal and forced vibration analysis,
receptively.
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2.2.1. Modal analysis of longitudinal vibration

Following the general procedure of deduction [18], the associated eigenvalue problem in
longitudinal vibration of the beam in Fig. 1 is:

P"(x) +e*P(x) =0, (37a)
where:

2
02 = ‘UE;n_ (37b)

The axial boundary conditions are:

ka1 (0) = EAY'(0), (38a)
k(L) = —EAY'(L). (38b)

Considering the existence of the non-trivial solutions, the equation of eigenvalue is:
(E?A%e? — kyykgy)sinel — (kyy + kgp)EAecosel = 0. 39)

The eigenvalues, e, (n = 1, 2, ..., ), are derived from Eq. (39). Then the eigenfunctions,
Y (x), are obtained:

kal

EAe,

Y, (x) = cose,x + sine,x, n=12,...,0. (40)

2.2.2. Forced vibration analysis of longitudinal vibration

The modal amplitude, ;,(t), in Eq. (34) is solved analytically in this section. The arbitrary
axial moving load, P,(t), can also be expressed as Fourier series similar to the transverse load,
P,(t), in Eq. (13). After the modal amplitudes of vibration of the beam under constant, sinusoidal
and cosinoidal longitudinal moving loads are derived respectively, that under an arbitrary moving
load can be obtained using the method of superposition.

When the moving load keeps a constant, P.(t) = Py, the solution of Eq. (34) is:

n(t) =5 () + 7,/ (), (41)

where 7, (t) and 7;; (t) are the homogeneous and particular solutions, respectively.
The particular solution is assumed as:

", (t) = Cy,cose,vt + C, ,sine, vt. (42)

Substituting Eq. (42) into Eq. (34) and considering the equation is valid at any time, the
multipliers of cose,vt and sine, vt are equal to zero, respectively. So that the constants in
Eq. (42) are derived as:

PxO[EAen(wrzl - erzzvz) - 2kal(a,nwnenv]

M, EAe, [(a),z1 —e2v?)? + (ZZa,nwnenv)z]

PxO [kal (wrzl - erzzvz) + 2qa,na)nenvEAen]

B M, ,EAe, [(a),z1 —e2v?)2 4 (Z(a‘na)nenv)z],

1n

(43)

|
=
8

2,n
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The homogeneous solution is:
2 (t) = e~San®nt(E,  coswpnt + Ey pSinwp ,t). (44)

The constants E; ,, and E, ,, are determined by imposing the initial conditions of Eq. (45) and
obtained in Eq. (46):

1,(0) =0, 75,(0) =0, (45)

_ (Cl.n(a,nwn + Cz,nenv)

El,n = _Cl,n' EZ,n =
wD,nt

(46)

when the moving load is an sinusoidal function, P, (t) = P,,sin(Qt + @), the solution of Eq. (34)
is still as Eq. (41), where the particular solution is assumed as:

"', (t) = 'y peos[(e,v + Dt + @] + €', hcos[(e,v — Dt — @] 47

+C'3 psin[(e,v + Dt + @] + €'y, sin[(e,v — D)t — @]. @7
Substituting Eq. (47) into Eq. (34) and considering the equation is valid at any time, the

multipliers of  cos[(e,,v + Q)t + ¢], cos[(e,v — W)t — o], sin[(e,v + Q)t + ¢],

sin[(e,,v — Q)t — @] are equal to zero, respectively. So that the constants in Eq. (47) are

derived as:

_ do{Csdy + db}

_do{Csd3 +d,} _ doldy — d,C]

ComtTgna o ST T T T @
Clyn = W, dy = 21[‘:);:,71' d, = 0wk — (epv + Q)?, 48)
dy = 2{gnwn(env +Q), d; = 0} — (ev — Q)3
dy = 2{gpwn(eyv—Q), C;= E/;leln’ n=1,..., 0.
The homogeneous solution is:
', (6) = e Can®nt(E')  coswpnt + E'ypsinwp ut), (49)

where the constants E'; , and E', ,, are determined by imposing the initial conditions of Eq. (45)
and obtained in Eq. (50):

Ell,n = _(Cll,n + Clz,n)COS(p - (C,3,n - C'4,n)Sin<P,
Ey, = —[—C’Ln(env + Q)sing + €', ,(e,v — Q)sing + '3, (e, v + Q)cosgp (50)
+C’4,n(env — Q)cosp — (a,nwnEll,n]/an ’

when the moving load is an cosinoidal function, P, (t) = Pyocos(Qt + ¢), the solution of Eq. (34)
is still as Eq. (41). The particular solution is assumed as:

' () = C"peos[(e,v + D)t + @] + €' cos[(e,v — Wt — o] 51)
+C"3 sin[(e,v + Q)t + @] + C", ysin[(e,v — D)t — ).

Substituting Eq. (51) into Eq. (34) and considering the equation is valid at any time, the

multipliers  of  cos[(e,v + Q)t + @], cos[(e,v — Dt — @], sin[(e,v + Q)t + @],
sin[(e,v — Q)t — @] are equal to zero, respectively. So that the constants in Eq. (51) are
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derived as:
_dofdy —dyC}

_ dolds — dyCs} _ doldiCs + dy]

Cll — , n — , n — X

u d? +dj an d? + d} T d? 4+ d3 (52)
cr = do{dsCs + dy} n=1. oo

4n d% + di ) yrrey )
where the expressions of d; (i = 0, ..., 4) and C; are same as Eq. (48). The homogeneous
solution is:
q, @)= e Sanont(E" coswpnt + E'' 3 sinwp ,t), (53)

where the constants E”'; ,, and E"', ,, are determined by imposing the initial conditions of Eq. (45)
and obtained in Eq. (54):

E" = —(C”Ln + C”zrn)cosga - (C”3_n — C”4‘n)sing0,
E")n = —[—C"l_n(env + Q)sing + €', ,(e,v — W)sing + €3, (e, v + Q)cosg (54)

+C”4—,n(env - Q)COS(p - (a,nwnEul,n]/wD,n .
After the displacement in longitudinal vibration is obtained, the axial force is derived:

du(x,t)

p (55)

N(x,t) = EA

3. Numerical results and discussion

To clarify the analysis, ten examples (EP) are presented, where the properties of the beam,
boundary springs and moving loads are shown in Tables 1, 2. The beam properties in Table 1 are
taken from the properties of typical beam in hinged-jointed slab bridge [3]. The constants of
transverse springs in Table 2, k;; and k;,, are calculated from the rubber bearing in bridge
engineering. If the area of the rubber bearing is 0.01 m?, height is 0.06 m and elastic modulus is
360 MPa, the constant of the transverse spring is 0.6x10% N/m. The constants of rotational springs,
k., and k,,, are derived from simple-span bridges with continuous deck [3]. The constants of
axial springs, k., and k., are similar with those of transverse springs. The loads used in Table 2
are constant moving load and varying moving load.

Some results from the current analytical solutions are compared with those from finite element
method (FEM) analyses. The effects of boundary springs on the vibration of the beam under
moving load are studied. And the number of terms used in the Fourier series of arbitrary load is
discussed.

Table 1. Beam properties
0.0655 m* L 193 m
E|34.5 GPa m 1770 kg/m
Al 1m? | $nylan 0.005

~

3.1. Comparison between analytical solutions and FEM analyses

In this section, the results from analytical solutions are compared with those from FEM
analyses. In analytical solution, modal and dynamic analyses of the beam in Table 1, 2 are
performed by using the method in Section 2. In FEM analysis, the beam is divided into 80
Euler-Bernoulli beam elements, the modes and natural frequencies of free vibration are calculated
by solving the characteristic equation with the subspace iteration method, and the dynamic
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response of the beam under moving load are obtained by using modal superposition method
[17,19,20].

Table 2. Properties of boundary springs and moving loads in numerical examples

k k k k k k
No (N/tﬁl) (N/tﬁq) (Nfﬁl) (N-rél) (N7§1) (NZ%) Load (N)
1| o 0 0 © 0 P, = 1005 (x — vt), P, = 0
2 [ 1.2x10° | 1.2x10° 0 0 o 0 P, = 1008 (x — vt), P, = 0
3 [0.6x10°| 0.6x10° 0 0 o 0 P, = 1008 (x — vt), P, = 0
4| o © 1.7<10° | 1.7x10° o 0 P, = 1008 (x — vt), P, = 0
5] © 3.4x10° | 3.4x10° o 0 P, = 1008 (x — vt), P, = 0
6| o o 0 0 o 0 P, =0, P, = 1005(x — vt)
7] w 0 0 15107 | 0 P, =0, P, = 1005(x — vt)
8| oo w 0 0 1.5<105 | 0 P, =0, P, = 1005(x — vt)
p = {IOOtcS(x —vt), 0<t<T/2
9 | 1.2x108 | 1.2x108 0 0 0 0 |27 50T8(x—vt), T/2<t<T
T=L/v,P,=0
p = {100t6(x —vt), 0<t<T/2
10| o 0 0 0 1.5%x107 0 *T|50TS(x —wvt), T/2<t<T
T=L/v,P,=0

In modal analysis, the first four modes and natural frequencies of the beam in Examples 1-8
are calculated and shown in Table 3. The results from the analytical solutions are nearly identical
with those from the FEM analyses.

In dynamic analysis, the moving-load-induced mid-span deflection and bending moment of
the beam with transverse springs in Example 3 and with rotational springs in Example 4 are
calculated, and the results are shown in Fig. 2 and Fig. 3, respectively. The velocity of the moving
load is assumed as 0.1v,,., where v, is the critical velocity [5]:

Ver = 2fiL. (56)

In the following analysis, f; is taken from the first-order natural frequency of simple-supported
beam in Example 1, and it is 4.76 Hz, so that v,, is derived as 184 m/s. The dimensionless mid-
span deflection, w in Fig. 2(a) and Fig. 3(a), is defined as:

~ w(0.5L,¢1)
w=—7 (57)
Wo
where wy is the maximum static deflection of the beam in Example 1:
P,L3
= 58
Wo = 48EI’ (58)

So that wy is 6.63x10° m. The dimensionless bending moment at the mid-span, M in Fig. 2(b)
and Fig. 3(b), is defined as:

7 M(0.5L,t) (59)
= T
where M, is the maximum static bending moment of beam in Example 1:
P,oL
M, = %. (60)

1 7 82 JOURNAL OF VIBROENGINEERING. NOVEMBER 2019, VOLUME 21, ISSUE 7



AN EXPLICIT CLOSED-FORM SOLUTION FOR TRANSVERSE AND LONGITUDINAL VIBRATION OF BEAM WITH MULTI-DIRECTIONAL ELASTIC
CONSTRAINTS UNDER AN ARBITRARY MOVING LOAD. YONG DING, LINGXIA HAN, JIUANG YOU

The dimensionless time, S, is defined as:
§=— (61)

when § = 0 the force is at the left hand side of the beam, i.e., x = 0, and when § = 1 the force is
at the right side of the beam, i.e., x = L.

Table 3. Mode of the beam with different boundary elastic sprin
No. of example Mode 1 Mode 2 Mode 3 Mode 4

1 I A\f=42.9H ! 6o
(key = kep = o0, A A
krl = er =0,
transverse mode)
2
(ktl = ktZ = 1.2X108,
krl = er =0,

transverse mode)

3 1 /\ T
(key = key = 0.6x10°% "\

kyi = kp, =0, f=432Hz
transverse mode)

4 1/\
(ktr = kiz = o0, 0

kyy = kpy = 1.7%10°, ‘

f=13.1Hz

f,=4.86Hz
transverse mode) 4
1
5
(key = kyp = 0, g | 0
ky1 = kpp = 3.4x10°, f=6.60Hz
transverse mode) 1
1
6 /
(kg1 =0,kq; =0, | 0
longitudinal mode) f=57.2Hz f,=172Hz
-1 -1 -
I— 1 . 1 In o
7 £=3.33Hz f,=114Hz f7229Hz \<’343HA
— 7 L
(ka1 = 1.5x107, | 0 0 0
kaz = 0,
longitudinal mode) 1 R - -]
8 1'ﬁ ! f=114Hz ! f=229Hz ! (=343H.
_ 6 Ji=1.05Hz
(kgn = 1.5%10°, 0 ' 0 0 0
kg =0,
longitudinal mode) 1 1 - -1

When a moving axial load is applied on the beam with axial spring, as shown in Example 8,
the axial displacement and reaction on the boundary node (C and D in Fig. 1) deserve attention
[16, 21], which are calculated and shown in Fig. 4. The dimensionless reaction, R, in Fig. 4(b) is
defined as:

R =8
Cc — RCO’ (62)
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where R is the dynamic reaction on the node C, and R, is the static one, that is 100 Newton in
Example 8.

1.5+ 159 — Theoretical solution
= 1 e FEM solution
- o ‘
g o] :
§ €
B 05] g
= 2
1= 8
0.04/ —— Theoretical solution Z
------- FEM solution 5
-0.5 T T !
0.0 0.5 1.0 1.5
5 (time) s (time)
a) b)

Fig. 2. Comparison of mid-span response of the beam with transverse boundary spring under moving load
of v = 0.1v,, in Example 3: a) dimensionless deflection, b) dimensionless bending moment

0.8+ 0.8+

— Theoretical solution —— Theoretical solution
FEM solution = FEM soluti
. 0.6 T 0.6 solution
5 5
3 041 E 04
© £
Z 0.2] 2 024
12 s
0.0 IS 0.0
0.2 . . , 0.2 . . ,
0.0 0.5 1.0 15 0.0 0.5 1.0 15
S (time) s (time)
a) b)

Fig. 3. Comparison of mid-span response of the beam with rotational boundary spring under moving load
of v = 0.1v,, in Example 4: a) dimensionless deflection, b) dimensionless bending moment

0.15- 2.04
—_— Theoretlca_l solution —— Theoretical solution
FEM solution 154 f Y FEM solution
0.104 —_
_ S
g g 1.04
~ 0.054 g
= 0.5]
log
0.00 001
-0.05 T T ) -0.5 T T !
0.0 0.5 1.0 15 0.0 0.5 1.0 15
3 (time) S (time)
a) b)

Fig. 4. Comparison of axial response on the boundary node C of the beam with axial spring under moving
load of v = 0.1v,, in Example 8: a) axial displacement, b) dimensionless axial reaction

Fig. 2-4 show that the results from analytical solutions are close to that from FEM analyses,
that indicates the methods and equations proposed in this paper is reliable. But in most cases, this
analytical solution is used to prove the reliability of FEM analysis. The accuracy of FEM analysis
depends on the mesh density, the numerical integration method and the number of mode adopted,
while the accuracy of current analytical solution is only related to the number of mode adopted.
When the number of mode is sufficient, the current analytical solution for dynamic response of
the beam can be considered as an exact solution.
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3.2. Effects of the boundary springs

To explore the effects of the elastic boundary constraints on the dynamic response of the beam,
forced vibration of the beam with different boundary springs in Table 2 are performed by using
the presented analytical method, and the transverse and longitudinal vibration are calculated,

respectively.
3.2.1. Effect of the transverse boundary spring on the transverse vibration

Examples 1-3 are calculated to explore the effect of the transverse boundary spring. The modes
and natural frequencies in Table 3 indicate that the transverse boundary spring decreases the
natural frequency of the beam, and smaller spring coefficient leads to lower natural frequency.
The vibration modes of the beams with transverse boundary spring (Examples 2 and 3) are
different with that of the simple-supported beam (Example 1) because of the vertical elastic
bearing at the boundary.

When a moving transverse load is applied on the beam in Examples 1-3, the dimensionless
mid-span deflections are calculated and shown in Fig. 5, in which four typical velocities, 0.1v,,,
0.25v,,, 0.5v,, and v,,., are adopted. Fig. 5 indicates that the deflection of the beam with
transverse boundary springs (Examples 2 and 3) is larger than that of the simple-supported beam
(Example 1), and lower spring coefficient leads to larger deflection of the beam. When the
dimensionless time, S, is between 0 and 1, the moving load is applying on the beam. Fig. 5 also
shows that the higher the velocity of the moving load, the shorter the time of the load passing
through the beam, and the more times the beam vibrates while the moving load is applying on.

2.0+ 2.0+
v=0.1v, v=025v,
1.5 1.5
5 1.0 é 1.0
g o054 8 05
= (5]
© 0.0+ T 0.0
g ky=k,=c (EP1) =k =oo &
12051 ook =ko=12x10° (EP2) = 05 I]§’|:11§’2:12£<EIF(>)K12EP2)
=k, = 8 oKy =R, =1
a0] k, =k, =0.6x10° (EP 3) 1.0 e k, =k, =0.6x10" (EP 3)
-1.5 T T T T T T 1 -1.5 T T T T T T 1
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
s (time) s (time)
a) b)
2.0
v=0.5v, P
1.5 2 N
c 1.0 c
K] Ke)
38 057 8
ol ©
© 0.0 ke
g L g ——k, =k, = (EP1)
1= 054 ki =ka :rz(XElgggEP ) 12 05/ ook, =k. =12%10° (EP2)
s W5 B = . *
.04 e ky =k, =0.6x10° (EP 3) 104 k, =k, =0.6x10" (EP 3)
-1.5 ; ; : : : e -1.5 : : : : : : ‘
00 02 04 Oé 08 10 12 14 00 02 04 06 08 10 12 14
s (time) S (time)
c) d)

Fig. 5. Mid-span deflection of the beam with transverse boundary springs under moving load of
different velocities: a) v = 0.1v,,, b) v = 0.25v,,, ¢) v = 0.5V, d) v = v,

The dimensionless mid-span bending moments are shown in Fig. 6. It indicates that the
mid-span bending moment of the beam with transverse springs have more fluctuation than that of
the simple-supported beam, which is caused by the vibration of boundary nodes.
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2.0 v=0.lv, 209 = 0.25v,,
g 1.5 %‘ 1.5
g 1.0 é 1.0
o 051 o 0.5
£ H £
g 0.0 S 0.0+
[0]
S 05{ =cki=ky=e (EP1) € 05] ===k, =k,=c (EP1)
R - k, =k, =1.2x10* (EP 2) IS ] e k, =k, =12x10" (EP 2)
-1.04 ——k, =k, =0.6x10" (EP 3) 1.0 —k, =k, =0.6x10° (EP 3)
-1.5 T T T T T T | -1.5 T T T T T T |
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
S (time) s (time)
a) b)
207 4, =050, 200 y= Ver
2&? 1.5 g 1.5
é 1.0 é 1.0
o 0.54 =) 0.5
S 0.0 2 0.0
g 8 ===~k =k,=1° (EP 1)
I\,_0_5< cemeky =k, =0 (EP 1) E—O.S« ......... k, =k, =12x10° (EP2)
N a0d k, =k, =12x10° (EP2) 104 —k, =k, =0.6x10° (EP 3)
: ——k, =k, =0.6x10° (EP 3) ’
'15 T T T T T T 1 -1 5 T T T T T T 1
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
S (time) s (time)
c) d)
Fig. 6. Mid-span bending moment of the beam with transverse boundary springs
under moving load: a) v = 0.1v,,., b) v = 0.25v,,, c) v = 0.5v,,., d) v = v,
204 184
= €
8 )
5 1.8
g £ 15y
3 16/ E
e £ 144
2 1.4 2
€
3 o=k S 42
g 1.2 —=—k, =k, = (EP 1) & —=—k, =k, = (EP 1)
= ok =k, =12x10° (EP 2) E —o—k, =k, =12x10" (EP 2)
£ 1.0 —o—k,y =k, =0.6x10" (EP 3) x 9 —a—k, =k, =0.6x10" (EP 3)
Iz g
0.8 : : : : : IS 08 : : : : ‘
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
V (velocity) v (velocity)
a) b)

Fig. 7. Maximum dimensionless deflection and bending moment of the beam with transverse boundary
spring at the velocity varying from 2.5 % to 100 % of critical velocity: a) deflection, b) bending moment

To explore the effect of the velocity of the moving load more clearly, a series of transverse
vibration analyses are performed for the velocity ranging from 2.5 % to 100 % of the critical
velocity. The maximum dimensionless mid-span deflection and bending moment are shown in
Fig. 7(a) and Fig. 7(b), respectively, in which the dimensionless velocity is defined as:

v

v=—
Ver

(63)

There are two peaks in Fig. 7(a), and the maximum dimensionless deflection occurs when the
velocity is about half the critical velocity. This phenomenon can be explained by the relationship
between the time the moving load passes the beam, L/v, and the first-order natural vibration
period of the beam, 1/f;. When they are equal to each other, the vibration of the beam struck by
the moving load is usually most severe, and the velocity of moving load is f; L, which is half of
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the critical velocity in Eq. (56). Fig. 7(a) also indicates that lower coefficient of boundary
transverse spring (Example 3) means larger maximum bending moment. The trend of the
maximum bending moment in Fig. 7(b) is similar to that of maximum deflection in Fig. 7(a), but
the curves are rougher, and the maximum bending moment, which is proportional to the second
derivative of the deflection, occurs at a lower velocity.

3.2.2. Effect of the rotational boundary spring on the transverse vibration

Examples 1, 4, 5 are calculated to explore the effect of the rotational boundary spring. The
modes and natural frequencies in Table 3 indicate that the rotational boundary spring increases
the natural frequency of the beam, and larger spring coefficient leads to higher natural frequency.
The vibration modes of the beam with rotational boundary springs in Examples 4 and 5 are similar
with that of the simple-supported beam in Example 1 except for a slight decrease of rotational
angle at the boundary.

When the moving transverse load is applied on the beam, the dimensionless mid-span
deflection is shown in Fig. 8, in which four typical velocities of moving load are adopted. It is
obvious that the deflection of the beam with rotational boundary spring (Examples 4 and 5) is
smaller than that of the simple-supported spring (Example 1), and higher spring coefficient leads
to smaller deflection. The dimensionless mid-span bending moments are shown in Fig. 9. The
bending moment of the beam with rotational boundary spring (Examples 4 and 5) is also smaller
than that of the simple-supported beam (Example 1), and higher spring coefficient leads to smaller
bending moment. It is caused by the negative bending moment at the boundary nodes, C and D in
Fig. 1, which decrease the mid-span bending moment.

2.04 2.04
v=0.1v, v=025v,
1.59 1.5
5 5 1.0
8 é 0.5 LS
;%/ g/ 0.0 BN oAl
1= 051 —k,=k,=0 (EP1) 1205 —k,=k,=0 EP1)
----- ky =k, =1.7x10" (EP 4) -k, =k, =1.7x10° (EP 4)
.09 e k, =k, =3.4x10°(EP 5) 109 e k, =k, =34x10" (EP 5)
1.5 ; ; ; ; ; ; ‘ 1.5 ; ; ‘ ‘ ‘ ‘ ‘
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
S (time) S (time)
a) b)
2.0+
v=0.5v,
1.59
= 1.0 —
S 5
B 05 2
= (0]
$ o004 E
1205 — &k, =k,=0 EP1) ~-05] ——k;=k,=0 (EP1)
----- k,,: =k, =1.7x10" (EP 4) = sk, =k, =1A7xl0“8 (EP4)
109 v k,, =k, =3.4x10" (EP 5) 03 e k, =k, =3.4x10" (EP 5)
15 ; ; ; ; ; ; ‘ -15 ; ; ‘ ‘ ‘ ‘ ‘
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
s (time) S (time)
c) d)

Fig. 8. Mid-span deflection of the beam with rotational boundary springs under moving load of
different velocities: a) v = 0.1v,,, b) v = 0.25v,,, ¢) v = 0.5, d) v = v,

A series of transverse vibration analyses are performed to explore the effect of the velocity of
the moving load. The maximum dimensionless mid-span deflection and bending moment are
shown in Fig. 10(a) and Fig. 10(b), respectively. Fig. 10 indicates that the maximum mid-span
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deflection and bending moment fluctuate with the increase of the velocity of moving load, and
there are two peaks in the figures. The deflection and bending moment of the beam with boundary
rotational spring (Examples 4 and 5) reach the maximum value at higher velocity of moving load
than that of simple-supported beam (Example 1), and larger rotational spring coefficient leads to
higher velocity in which the maximum deflection and bending moment appear. It is caused by the
higher natural frequency of the beam with boundary rotational springs, that increase the critical
velocity of moving load.

(bending moment)

M

(maximum deflection)

max

w

M (bending moment)

-0.54

M (bending moment)

-1.04

(bending moment)

M

—k,=k,=0 (EP1)
----- k, =k, =17x10° (EP 4)
--------- k,, =k, =3.4x10" (EP 5)
-1.5 : : : : : : ‘
00 02 04 06 08 10 12 14
s (time)
0.5 ——k, =k,=0 (EP 1)
----- k,=k,=1.7x10" (EP 4)
S04 e k, =k, =3.4x10° (EP 5)
-1.5 : : : : : : ‘
00 02 04 06 08 10 12 14
s (time)
d)

Fig. 9. Mid-span bending moment of the beam with rotational boundary springs
under moving load: a) v = 0.1v,,, b) v = 0.25v,,, ) v = 0.5v,,., d) v = v,
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Fig. 10. Maximum dimensionless deflection and bending moment of
the beam with rotational boundary moment: a) deflection, b) bending moment

3.2.3. Effect of the axial boundary spring on the longitudinal vibration

Examples 6-8 are presented to explore the effect of the axial boundary spring. The modes and
natural frequencies of longitudinal vibration are shown in Table 3. Since the coefficient of axial
boundary springs in Examples 7, 8 are much smaller than the axial stiffness of the beam, the first
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natural frequency that only depends on the axial boundary spring is much smaller than the other
frequencies that depend on the axial stiffness of the beam. If the coefficient of axial boundary
spring is close to the axial stiffness of the beam, such as the fixed axial constraint in Example 6,
the modes and natural frequencies of the beam depends on both the axial boundary spring and the
axial stiffness of the beam.

When the moving axial load is applied on the beam, the axial displacement and reaction on the
boundary node C (Fig. 1) are calculated and shown in Figs. 11, 12, in which four typical velocities
of moving load are adopted. The critical velocity (v,,.) of 184 m/s in the transverse vibration is
used in this section. It should be noted that this velocity is only used for scaling the velocity, not
the critical velocity for the moving axial load.
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Fig. 11. Axial displacement on the boundary node C of the beam under moving load
of different velocity: a) v = 0.1v,,, b)v = 0.25v,,, ¢) v = 0.5v,,, d) v = v,

As shown in Figs. 11, 12, the axial displacement and reaction of the beam with axial boundary
spring are higher than those of the beam fixed axially in one end. Fig. 11 also shows that smaller
coefficient of axial spring leads to larger axial displacement. Fig. 12 indicates that the maximum
axial reaction of the beam with axial boundary spring is twice of the static reaction, and much
higher than that of the beam fixed axially in one end.

To explore the effect of the velocity of the moving axial load, a series of longitudinal vibration
of the beam is analyzed. The maximum displacement and dimensionless reaction on the boundary
node C (Fig. 1) are shown in Fig. 13. Fig. 13(a) indicates that smaller spring coefficient
(Example 8) leads to larger axial displacement. Fig. 13(b) indicates that the maximum reaction of
the beam with axial boundary spring is 2, that is much higher than that of the beam fixed axially
in one end, about 1.2.

3.3. Vibration of the beam under an arbitrary moving load

To show the validity of the vibration analysis of the beam under arbitrary moving load in
section 2, Examples 9 and 10 in Table 3 are analyzed. The function of the moving transverse and
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axial loads in these two examples are both:

|

Fourier series of this function is:

100t, 0 <t <T/2,
50T, T/2<t<T.

50T
a2 [(=1)™ — 1]cos

N
P(t) = 37.5T + Z
n=1

2nm(t—T) 50T

2nm(t—T)
n——4.

T nm T

The transverse and axial vibrations of the beam are calculated respectively as follows.
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Fig. 12. The axial reaction on the boundary node C of the beam under moving load
of different velocity: a) v = 0.1v,, b) v = 0.25v,., ¢) v = 0.5v,,., d) v = v,
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Fig. 13. Maximum axial displacement and dimensionless reaction at
the velocity varying from 5 % to 100 % of v,,.: a) axial displacement, b) axial reaction

1790

JOURNAL OF VIBROENGINEERING. NOVEMBER 2019, VOLUME 21, ISSUE 7

(64)

(65)



AN EXPLICIT CLOSED-FORM SOLUTION FOR TRANSVERSE AND LONGITUDINAL VIBRATION OF BEAM WITH MULTI-DIRECTIONAL ELASTIC
CONSTRAINTS UNDER AN ARBITRARY MOVING LOAD. YONG DING, LINGXIA HAN, JIUANG YOU

3.3.1. Transverse vibration

Two velocities of moving load, 18.4 m/s and 184 m/s, i.e. 0.1v,, and v, are adopted in the
transverse vibration analysis for Example 9. The mid-span deflection of the beam is shown in
Fig. 14, in which three curves reflect the deflections when the number of the terms in Fourier
series, N, is 1, 10 and 999, respectively. It indicates that more terms in Fourier series means higher
accuracy of the simulation. The curve of deflection has converged to a stable one when N
equals 999.

0.8+

0.6+

0.4+

0.2+

w (deflection)

0.0+

-0.2 T T T T T T -0.02 T T T T T T |
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14

S (time) s (time)
a)v = 0.1v,, b)v =v,
Fig. 14. The transverse vibration of the beam under arbitrary moving
transverse load represented by Fourier series: a) v = 0.1v,,., b) v = v,

To show the effect of the number of terms clearly, Pearson’s correlation coefficient [22], r is
used to measure the accuracy of deflection with different number of terms in Fourier series, while
the deflection when N equals 999 is looked as a standard one. The relationship between the
Pearson's correlation coefficient and the number of terms in Fourier series, N is shown in Fig. 15.
Accurate results are obtained when the Pearson’s correlation coefficient equals 1. Fig. 15 shows
that the accuracy of the calculated deflection increases along with the number of terms in Fourier
series. The Pearson’s correlation coefficient with the velocity of v, converges to 1 more rapid
than that with the velocity of 0.1v,,.. It indicates the deflection with higher velocity of moving
load requires less number of terms in Fourier series. This is caused by the shorter time of the
moving load spent in passing through the beam at higher velocity, which increases the
convergence of Fourier series in Eq. (13).

1.0
—A—=0.1v
~ 0.9
—o—y=y
cr
0.8+ : : . : .
0 10 20 30 40 50

Fig. 15. Pearson’s correlation coefficient (r) of deflection with
different number of terms (N) in Fourier series of moving load

3.3.2. Axial vibration

Two velocities of moving load, 0.1v,,- and v,,., are also adopted in the axial vibration analysis
in Example 13. The axial displacement of the node C (Fig. 1) is shown in Fig. 16, in which three
curves represent the displacement when the numbers of the terms of Fourier series, N equals to 1,
10 and 999, respectively. It indicates that more terms in Fourier series leads to higher accuracy of
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simulation. The curve of displacement has converged to a stable one when N equals 999.

Pearson’s correlation coefficient is also used to measure the accuracy of axial displacement of
node C with different number of terms in Fourier series, and the displacement when N equals 999
is looked as a standard one. The relationship between the Pearson’s correlation coefficient and the
number of terms in Fourier series is shown in Fig. 17. The accuracy of the calculated displacement
also increases along with the number of terms in Fourier series, and the displacement with higher
velocity of moving load requires less number of terms.
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7\

0.004 0.0004
T —
£ 0.002 £ 0.0003-
N E
S 0,000 X 0.0002

-0.002 0.0001

-0.004 ‘ ‘ ‘ ‘ ‘ ; ‘ 0.0000 ‘ ‘ ‘ ‘ ; ; ‘

00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
S (time) S (time)
a)v =0.1v,, b)v =,

Fig. 16. The axial vibration of the beam under arbitrary moving
load represented by Fourier series: a) v = 0.1v,,., b) v = v,

1.0
0.9
——v=0.1y
~ 038
T V=V
0.7
0.6+ T T : . .
0 10 20 30 40 50

N
Fig. 17. Pearson’s correlation coefficient () of displacement of node C in axial vibration

4. Conclusions

This paper presents an exact solution for the vibration of the beam with multi-directional
elastic boundary constraints due to an arbitrary moving load in engineering. After numerical
simulation in examples, the following conclusions can be drawn.

1) A closed-form explicit solution is provided for the transverse and axial vibrations of the
beam with transverse, rotational and axial boundary springs subjected to a moving load, and this
analytical solution can be applied in multiple engineering fields to obtain accurate structural
vibrations or to validate the numerical analysis.

2) Smaller coefficient of the transverse boundary spring or rotational boundary spring leads to
lower natural frequencies, larger mid-span deflection and bending moment of the beam in the
transverse vibration due to moving load.

3) Smaller coefficient of the axial boundary spring leads to lower natural frequencies, larger
axial displacement of the beam in the longitudinal vibration due to moving axial load, but the
maximum axial reaction on the boundary node remains twice of the static load.

4) The accuracy of calculated deflection of beam due to an arbitrary moving load increases
along with the number of terms in Fourier series, and the deflection with higher velocity of moving
load required less number of terms in Fourier series.
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