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Abstract. In this paper, we address the problem of altitude and velocity controllers design for 
variable-sweep aircraft with model uncertainties. The object is to maintain altitude and velocity 
during the wing transition process where mass distribution and aerodynamic parameters change 
significantly. Based on the functional decomposition, the longitudinal dynamics of the aircraft can 
be divided into altitude subsystem in non-affine pure feedback form and velocity subsystem. And 
then nonlinear robust adaptive NN velocity controller and altitude controller are designed with 
backstepping method to relax the prior requirements of aerodynamic parameters accuracy in linear 
LPV controller design. The method of filtered signal is used to circumvent the algebraic loop 
problem caused by the dynamics of non-affine pure feedback form. Dynamic surface control 
(DSC) and minimal learning parameters (MLP) techniques are employed to solve the problems of 
‘explosion of complexity’ in the back-stepping method and the online updated parameters being 
too much. The robust terms have been introduced to eliminate the influences of approximation 
errors. According to the Lyapunov-LaSalle invariant set theorem, the semi-global boundedness 
and convergence of all the signals of the closed-loop system are proved. Simulation results are 
presented to illustrate the control algorithm with good performance. 
Keywords: minimal learning parameter, dynamic surface control, adaptive neural control, 
variable-sweep aircraft. 

Nomenclature ܸ Velocity in wind coordinate ℎ Altitude in earth coordinate ߠ Pitch angle ݍ Pitch rate ߛ Flight path angle ߙ Angle of attack ܶ Propulsion force ߜ௘ Elevator deflection ݉ Mass of the variable aircraft ܫ௬ Moment of inertia ܵ௫ Static moment ߟ Sweep angle ܨூ௫/ܨூ௭/ܨூ௞௭/ܯூ௬ Inertial force and moment caused by morphing process ܦ Drag force  ܮ Lift force ஺ܿ Mean aerodynamic chord  ߩ Density of gas 

1. Introduction 

The morphing and bio-inspired UAV designs has attracted extensive focus because of the 
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ability to optimize flight in different conditions via altering shape [1], possess the remarkable 
performance, e.g. flight in multiple mission types and extreme maneuver performance, of which 
is not possible for a traditional fixed-wing aircraft [2, 3]. However, due to the significant changes 
in mass distribution and aerodynamic parameters while altering shape, an uncertain, time-varying 
and complicated nonlinear dynamic model is posed which makes a crucial importance in the 
transient dynamic characteristics [2-4]. And the characteristics induced by configuration change 
are of paramount importance in controller design for a morphing aircraft [3]. So, the issue of 
controller design for morphing aircraft has been attached more importance by most researchers. 

In order to overcome the controller design problem mentioned above, several linear controllers 
have been designed. In [5], a total of 350 operating points was computed by considering a generic 
morphing UAV mission profile to generate LPV model, and then a set of inner-loop gains to 
provide stability whereas the outer-loop LPV controller guarantees global quadratic stability was 
proposed based on the multiloop topology. Similarly, self-scheduled controller is used based on 
LPV model in [6] and a smooth switching controller based on linear parameter variable (LPV) 
model is applied to control morphing aircraft in [7]. In addition, the dynamic equations are 
converted into switched system in several special points in [8], and then a finite-time boundedness 
controller is proposed to guarantee steady flight in the morphing process. Furthermore, in [9], the 
time varying characteristic equation based on the linear time-invariant characteristic equation and 
the concept of time varying pole are posed to analysis the time-varying dynamic mode of 
variable-sweep morphing. In [10], an active disturbance rejection controller is proposed based on 
ADRC without LPV or switched model while the un-modeled dynamics and aerodynamics are 
observed and compensated as a generalized disturbance in real time. 

The controller design methods above are at the basis of linear control with linearized model or 
linear input variable model. Those linear methods highly depend on the prior accurate 
aerodynamic parameters, which are strict for morphing controller design. In view of the limitation 
of a linear controller, nonlinear controllers (e.g. high-order integral chained differentiator control 
and first-order sliding mode differentiator control) are proposed to overcome the problem in 
[11, 12], but FPA is limited to sinߛ ≈  .and the errors of differentiator have not been considered ߛ
Therefore, controller for a morphing aircraft with the ability to solve the problem leaded by 
time-varying uncertain model should be further investigated in details.  

To design a nonlinear controller with taking more factors into account, a nonlinear neural 
network (NN)-based dynamic surface control method is proposed to solve the problem induced 
by transient dynamic of variable-sweep aircraft with model uncertainties. The control objective is 
to maintain altitude and velocity during the wing transition process where significant changes in 
mass distribution, aerodynamic forces and moments occur. On the basis of functional decomposed 
altitude subsystem and velocity subsystem, a synthesis controller is posted with backstepping 
method. Compared with traditional flight control coping strict feedback form, the proposed 
controller is designed based on non-affine pure feedback form. Filtered signal is used to 
circumvent the algebraic loop problem in altitude controller design to remove the constraint on 
FPA. In order to overcome the problem of ‘explosion of complexity’ inherent in the conventional 
back-stepping method, the dynamic surface control(DSC) is utilized to compute the derivatives of 
virtual control laws and minimal learning parameters(MLP) techniques is employed to regulate 
the norm of NN’s weight vector to decrease the online updated learning parameters. According to 
the Lyapunov-LaSalle invariant set theorem, it is proved that the proposed controller is 
semi-globally uniformly ultimately bounded, of which tracking errors converge to an arbitrary 
small neighborhood of the origin via choosing designed constants appropriately. Case studies 
illustrate that the proposed controller shows high morphing flight performance and good 
feasibility. 

2. Aerodynamic parameters 

The schematic illustration of the variable-sweep aircraft used for calculating aerodynamic 
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parameters is presented in Fig. 1. The inspiration of the configuration comes from our previous 
work in [13]. The length of the body is 5.33 m with a maxmum 5.893 m of span and the total mass 
is assumed to be 200 kg. Datcom is employed for aerodynamics calculation which was developed 
by the United States Air Force (USAF) for engineering estimation of the aircraft aerodynamics. 
The program calculates aerodynamics based on experimental results previously which is quite 
practical to quickly and economically estimate the aerodynamics of a wide variety of aircraft 
configuration designs [14]. Compared with wind tunnel experiments and computational fluid 
dynamic (CFD) which are expensive and time consuming, the advent of Datcom has provided 
variable-sweep aircraft designers with a relatively rapid and economical tool that provides a basic 
approximation of the aerodynamics of the aircraft.  

5.330m

5.893m

 
Fig. 1. Schematic illustration of the aircraft 

In this paper, Datcom is employed to calculate these derivatives for the aircraft when 
symmetric planform changes are implemented for that we focus on the longitudinal altitude 
controller design. To reduce the difficulties in calculating aerodynamic parameters at the basis of 
guarantee accuracy, the following assumptions are made which are commonly used [1, 15]: 

Assumption 1: The outboard wing shape is retentive through an assumed mechanism. That is 
to say the outboard wing shape is parallel to the axis of the fuselage during wing transition process. 

Assumption 2: For simplicity, it is desirable to maintain the quasi-steady approximation; hence, 
aerodynamic derivatives will be determined for a specific aircraft design. 

Assumption 3: The area of the wings is constant in the wing transition process as well as when 
the sweep angle is 0°.  

Angle of attack and sweep angle have a great influence in the aerodynamic coefficients. In 
addition, considering that the Mach and height are changed in a small region for the goal of this 
paper being to maintain altitude and velocity during variable sweep process, the velocity and 
altitude are set to be constant during calculating the aerodynamic coefficients. At those basics, the 
lift coefficient, drag coefficient and pitching moment coefficient calculated by DATCOM are 
shown in Figs. 2-4. 

 
Fig. 2. Lift coefficient 
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Fig. 3. Drag coefficient 

 
Fig. 4. Pitching moment coefficient 

3. Dynamic model of the variable-sweep aircraft 

In this paper, we concentrate on guaranteeing cruise state to be constant or fluctuate in a small 
region during the variable sweep aircraft sweeps back. Dynamic model considered here is based 
on [16]: ሶܸ = ܦ− + ܶcosߙ − ݉݃sinߛ + ூ௫݉ܨ + ݀, (1) ℎሶ = ܸsinߛ + ݀ଵ, (2) ߛሶ = ܮ + ܶsinߙ − ݉݃cosߛ − ூ௞௭ܸ݉ܨ + ݀ଶ, (3) ߠሶ = ݍ + ݀ଷ, (4) ݍሶ = ݍሶ௬ܫ− − ܵ௫݃cosߠ + ஺ܯ + ௬ܫூ௬ܯ + ݀ସ, (5) 

where: ܨூ௫ = ܵ௫(ݍሶ sinߙ + (ߙଶcosݍ + 2 ሶܵ௫ݍsinߙ − ሷܵ௫cosܨ,ߙூ௭ = ܵ௫(ݍሶ cosߙ − (ߙଶsinݍ + 2 ሶܵ௫ݍcosߙ + ሷܵ௫sinܯ,ߙூ௬ = ܵ௫൫ ሶܸ sinߙ + ሶߙܸ cosߙ − ܦ,൯ߙcosݍܸ = ܮ     ,ᇱܵݍ஽ܥ = ஺ܯ   ,ᇱܵݍ௅ܥ = ᇱܵݍ௠ܥ ஺ܿ,   ݍᇱ = ூ௞௭ܨ,ଶܸߩ0.5 = ߙ    ,ூ௭ܨ = ߠ − ௠ܥ   ,ߛ = ߙ௠ఈܥ + .௘ߜ௠ఋ೐ܥ   

4. Altitude controller design 

To simplify the controller design process, the velocity controller and the altitude controller are 
designed separately as in [17, 18]. In this section, a nonlinear robust adaptive NN altitude 
controller based on backstepping method is proposed for the variable-sweep aircraft. MLP and 
DSC techniques are used to cope with the problems of ‘explosion of complexity’ as well as the 
online updated parameters being too much.  

Remark 1: In order to transform the altitude system into pure-feedback system, ܨூ௞௭ is regarded 
as an un-modeled term as in ref. [10]. 

Remark 2: Considering that the mass of the wing is much smaller than that of the aircraft, it is 
reasonable to suppose that the moment of inertia ܫ௬ is a known constant during the wing transition 
process for the variable-sweep aircraft. 

Define that ݔଵ = ℎ, ݔଶ = ଷݔ ,ߛ = ସݔ and ,ߠ =  the dynamic model can be expressed in the ,ݍ
non-affine pure feedback form, which is expressed as follow: 
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ሶଵݔ = ଵ݂(ݔଵ, (ଶݔ + ଶݔ + ݀ଵ,ݔሶଶ = ଶ݂(ݔଶ, (ଷݔ + ଷݔ + ݀ଶ,ݔሶଷ = ସݔ + ݀ଷ,ݔሶସ = ସ݂(ݔଶ, ,ଷݔ (ସݔ + ௘ߜఋ೐ܥ + ݀ସ,ݕ = ,ଵݔ  (6)

where: 

ଵ݂(ݔଵ, (ଶݔ = ܸsin(ߛ) − ,ߛ
ଶ݂(ݔଶ, (ଷݔ = ሾܮ + ܶsin(ߠ − (ߛ − ݉݃cos(ߛ)ሿܸ݉ − ,ߠ
ସ݂(ݔଶ, ,ଷݔ (ସݔ = ݍሶ௬ܫ−ൣ + ൫−ܵ௫݃cos(ߠ) + ఈܯ + ௬ܫூ௬൯൧ܯ ఋ೐ܥ    , = ܵ′ݍ௠ఋ೐ܥ ஺ܿܫ௬ . 

Lemma 1 [19]: Lyapunov-LaSalle invariant set theory: for a differential dynamic system  ݔሶ = ,ݔ)݂ :ܮ where (ݐ ܦ → ܴା is a continuous and differentiable function. Ω = (ݔ)ܮ|ݔ} ≤  is a {݌
compact set where ݌ ∈ ܴା and Ω ⊂ ܧ ,ܦ = ݔ} ∈ Ω|(ݔ)ܮ = ݔ∀ If .{݌ ∈ ሶܮ then ,ܧ (ݔ) ≤ 0, we call Ω a invariant set of the system, and get: ݔ(ݐ଴) ∈ Ω ⇒ (ݐ)ݔ ∈ Ω, ∀ݐ ≥  .଴ݐ

Lemma 2 [20]: the hyperbolic tangent function is continuous and differentiable, and the 
following inequalities are established ∀ݍ ∈ ܴ and ∀ܿ > 0: 

൞0 ≤ |ݍ| − tanhݍ ቀܿݍቁ ≤ 0.2785ܿ,0 ≤ tanhݍ ቀܿݍቁ .  
Based on backstepping method and DSC, the tracking errors are defined as below: 

൝݁ଵ = ଵݔ − ௗ,݁௜ݕ = ௜ݔ − ௜ݕ,௜௙ߙ = ௜௙ߙ − ݅    ,௜ିଵߙ = 2,3,4, (7)

where ݁ଵ is the system tracking error, ߙ௜ is the virtual control, ݁௜ is the tracking errors of virtual 
controls and ߙ௜௙ is the low-pass filtered signal of ߙ௜ିଵ.  

The control scheme is developed in the framework of back-stepping technique, which contains 
four-step recursive design procedure. 

Step 1: Define ݁ଵ = ଵݔ − ௗ, and then ሶ݁ଵݕ = ሶଵݔ −  .ሶௗݕ
Define the following Lyapunov function ܮ௘భ = 0.5݁ଵଶ, take derivation of ܮ௘భ and then: ܮሶ ௘భ = ݁ଵ( ଵ݂(ݔଵ, (ଶݔ + ଶݔ + ݀ଵ − (ሶௗݕ = ݁ଵ൫ ଵ݂൫ݔଵ, ଶ௙൯ݔ + ∆ ଵ݂ + ଶݔ + ݀ଵ − =      ሶௗ൯ݕ ݁ଵ൫ ଵܹ∗߰൫ݔଵ, ଶ௙൯ݔ + ଵߝ + ∆ ଵ݂ + ݀ଵ + ଶݔ − ≥       ሶௗ൯ݕ ݁ଵ ଵܹ∗߰൫ݔଵ, ଶ௙൯ݔ + ݁ଵߜଵ∗ + ݁ଵݔଶ − ݁ଵݕሶௗ. (8)

In this paper, ଵ݂(ݔଵ,  ଶ)is an unknown function where neural network can be employed toݔ
approximate the function. Filtered signal is used to circumvent the algebraic loop problem in the 
backstepping method [21]. ݔଶ௙  is a filtered signal of ݔଶ  defined as: ݔଶ௙ ≡ ଶݔ(ݏ)௅ܪ ≈ ଶݔ . The 
filtered signal error ∆ ଵ݂  and the minimum NN approximation error ߝଵ  are bounded that |ߝଵ + ∆ ଵ݂ + ݀ଵ| ≤  .∗ଵߜ

In Eq. (8), the following inequality is obtained at the basis of Young inequality: 
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݁ଵ ଵܹ∗߰൫ݔଵ, ଶ௙൯ݔ ≤ ݁ଵଶ‖ ଵܹ∗‖ଶ2ܽଵଶ ்߰൫ݔଵ, ,ଵݔଶ௙൯߰൫ݔ ଶ௙൯ݔ + ܽଵଶ2 , (9) 

where ܽଵ is a positive constant needed to be designed. 
Take ߜଵ∗ and Eq. (9) into Eq. (8), we can get: 

ሶܮ ௘భ ≤ ݁ଵଶ‖ ଵܹ∗‖ଶ2ܽଵଶ ்߰൫ݔଵ, ,ଵݔଶ௙൯߰൫ݔ ଶ௙൯ݔ + ܽଵଶ2 + ݁ଵߜଵ∗ + ݁ଵݔଶ − ݁ଵݕሶௗ. (10) 

To make the error ݁ଵ  as small as possible, the virtual control ߙଵ  and updating laws are  
chosen as: 

ଵߙ = −݇ଵ݁ଵ + ሶௗݕ − ݁ଵߠ෠ଵ2ܽଵଶ ்߰൫ݔଵ, ,ଵݔଶ௙൯߰൫ݔ ଶ௙൯ݔ − መଵtanhߜ ൬݁ଵݒଵ൰ መሶଵߜ, = ଵ݁ଵtanhߛ ൬݁ଵݒଵ൰ − ෠ሶଵߠ,መଵߜଵߛଵߪ = ଵ݁ଵଶ2ܽଵଶߚ ்߰൫ݔଵ, ,ଵݔଶ௙൯߰൫ݔ ଶ௙൯ݔ − ,෠ଵߠଵߚଵߪ  (11) 

where ߠ෨ଵ = ଵߠ − ሚଵߜ ,෠ଵߠ = ∗ଵߜ − ଵߠ ,መଵߜ = ‖ ଵܹ∗‖ଶ, and ߠ෠ଵ is the estimation of ߠଵ.  
Augment ܮ௘భ to obtain: ܮଵ = 0.5݁ଵଶ + ఋ෩భమଶఊభ + ఏ෩భమଶఉభ, (12) 

where ߛଵ and ߚଵ are positive constants. 
Take derivation of Eq. (12) along Eq. (11) and consider Lemma 2 to obtain: 

ሶଵܮ ≤ ݁ଵ(݁ଶ + (ଶݕ − ݇ଵ݁ଵଶ + ෠ଵߠ෨ଵߠଵߪ + መଵߜሚଵߜଵߪ + ∗ଵߜଵݒ0.2785 + ܽଵଶ2 . (13) 

Step 2: Define ݁ଶ = ଶݔ − ଶ௙ and then ሶ݁ଶߙ = ሶଶݔ −  .ሶଶ௙ߙ
Define the following Lyapunov function ܮ௘మ = 0.5݁ଶଶ, take derivation of ܮ௘మ and then: ܮሶ ௘మ = ݁ଶ൫ ଶ݂(ݔଶ, (ଷݔ + ଷݔ + ݀ଶ − ሶଶ௙൯ߙ = ݁ଶ൫ ଶ݂൫ݔଶ, ଷ௙൯ݔ + ∆ ଶ݂ + ݀ଶ + ଷݔ − =       ሶଶ௙൯ߙ ݁ଶ൫ ଶܹ∗߰൫ݔଶ, ଷ௙൯ݔ + ଶߝ + ∆ ଶ݂ + ݀ଶ + ଷݔ − ≥       ሶଶ௙൯ߙ ݁ଶ ଶܹ∗߰൫ݔଶ, ଷ௙൯ݔ + ݁ଶߜଶ∗ + ݁ଶݔଷ − ݁ଶߙሶଶ௙. (14) 

The filtered signal error ∆ ଶ݂ and the minimum NN approximation error ߝଶ are bounded that |ߝଶ + ∆ ଶ݂ + ݀ଶ| ≤  .∗ଶߜ
In Eq. (12), the following inequality is obtained at the basis of Young inequality: 

݁ଶ ଶܹ∗߰൫ݔଶ, ଷ௙൯ݔ ≤ ݁ଶଶ‖ ଶܹ∗‖ଶ2ܽଶଶ ்߰൫ݔଶ, ,ଶݔଷ௙൯߰൫ݔ ଷ௙൯ݔ + ܽଶଶ2 , (15) 

where ܽଶ is a positive constant needed to be designed. 
Take ߜଶ∗ and Eq. (15) into Eq. (14), we can get: 

ሶܮ ௘మ ≤ ݁ଶଶ‖ ଶܹ∗‖ଶ2ܽଶଶ ்߰൫ݔଶ, ,ଶݔଷ௙൯߰൫ݔ ଷ௙൯ݔ + ܽଶଶ2 + ݁ଶߜଶ∗ + ݁ଶݔଷ − ݁ଶߙሶଶ௙. (16) 
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To make the error ݁ଶ  as small as possible, the virtual control ߙଶ  and updating laws are  
chosen as: 

ଶߙ = −݇ଶ݁ଶ + ሶଶ௙ߙ − ݁ଶߠ෠ଶ2ܽଶଶ ்߰൫ݔଶ, ,ଶݔଷ௙൯߰൫ݔ ଷ௙൯ݔ − መଶtanhߜ ൬݁ଶݒଶ൰, ߜመሶଶ = ଶ݁ଶtanhߛ ൬݁ଶݒଶ൰ − ෠ሶଶߠ   ,መଶߜଶߛଶߪ = ଶ݁ଶଶ2ܽଶଶߚ ்߰൫ݔଶ, ,ଶݔଷ௙൯߰൫ݔ ଷ௙൯ݔ − ෠ଶ, (17)ߠଶߚଶߪ

where ߠ෨ଶ = ଶߠ − ሚଶߜ ,෠ଶߠ = ∗ଶߜ − ଶߠ ,መଶߜ = ‖ ଶܹ∗‖ଶ, and ߠ෠ଶ is the estimation of ߠଶ.  
Augment ܮ௘మ to obtain: 

ଶܮ = 0.5݁ଶଶ + ଶߛሚଶଶ2ߜ + ଶ, (18)ߚ෨ଶଶ2ߠ

where ߛଶ and ߚଶ are positive constants. 
Take derivation of Eq. (18) along Eq. (17) and considering Lemma 2 to obtain: 

ሶܮ ଶ ≤ ݁ଶ(݁ଷ + (ଷݕ − ݇ଶ݁ଶଶ + ෠ଶߠ෨ଶߠଶߪ + መଶߜሚଶߜଶߪ + ∗ଶߜଶݒ0.2785 + ܽଶଶ2 . (19)

Step 3: Define ݁ଷ = ଷݔ − ଷ௙, and then ሶ݁ଷߙ = ሶଷݔ −  .ሶଷ௙ߙ
Similarly, to make the error ݁ଷ as small as possible, the virtual control ߙଷ is chosen as: ߙଷ = −݇ଷ݁ଷ + ሶଷ௙ߙ − መଷtanhߜ ൬݁ଷݒଷ൰ መሶଷߜ, = ଷ݁ଷtanhߛ ൬݁ଷݒଷ൰ − ,መଷߜଷߛଷߪ  (20)

where ݇ଷ, ߛଷ, ݒଷ are positive constants to be designed. 
Define the following Lyapunov function ܮଷ = 0.5݁ଷଶ + ሚଷଶߜ ⁄ଷߛ2 , and take derivation of ܮଷ 

along Eq. (20), we can get: ܮሶ ଷ ≤ ݁ଷ(݁ସ + (ସݕ − ݇ଷ݁ଷଶ + መଷߜሚଷߜଷߪ + ଷ∗. (21)ߜଷݒ0.2785

Step 4: Define ݁ସ = ସݔ − ସ௙, and then ሶ݁ସߙ = ሶସݔ −  .ሶସ௙ߙ
According to step 2, define ܮ௘ସ = 0.5݁ସଶ, we can get: 

ሶܮ ௘ర ≤ ݁ସଶ‖ ସܹ∗‖ଶ2ܽସଶ ,ଶݔ)்߰ ,ଷݔ ,ଶݔ)߰(ସݔ ,ଷݔ (ସݔ + ܽସଶ2 + ݁ସߜସ∗ + ݁ସܥఋ೐ߜ௘ − ݁ସߙሶସ௙. (22)

The moment of inertia ܫ௬ varies with sweep angle which leads to the uncertainty of ܥఋ೐. And 
to overcome the uncertainty, we use ܥመఋ೐  to instead of ܥఋ೐ . To make the error ݁ସ  as small as 
possible, the control input ߜ௘ and the adaptive law are taken as: 

௘ߜ = መఋ೐ܥ1 ቌ−݇ସ݁ସ + ሶସ௙ߙ − ෠ସ݁ସ2ܽସଶߠ ,ଶݔ)்߰ ,ଷݔ ,ଶݔ)߰(ସݔ ,ଷݔ (ସݔ − መସtanhߜ ൬݁ସݒସ൰ቍ, 
መሶସߜ = ସ݁ସtanhߛ ൬݁ସݒସ൰ − ෠ሶସߠ   ,መସߜସߛସߪ = ସ݁ସଶ2ܽସଶߚ ,ଶݔ)்߰ ,ଷݔ ,ଶݔ)߰(ସݔ ,ଷݔ (ସݔ − መሶఋ೐ܥ ,෠ସߠସߚସߪ = ߫ସ݁ସߜ௘ −  .መఋ೐ܥସ߫ସߪ

(23)
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Augment ܮ௘ସ to obtain: 

ସܮ = 0.5݁ସଶ + ସߛሚସଶ2ߜ + ସߚ෨ସଶ2ߠ +  ሚఋ೐ଶ2߫ସ (24)ܥ

where ݇ଵ = 5, ݇ଵ = 10, ݇ଵ = 5, and ߚସ are positive constants. 
Considering Lemma 2, the time derivative of ܮସ along Eq. (23) is given: 

ሶܮ ସ ≤ −݇ସ݁ସଶ + ෠ସߠ෨ସߠସߪ + መସߜሚସߜସߪ + መఋ೐ܥሚఋ೐ܥସߪ + ∗ସߜସݒ0.2785 + ܽସଶ2 . (25) 

Theorem 1. Consider the longitudinal altitude system described by Eq. (6), under the 
assumptions of remark 1, remark 2 and the initial condition ݔଵ(0) ≤ Ω, use the control law 
Eq. (23), filtered signal Eq. (7), virtual control and updating laws in Eq. (11), (17) and (20), then 
the closed-loop signal are semi-globally bounded, forcing the altitude tracking error to an arbitrary 
small neighborhood of the origin. 

Proof: Consider the following Lyapunov function candidate: 

ܮ = ଵܮ + ଶܮ + ଷܮ + ସܮ + ෍ ௜ାଵ.ଷݕ
௜ୀଵ  (26) 

Along Eq. (13), (19), (21) and (25), the time derivative of ܮ is obtained: 

ሶܮ ≤ − ෍ ݇௜ସ
௜ୀଵ ݁௜ଶ + ෍ ݁௜(݁௜ାଵ + ௜ାଵ)ଷݕ

௜ୀଶ + ෍(ݕ௜ାଵݕሶ௜ାଵ)ଷ
௜ୀଵ + ෍ ܽଶ௜ଶ2ଶ

௜ୀଵ + 0.2785 ෍ ௜∗ସߜ௜ݒ
௜ୀଵ  

     + ෍(ߪଶ௜ߠ෨ଶ௜ଶ
௜ୀଵ (෠ଶ௜ߠ + ෍ መ௜ସߜሚ௜ߜ௜ߪ

௜ୀଵ +  መఋ೐. (27)ܥሚఋ೐ܥସߪ

From Eq. (7), we obtain: ߙሶ ௜ାଵ ௙ = − ൬ݕ௜ାଵ߬௜ାଵ൰, (28) 

and: 

ሶ௜ାଵݕ = ሶߙ ௜ାଵ  ௙ − ሶߙ ௜±= − ௜ାଵ߬௜ାଵݕ + ቆ߲ߙ௜߲݁௜ ሶ݁௜ − ෠௜ߠ௜߲ߙ߲ ෠ሶ௜ߠ − ௜ݔ௜߲̅ߙ߲ ሶݔ̅ ௜ − መ௜ߜ௜߲ߙ߲ መሶ௜ߜ − ሶߙ௜߲ߙ߲ ௜௙ ሷߙ ௜௙ቇ. (29) 

Define: 

,௜ାଵ(݁ଵܤ . . . , ݁ଷ, ,ଶݕ . . . , ,௜ାଵݕ ,෠ଵߠ . . . , ,෠௜ାଵߠ ,መଵߜ . . . , ,መ௜ାଵߜ ,ௗݕ (ሶௗݕ = ௜∂݁௜ߙ∂ ሶ݁௜ − ෠௜ߠ∂௜ߙ∂ ෠ሶ௜ߠ − ௜ݔ̅∂௜ߙ∂ ሶݔ̅ ௜     − መ௜ߜ∂௜ߙ∂ መሶ௜ߜ − ሶߙ∂௜ߙ∂ ௜௙ ሷߙ ௜௙,  (30) 

where ܤ௜ାଵ(⋅) is an unknown continuous function. 
And then: 
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ሶ௜ାଵݕ + ௜ାଵ߬௜ାଵݕ = ቆ∂ߙ௜∂݁௜ ሶ݁௜ − ෠௜ߠ∂௜ߙ∂ ෠ሶ௜ߠ − ௜ݔ̅∂௜ߙ∂ ሶݔ̅ ௜ − መ௜ߜ∂௜ߙ∂ መሶ௜ߜ − ሶߙ∂௜ߙ∂ ௜௙ ሷߙ ௜௙ቇ. (31)

Consider that: 

෠௜ߠ෨௜ߠ = ௜ߠ෨௜൫ߠ − ෨௜൯ߠ ≤ ௜ଶ2ߠ − ෨௜ଶ2ߠ መ௜ߜሚ௜ߜ, = ∗௜ߜሚ௜൫ߜ − ሚ௜൯ߜ ≤ ௜∗ଶ2ߜ − ሚ௜ଶ2ߜ መఋ೐ܥሚఋ೐ܥ, = ఋ೐ܥሚఋ೐൫ܥ − ሚఋ೐൯ܥ ≤ ఋ೐ଶ2ܥ − ሚఋ೐ଶ2ܥ .
 (32)

From Young inequality, we get: 

|(⋅)௜ାଵܤ௜ାଵݕ| ≤ ௜ାଵଶݕ ௜ାଵଶܤ (⋅)2ܿଵ + ܿଵ2 |௜ାଵ݁௜ݕ|, ≤ ܿଶݕ௜ାଵଶ2 + ݁௜ଶ2ܿଶ ,|݁௜ାଵ݁௜| ≤ ݁௜ାଵଶ2 + ݁௜ଶ2 .
 (33)

Take Eq. (28)-(33) into Eq. (27), we get: ܮሶ ≤ − ൬݇ଵ − 12ܿଶ − 12൰ ݁ଵଶ − ൬݇ଶ − 1 − 12ܿଶ൰ ݁ଶଶ − ൬݇ଷ − 1 − 12ܿଶ൰ ݁ଷଶ − ൬݇ସ − 12൰ ݁ସଶ
     − ෍ ෨ଶ௜ଶଶߠଶ௜ߪ

௜ୀଵ − ෍ ሚ௜ଶସߜ௜ߪ
௜ୀଵ + ෍ ቆ− ௜ାଵଶ߬௜ାଵݕ + ܿଶݕ௜ାଵଶ2 + ௜ାଵଶݕ ௜ାଵଶܤ (⋅)2ܿଵ ቇଷ

௜ୀଵ + .ଵܥ  (34)

Then: ܮሶ ≤ ܮଶܥ− + ଵ, (35)ܥ

where ܥଵ is positive and ܥଶ, ߱ଵ, ߱ଶ are positive constant which are designed as below: 

ଵܥ = ෍ ଶ௜2ߪ ଶ௜ଶଶߠ
௜ୀଵ + ෍ ௜2ߪ ௜∗ଶସߜ

௜ୀଵ + ෍ ܽଶ௜ଶ2ଶ
௜ୀଵ + 0.2785 ෍ ௜∗ସߜ௜ݒ

௜ୀଵ + 3ܿଵ2 ଶܥ, = min௜ୀଵ,ଶ(2߱ଵ, 2߱ଶ, ,௜ߛ௜ߪ ,௜ߚ௜ߪ ସ߫ସ),߱ଵߪ ≤ min ൬݇ଵ − 12ܿଶ − 12,   ݇ଶ − 1 − 12ܿଶ ,   ݇ଶ − 1 − 12ܿଶ ,   ݇ସ − 12൰ ,߱ଶ ≤ min ቆ 1߬௜ାଵ − ௜ାଵଶܤ (⋅)2ܿଵ − ܿଶ2 ቇ .
 (36)

And then inequality Eq. (35) satisfies: (ݐ)ܮ ≤ (0)ܮ) − ଷ)݁ି஼మ௧ܥ + ଷܥ ≤ (0)ܮ + ଷܥ   ,ଷܥ = ଶ. (37)ܥଵܥ

Define a compact set Ω = (ݔ)ܮ|ݔ} ≤ {݌  and ܧ = ݔ} ∈ Ω|(ݔ)ܮ = {݌ . And display ܥଷ  by 
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ଷܥ ≤ (ݔ)ܮ and so if ,݌ ≤ ሶܮ then ,݌ (ݔ) ≤ 0. Ω is a compact set of (ݐ)ݔ. The unknown continuous 
function ܤ௜ାଵ(⋅) is bounded in the compact Ω. From Lemma 1, it is proved that the proposed 
controller is to be semi-globally uniformly ultimately bounded. 

From Eq. (37), it is known that: 

෍ ݁2݅24
݅=1 ≤ (ݐ)ܮ ≤ (0)ܮ) − ݐ2ܥ−݁(3ܥ +  (38) ,3ܥ

when ݐ → +∞, we get: 

lim௧→ାஶ|݁ଵ| ≤ lim௧→ାஶට2൫(ܸ(0) − ଷ)݁ି஼మ௧൯ܥ + ଷܥ ≤ ඥ2ܥଷ. (39) 

The tracking error is bounded by ܥଷwhich can be adjusted to arbitrary small of zero. So, the 
proposed controller can keep the altitude of the variable-sweep aircraft during the wing transition 
process. 

5. Velocity controller design 

In this section, a velocity controller is proposed based on NN adaptive control method. We 
first define: ሶܸ = ௩݂(ݔ௩, ܶ) + ܶ + ݀,

௩݂(ݔ௩, ܶ) = ܦ− + ܶcosߙ − ݉݃sinߛ + ூ௫݉ܨ − ܶ. (40) 

First, we define ݁௩ = ܸ − ௗܸ, and then: ሶ݁௩ = ௩݂(ݔ௩, ܶ) + ܶ + ݀ − ሶܸௗ = ௩ܹ∗்߰൫ݔ௩, ௙ܶ൯ + ௩ߝ + ∆ ௩݂ + ݀ + ܶ − ሶܸௗ.  

In this paper, ௩݂(ݔ௩, ܶ) is an unknown function, and an adaptive NN is used to approximate. ௙ܶ is the filtered signal of ܶ defined as: 

௙ܶ ≡ ܶ(ݏ)௅ܪ ≈ ܶ, (41) 

where ܪ௅(ݏ)is a Butterworth low-pass filter. The order of the Butterworth LPF utilized is 2 and 
the corresponding filter parameters of Butterworth filter is cited from [22]. 

Define the following Lyapunov function ܮ௩ = 0.5݁௩ଶ + ሚ௩ଶߜ ⁄௩ߛ2 + ෨௩ଶߠ ⁄௩ߚ2  where ߛ௩  and ߚ௩ 
are positive constants and |ߝ௩ + ߂ ௩݂ + ݀| ≤  .∗௩ߜ

To make the error ݁௩ as small as possible, the control ܶ and updating laws are chosen as: 

ܶ = −݇௩݁௩ + ሶܸௗ − ݁௩ߠ෠௩2ܽ௩ଶ ,௩ݔ)்߰ ௙ܶ)߰(ݔ௩, ௙ܶ) − መ௩tanhߜ ൬݁௩ݒ௩൰ + መሶ௩ߜ,666.5 = ௩݁௩tanhߛ ൬݁௩ݒ௩൰ − ෠ሶ௩ߠ,መ௩ߜ௩ߛ௩ߪ = ௩݁௩ଶ2ܽ௩ଶߚ ்߰൫ݔ௩, ௙ܶ൯߰൫ݔ௩, ௙ܶ൯ − ,෠௩ߠ௩ߚ௩ߪ   

where 666.5 N is the thrust of trim condition for the aircraft with 0 sweep angle. 
Proof: Take the derivation of ܮ௩ and then: 
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ሶܮ ௩ ≤ −݇௩݁௩ଶ − ෠௩݁௩ଶ2ܽ௩ଶߠ ்߰൫ݔ௩, ௙ܶ൯߰൫ݔ௩, ௙ܶ൯ − መ௩݁௩ߜ tanh ൬݁௩ݒ௩൰
     + ‖ ௩ܹ∗‖ଶ݁௩ଶ2ܽ௩ଶ ்߰൫ݔ௩, ௙ܶ൯߰൫ݔ௩, ௙ܶ൯ + ܽ௩ଶ2 + |݁௩|ߜ௩∗ − ௩ߛመሶ௩ߜሚ௩ߜ − ≥     ௩ߚ෠ሶ௩ߠ෨௩ߠ −݇௩݁௩ଶ + ∗௩ߜ ൬|݁௩| − ݁௩ tanh ൬݁௩ݒ௩൰൰ + ܽ௩ଶ2 − ௩ߛሚ௩ߜ ൬ߜመሶ௩ − ௩݁௩ߛ tanh ൬݁௩ݒ௩൰൰
     − ௩ߚ෨௩ߠ ෠ሶ௩ߠ) − ௩݁௩ଶ2ܽ௩ଶߚ ,௩ݔ)்߰ ௙ܶ)߰(ݔ௩, ௙ܶ)) ≤ −݇௩݁௩ଶ + ෠௩ߠ෨௩ߠ௩ߪ + መ௩ߜሚ௩ߜ௩ߪ + +     ∗௩ߜ௩ݒ0.2785 ܽ௩ଶ2 ≤ −݇௩݁௩ଶ + ௩ߪ ቆߠ௩ଶ2 − ෨௩ଶ2ߠ ቇ + ௩ߪ ቆߜ௩ଶ2 − ሚ௩ଶ2ߜ ቇ + ∗௩ߜ௩ݒ0.2785 + ܽ௩ଶ2 ≤ ௩ܮଶ௩ܥ− + ,ଵ௩ܥ

 (42)

where: 

ଵ௩ܥ = ∗௩ߜ௩ݒ0.2785 + ܽ௩ଶ2 + ௩ߪ ቆߠ௩ଶ2 + ௩ଶ2ߜ ቇ ଶ௩ܥ, = min(2݇௩, ,௩ߛ௩ߪ .(௩ߚ௩ߪ  (43)

And similar to aforementioned the stability proof of altitude controller, when ݐ → +∞, we get: 

lim௧→ାஶ|݁௩| ≤ lim௧→ାஶට2൫(ܮ௩(0) − ଷ௩)݁ି஼మೡ௧൯ܥ + ଷ௩ܥ ≤ ඥ2ܥଷ௩ܥଷ௩ = ଶ௩. (44)ܥଵ௩ܥ

According to Lyapunov-LaSalle invariant set theory, the velocity tracking error is bounded by ܥଷ௩ which can be adjusted to arbitrary small of zero. The control scheme of this paper is shown in 
Fig. 5.  
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Fig. 5. Controller scheme 

6. Simulation 

In this section, simulation results will be provided to show the feasibility of the developed 
methods. As illustrated in Eq. (36) and Eq. (44), the parameters of the proposed controller are 
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selected as: ݇ଵ = 1, ݇ଶ = 5, ݇ଷ = 5, ݇ସ = 10, ݇௩ = 500. Gains for the adaptive laws are selected 
as: ߪଵ = ଶߪ = ଷߪ = ସߪ ଵߚ ,1 = = ଶߚ = ଷߚ = ସߚ ଵߛ ,10 = = ଶߛ = ଷߛ = ସߛ = 10 and the auxiliary 
parameters are selected as:ܽଵ = ܽଶ = ܽଷ = ܽସ = 1, ߬ = 0.003. The initial weights of NNs are set 
to be 0. The variable-sweep aircraft flies at trim condition, of which ℎ =  2000 m, ܸ = 100 m/s, ߙ = 0.92°. The control objects are keeping the altitude and the velocity unchanged 
during the wing transition process. The simulation scheme is illustrated in Fig. 6.  

 
Fig. 6. Simulation Scheme 

 
Fig. 7. Sweep forward and then backward 

Variation of the sweep angle follows: 

ߟ = ൝0, −0.2 s ≤ ݐ < 0 s,50 ∗ sin ൬20݅݌ ∗ ൰ݐ , 0 s ≤ ݐ ≤ 20 s.   

0.2 seconds of simulation under the proposed controller with 0° sweep angle of the aircraft 
before 0 s, is added. The 0.2 seconds of simulation has not been plotted in the figures for that it is 
a transient process for adjusting the weights of NNs to prevent shocks at the initial wing transition 
process. As shown in Fig. 7, the morphing process starts at 0 second that the aircraft sweeps 
forward from 0° to 50° for the first 10 s during which lift coefficient increases and drag coefficient 
decreases. And then it sweeps backward from 0° to 50° for the next 10 s during which lift 
coefficient decreases and drag coefficient increases.  

The altitude respond, velocity respond, angle of attack, elevator angle, propulsion force, pitch 
rate and pitch angle are then plotted to illustrate the feasibility of the proposed controller. 
Simulation results are presented in Fig. 8-Fig. 14. As shown in Fig. 8 and Fig. 9, the altitude 
tracking error is less than 0.2 m while the velocity tracking error is less than 0.25 m/s. The tracking 
errors are used to generate thrust and elevator deflection which reduce the tracking errors 
adversely. They cannot be eliminated for that the trim condition is always changing during the 
wing transition process, but can be further decreased by adjusting control parameters. The results 
illustrate that the proposed controller can accomplish the altitude and the velocity keeping during 
the wing transition process including sweeping forward and backward.  
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Fig. 8. Altitude 

 
Fig. 9. Forward velocity 

 

 
Fig. 10. Pitch angle 

 
Fig. 11. Angle of attack 

The pitch angle and angle of attack increases with the sweep angle rising for the reason that 
the lift coefficient decreased with the increase of the sweep angle during the aircraft sweeping 
backward process. And the angle of attack and pitch angle must be increased to improve lift to 
maintain the balance of the aircraft as shown in Fig. 10 and Fig. 11. And for the same reason, the 
angle of attack and pitch angle decreases during sweeping forward process. The pitch rate 
fluctuates in a small range because the object is to keep the altitude unchanged as presented in 
Fig. 12.  

 
Fig. 12. Pitch rate 

 
Fig. 13. Elevator deflection 

The control input including elevator deflection and propulsion thrust are presented in Fig. 13 
and Fig. 14. The changes in elevator defection and thrust are both within acceptable ranges. In the 
first 10 s, elevator deflection and propulsion thrust have a decreasing trend while an increasing 
trend in the last 10 s. The reason is that the aircraft sweeps backward in the first 10 s which leads 
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to decreasing of drag coefficient and pitch coefficient. And then elevator deflection and propulsion 
thrust must also be reduced to keep the balance. In the last 10 s, the situation is the opposite of  
the front. 

 
Fig. 14. Propulsion thrust 

In the following section, the advantages of the proposed controller are illustrated. The 
conventional controller design methods for the variable aircraft are at the basis of linear control 
with linearized model or linear input variable model as illustrated in Introduction section. Those 
linear methods highly depend on the prior accurate aerodynamic parameters, which are strict for 
morphing controller design. The state of art nonlinear controller for the variable aircraft is called 
“first-order sliding mode differentiator (FOSD)” proposed by Wu [12]. FSOD method could 
guarantee the tracking errors bounded by ݇௕ଵ and ݇௕ଶ which cannot be set to be near zero as 
illustrated in Eq. (63) of reference [12]: 

൞ܥଵఔ = min ൜2݇ఔ, ఔଵߩఔଵߪ , ఔଶൠߪ ଶఔܥ, = ఔଵߩఔଵ2ߪ ߮ఔଶ + ఔଶ2ߪ ݀௏ெଶ + ഥ߱௏ + ݇ଶଶ.  

And so: 

ଵఔܥଶఔܥ ≥ ۔ە
12ۓ ߮ఔଶ ఔଵߩఔଵߪ   , ≤ ఔଶ,12ߪ ݀௏ெଶ ఔଵߩఔଵߪ   , >   ,ఔଶߪ

The bound of ܥଶఔ/ܥଵఔ  determines the bound of the tracking error, but not converge to an 
arbitrary small neighborhood of the origin. The proposed controller of this paper has the ability to 
converge the tracking errors to an arbitrary small neighborhood of the origin via choosing 
designed parameters appropriately. Besides, FSOD has three disadvantages compared with 
proposed controller of our paper: 

First, the FSOD method is based on nonlinear dynamic model but still has the assumption on 
the flight path angle (sin ߛ ≈  It is not a complete nonlinear model and the assumption has been .(ߛ
removed in our paper.  

Second, a prior knowledge of bounds of tracking errors is required to determine the bounds ݇௕ଵ and ݇௕ଶ of barrier Lyapunov function (BLF) because the tracking errors |݁| must be smaller 
than the bounds ݇௕  that |݁| ≤ ݇௕ , which may be very difficult to acquire because the whole 
selected parameters in ܥଵఔ, ܥଶఔ, ܥଵ, ܥଶ of reference [12] have influence on the bound of tracking 
errors. Therefore, repeated parameters selection must be done to acquire the smaller usable bound 
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݇௕, not to mention the parameter optimization. Otherwise, the tracking errors may reach and get 
out of the bound which would cause severe shock of the system. So, the prior of the tracking errors 
must be acquired to select ݇௕ and then design the controller for FSOD. This problem is removed 
in our paper. 

Third, the dynamic structure is ignored in FSOD that a signal NN is used to approach the 
unknown control input function (Eq. (5) of reference [12]). This improves the complexity of neural 
networks and increases the amount of computation. In our paper, the control input is separated 
from the unknown function and the unknown coefficient of control input is updated by adaptive 
law which decreases the computation.  

The compared simulations are illustrated below and the controller parameters of FSOD method 
are selected equally from reference [12]. As shown in Fig. 15, the altitude tracking errors have 
little diffidence between FSOD and the proposed controller. In Fig. 16, ܾ݇ଶ = 0.6 and ܾ݇ଶ = 2 
are selected for that we do not know a prior bound knowledge of velocity tracking error. The 
velocity tracking error reaches and gets out of the bound when ܾ݇ଶ = 0.6 and it causes severe 
shock of the system as shown in Fig. 17. 

 
Fig. 15. Comparation of altitude tracking errors 

 
Fig. 16. Comparation of velocity tracking errors 

When ܾ݇ଶ  expensed to ܾ݇ଶ = 2, the velocity tracking error would keep in the bound that |݁ఔ| ≤ ܾ݇ଶ  and the thrust is illustrated in Fig. 18. Compared with the proposed controller 
illustrated in Fig. 13, the controller input is unsmooth. 

 
Fig. 17. Severe shock of the system 

 
Fig. 18. Thrust of FSOD method 

7. Conclusions 

In this paper, a nonlinear adaptive NN controller is proposed using MLP and DSC techniques 
while the filter errors are considered. The semi-global boundedness and convergence of all the 
signals of the closed-loop system is proved according to the Lyapunov-LaSalle invariant set 
theorem. Simulation results are presented to illustrate that the controllers can track the designed 
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trajectory during wing transition process in the level flight phase and even in the maneuvering 
phase. Next, parameter optimization would be the focus of the research. 
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