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Abstract. In the numerical procedures involving the force of dry friction some type of numerical
approximation for this investigated phenomenon is used in the process of calculations. Elliptic
approximations for the local transition region are proposed, and numerical results are presented in
this paper. The smoothness and continuity of this approximation is demonstrated by several
computational experiments.
Keywords: force of dry friction, elliptic representation, results of calculations, vibrations, visual
representation.
1. Introduction
Engineering problems and investigations of vibrating systems using various numerical
procedures involving the force of dry friction are important in practical applications. Applications
of various types of numerical approximations for this phenomenon are common. In the presented
investigation elliptic approximation of the local transition region is proposed. Computational
experiments are performed for typical problems and numerical results are presented. This
approximation has good smoothness and continuity properties. Thus, it is advantageous in various
numerical procedures.
This paper is a continuation of investigations for numerical representation of the similar model
for the force of dry friction presented in [1]. Piecewise linear approximations of the model for the
force representing dry friction as well as numerical investigations of various nonlinear problems
of vibrations of mechanical systems are presented in [2]. Essentially nonlinear dynamical systems
and their analytical as well as computational investigations are presented in [3]. Basic models of
vibrating systems and their investigations are presented in [4]. Contemporary methods of
investigation of vibrating systems are described in [5]. Basic models of vibrating systems and their
analysis are described in [6]. Vibrating dynamical systems and their contemporary applications
are presented in [7].
Numerical procedures of integration of vibrating mechanical systems are presented in [8].
Related presentation of numerical procedures for integration of vibrating systems is available in
[9]. Method of integration using finite elements in time is described in [10]. More detailed
description of the numerical methods based on finite elements in time is available in [11].
Numerical procedures for integration of differential equations of first order are presented in [12].
Solutions of various basic problems involving the force of dry friction are given in [13].
Nonlinear effects are important in problems of surface cleaning and they are described in [14].
The process of cleaning is also investigated in [15]. Interactions of particles with surfaces are
investigated in [16]. Interactions of particles with surfaces of larger particles are analysed in [17].
Measurements of adhesion of particles are described in [18]. Related experimental investigations
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of particles using atomic force microscopy are presented in [19]. The investigations of numerical
representation of the investigated model of the force representing dry friction are important for
their possible use in the models of surface cleaning.
2. Investigation of elliptic representation for the analyzed force representing dry friction
Further 𝑢 denotes displacement of the mechanical system, 𝐻 represents the approximate
model for the investigated force representing dry friction, while the dot over the variable is used
to denote the operation of differentiation performed with respect to the time variable 𝑡.
The numerical value of the variable representing velocity at the beginning of the local
transition interval between the constant values of the force representing the investigated dry
friction is denoted as 𝑢 and the numerical value of the variable representing velocity at the end
of the local transition interval between the constant values of the force representing the
investigated dry friction is denoted as 𝑢 . The average value is calculated as:
𝑢 =

𝑢 +𝑢
.
2

(1)

The value of the approximation for the force representing dry friction at the beginning of the
local transition interval interconnecting the constant values for the force representing dry friction
is denoted as 𝐻 and the value of the force representing dry friction at the end of the local transition
interval interconnecting the constant values for the force representing dry friction is denoted as
𝐻 . The average value is calculated as:
𝐻 =

𝐻 +𝐻
.
2

(2)

The following quantities denoting one half of the difference of the previously defined values
are introduced:
𝐻 −𝐻
,
2
𝑢 −𝑢
𝑏=
.
2

(3)

𝑎=

(4)

The approximation of the transition region is based on the following elliptical equations:
𝐻−𝐻
𝑎
𝐻−𝐻
𝑎

𝑢− 𝑢 −𝑏
𝑏
𝑢− 𝑢 +𝑏
+
𝑏
+

= 1,

(5)

= 1.

(6)

The following elliptic function is introduced:

𝐸 𝑢 ,𝑢 ,𝐻 ,𝐻 ,𝑢 =

𝑢− 𝑢 −𝑏
⎧
⎪𝐻 − 𝑎 1 −
𝑏

, 𝑢≤𝑢 ,

⎨
𝑢− 𝑢 +𝑏
⎪𝐻 + 𝑎 1 −
𝑏
⎩

,

(7)
𝑢>𝑢 .

The force of dry friction is approximated as:
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𝐸 −Δ, Δ, −ℎ, ℎ, 𝑢 , |𝑢| < Δ,
|𝑢| ≥ Δ, 𝑢 > 0,
𝐻 = ℎ,
|𝑢| ≥ Δ, 𝑢 < 0,
−ℎ,

(8)

where ℎ denotes the coefficient representing the dry friction, while Δ represents the width of the
interval for transition between the required values.
The analyzed nonlinear mechanical system is represented by the following numerical model:
𝑚𝑢 + 𝑐𝑢 + 𝑘𝑢 = 𝑃sin𝜔𝑡 − 𝐻,

(9)

where 𝑚 is the notation used for the mass of the investigated system, 𝑐 denotes the coefficient
representing the force of viscous friction, 𝑘 denotes the coefficient representing the stiffness of
the investigated mechanical system, 𝑃 denotes the amplitude of the force which excites the
vibrating motion, 𝜔 denotes the frequency of the force performing excitation.
In the performed investigation values of the parameters of the analyzed nonlinear system were
given the quantities: 𝜔 = 1, ℎ = 3.2, 𝑃 = 4, 𝑚 = 1, 𝑐 = 0.1, 𝑘 = 1. In the numerical
investigations zero initial conditions were assumed. Steady state motion was investigated. Two
periods were represented.
Results for Δ = 0.8 are shown graphically in Fig. 1.
Some of the results for Δ = 0.4 are shown graphically in Fig. 2.
Some of the results for Δ = 0.2 are shown graphically in Fig. 3.

a) Time history of displacement

b) Time history of velocity

c) Time history of acceleration

d) Time history of 𝐻

e) Dependence of 𝐻 from velocity

f) Dependence of velocity from
displacement

g) Dependence of acceleration from velocity
Fig. 1. Motion in steady state regime for wide transition region

The presented graphical relationships for three typical widths of the transition region show the
influence of the width of the interval representing transition to the obtained numerical results. The
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effect of the width of the interval representing transition is especially clearly seen in the graphical
relationships involving the accelerations.

a) Time history of acceleration
b) Dependence of acceleration from velocity
Fig. 2. Motion in steady state regime for transition region of medium width

b) Dependence of acceleration from velocity
a) Time history of acceleration
Fig. 3. Motion in steady state regime for narrow transition region

3. Investigation of more complicated model for the analyzed force representing dry friction
In this model the investigated coefficient representing dry friction increases in the vicinity of
the value of velocity equal to zero. This fact is taken into account in a more complicated model of
the representation for the force approximating dry friction. Here it is usually considered that it is
valid ℎ⁄Δ = ℎ ⁄Δ , where ℎ denotes the increase in the approximation of the variation of the
coefficient representing the force of dry friction in the investigated region, while Δ defines the
width of the interval representing the transition connecting the values of the investigated
coefficient approximating dry friction ℎ and ℎ + ℎ . Thus ℎ = ℎ .
In the numerical model the force of dry friction is approximated as:
Δ
Δ
⎧𝐸 −Δ − Δ , Δ + Δ , −ℎ − ℎ , ℎ + ℎ , 𝑢 , |𝑢| < Δ + Δ ,
Δ
Δ
⎪
Δ
⎪
⎪𝐸 Δ + Δ , Δ + 2Δ , ℎ + ℎ , ℎ, 𝑢 ,
Δ + Δ ≤ |𝑢| < Δ + 2Δ , 𝑢 > 0,
Δ
𝐻=
(10)
⎨𝐸 −Δ − 2Δ , −Δ − Δ , −ℎ, −ℎ − ℎ Δ , 𝑢 ,
Δ + Δ ≤ |𝑢| < Δ + 2Δ , 𝑢 < 0,
Δ
⎪
⎪ℎ,
|𝑢| ≥ Δ + 2Δ , 𝑢 > 0,
⎪
|𝑢| ≥ Δ + 2Δ , 𝑢 < 0.
⎩−ℎ,
In the performed investigation values of the parameters of the analyzed nonlinear system were
given the quantities: 𝜔 = 1, ℎ = 1.6, Δ = 0.8, Δ = 0.8, 𝑃 = 4, 𝑚 = 1, 𝑐 = 0.1, 𝑘 = 1. In the
numerical investigations zero initial conditions were assumed. Steady state motion was
investigated. Two periods were represented.
Results of calculations are shown graphically in Fig. 4.
Typical features of dynamic behavior of the nonlinear vibrating system with more complicated
model of dry friction are reproduced by this elliptic representation for approximation of the effect
of dry friction.
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a) Time history of displacement

b) Time history of velocity

c) Time history of acceleration

d) Time history of 𝐻

e) Dependence of 𝐻 from velocity

f) Dependence of velocity from
displacement

g) Dependence of acceleration from velocity
Fig. 4. Motion in steady state regime for more complicated model of the force approximating dry friction

4. Conclusions
In engineering investigations of vibrating systems various types of nonlinear behavior are to
be used in numerical procedures. It is important to use numerically acceptable approximations of
this behaviour. Typical often used nonlinearity is dry friction. Usually some type of approximation
for this phenomenon is used. Here elliptic approximation of the local transition region is proposed.
Numerical results are presented in detail. This approximation can be noted for its high smoothness
and continuity. The influence of the width of the interval interconnecting the investigated values
to the results obtained from calculations is shown in the obtained graphical relationships.
Numerical analysis of the mechanical model with more advanced model of the approximation
for the investigated force representing dry friction has been presented. In this model the increase
of the investigated coefficient representing the force approximating the effect of dry friction in the
vicinity of the value of velocity equal to zero is taken into account. Typical features of dynamic
behavior of the nonlinear vibrating system with more complicated model of dry friction are
reproduced by this elliptic representation for the force approximating dry friction. Based on the
presented numerical results the elliptic approximation is recommended for engineering
calculations involving the action of force representing the effect of dry friction.
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