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Abstract. In this paper, the nonlinear dynamics equations of a multi-field coupled orthotropic
micro film are presented. The Krylov-Bogoliubov-Mitropolsky (KBM) method is used to solve
the equations. The multi-fields coupled nonlinear resonant frequencies of a micro film are
analyzed. The effects of Casimir force and nonlinear parameter on nonlinear resonant frequencies
and vibration amplitudes are investigated. A resonant film is designed and produced. Based on the
principle of electrostatic excitation and capacitance detection, the resonant frequency of the micro
film is detected. It illustrates that the Casimir force has an important influence on the resonant
micro film frequencies and should be considered with a small initial clearance.
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1. Introduction

Micro-electro-mechanical systems (MEMS) mainly include micro-sensors, micro-actuators
and processing circuits [1, 2]. As an important branch of MEMS devices, micro-sensors have
advantages such as fast responses, high sensitivity, and are suitable for mass production, etc. [3].
Among the micro-sensors, resonant sensors output frequency signals in which the distortion will
not occur in the long-distance transmission, and the signal processing circuits can be simplified
largely so that they are widely used in automobile, intelligent equipment, chemical industry,
quality and process control, fragrance design, oenology, etc [4]. Resonant sensor resonator mainly
includes two types: film or beam. The beam resonator has a higher sensitivity than a film resonator,
but its output signals are weaker, and a higher precise detection circuit is required. The output
signal of the film resonant sensor is strong, and the requirement to a test circuit is low, of course,
its sensitivity is lower than that of beam resonators [5, 6].

Micro resonant sensors work in the resonant state. Physical quantities are detected by
fluctuations of the resonant frequencies. So, for a micro sensor with film resonator, determining
the resonant frequency and its fluctuations along with the system parameters is an important
problem. For the dynamics problem of the micro film, a lot of studies have been done.

The film vibration theory was derived from the string vibration theory in the 18th century [7].
In 1993, Alonso studied the vibration characteristics for a resonator made with NiCr thin film
micro resonance pressure sensor [8]. Fan studied the nonlinear vibration of a micro resonant
pressure sensor. The multi-scale method was used to analyze the influence of the nonlinear term
on the natural frequency of the sensor [9]. Federico discussed the Casimir effect and its use in
nanomechanics and nanotechnology, and finished high precision measurements of the Casimir
force using microelectromechanical systems technology [10]. In 2009, Reutskiy developed a new
method of numerical analysis of the nonlinear film vibration. This method is based on a
mathematical simulation of the physical response of the spectrum analysis system [11]. In the
same year, Goncalves analyzed the geometrical and material nonlinear vibrations of hyperelastic
tensioned films under small deformation and time-dependent transverse pressure by the method
of Galerkin [12]. Liu carried out a theoretical analysis of the nonlinear free vibration of thin films
and the forced vibrations under impact loads [13]. The dynamics of a circular film in zero gravity
was studied by Sorokin, and the spectrum of natural vibrations were given [14].

J Weber studied thin film resonators as environmental pressure sensors and developed a model
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to evaluate their sensitivity [15]. Steffen developed a polycrystalline silicon thin film resonator
with three-layer or two-layer structure, different film strain factors, and different resistance
temperature coefficients [16]. Zhao fabricated an odorant biosensor based on ZnO film bulk
acoustic resonators (FBARs) with resonant frequency of -1.5 GHz, and demonstrated the potential
of FBARs as odorant biosensors [17]. Jiang fabricated high-performance PZT thin films with a
thickness of 2.6 um which are produced on a silicon substrate by the sputtering deposition process,
and a Lamb wave resonator was fabricated using the highly selective reactive ion etching process
[18]. Gualdino fabricated a thin-film silicon resonator by surface micromachining and studied
vibration modes of micromechanical disk resonators made of hydrogenated amorphous silicon
films [19]. Ren presented a novel resonant pressure sensor with an improved micromechanical
double-ended tuning fork resonator packaged in dry air at the atmospheric pressure in which the
fundamental frequency of the resonant pressure sensor is approximately 34.55 kHz with a pressure
sensitivity of 20.77 Hz/kPa [20]. Hamelin studied a new method to optically trim the resonance
frequency of micro-silicon resonator coated with a film germanium layer [21]. Alahnomi
developed a new sensor for detecting the properties of the materials [22].

However, the resonator of a resonant sensor operates normally under multi-fields forces.
Especially, as the resonator size reduces, effects of the molecule force on its resonant frequency
become more significant and could not be neglected. To predict the resonant frequency and its
fluctuations of the micro film resonator accurately, the multi-field coupled vibration problem
under the influence of molecular force should be investigated.

In this paper, a multi-field coupled dynamics model of the orthotropic film resonator is
proposed. Here, the Casimir force, the air damping force and the electrostatic force are considered.
Using the model, the nonlinear vibration frequency and displacement response of the micro film
resonator are investigated. Effects of the Casimir force on the nonlinear vibration frequency for
the micro film resonator are determined. To illustrate the analysis, a micro film resonator is
fabricated, and the nonlinear frequencies of the resonator under different initial clearances are
detected. Results show that the detected resonant frequencies are in agreement with the calculative
values. The results can be used in design of the resonant frequencies for a micro resonant film
sensor. A flowchart of the research idea is given in Fig. 1.

The Casimir
force
The electrostatic
force

Elastic force

The nonlinear vibration
frequency

Multi-field coupled
dynamics model of the ! Test
micro film resonator

Displacement response
of the micro film
resonator

The air damping
force

Fig. 1. Research idea flowchart
2. Coupled dynamics equations

An orthotropic resonant film in the micro resonant sensor is shown in Fig. 2. This is a
multi-field coupled system for the micro-thin film under the action of electrostatic force, Casimir
force and air damping force. Its boundary condition is that two sides are fixed and two sides are
free. Here, h is the film thickness, Aw is the film vibration displacement, a and b are the resonant
film dimensions, v is the initial clearance between the film and base plate.

According to the theory of D’ Alembert principle [23], the control equations of nonlinear free
vibration for the film are given by:

hazAW+ 0Aw +62g0 0% Aw 2%¢ hazAw
PR TV 0 T\ 90 T 5y2 )M Taxz T\ 970 T G2

5,2 =4, (M
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@)

1 64<p+ 10% (0%Aw 2 92Awa%Aw
E, 0y* " E, dx*  \ 0xdy ox2 dyz’

where p is the density, U, is the voltage, ¢ is the stress function, g, is the initial tension stress in
x direction of the film, g, is the initial tension stress in y direction of the film, E; is the Young
moduli in x direction, E, is the Young moduli in y direction, y is the damping coefficient of the
air, it can be given as:

ub®
= 3

y (U - W0)3 ( )
where u is the air dynamic viscosity, 4 = 1.86x10°N-S-m2,

Membrane I lation 1 Membrane  Fixed plate

nsulation layer a
Gppe 0 - } / X
C(a2,0)
= U()X

A(@2,b)

Fixed plate

a) Structure model of micro film b) Dynamics model of micro film
Fig. 2. Multi-field coupled dynamics model of micro film resonant sensor

Aq is the force per unit area on the film, including the electrostatic force and the Casimir force,
it can be given as:

Aq = Aqq + Aqg,. “
From the Lifshitz formula, the Casimir force per unit area is [24]:

n?hc

240(v —w)¥ %)

Ag, =

where A is the Plank constant divided by 27, h =1.055x103* J-S; ¢ is the light speed,
¢ =2.998x10% m/s.

Consider the non-linearity of the Casimir force, the Casimir force is written as a Gaussian
expansion at the static mean displacement, and letting £, = W, /v, ones can obtain:

nlhe mlhce, nlhce

A 2 1A 6
60w —ws M F Towse, M T, A T ©

Aq, =
The dynamic electrostatic force per unit area due to the film displacement is [25]:
- Aw, (7

where g, is the permittivity constant of free space, g, = 8.85x1012¢2-N!-m™2,
Considering nonlinearity of electrostatic force, the dynamic electrostatic force on the film is
written as a Gaussian expansion at the static mean displacement, one obtains
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Aqgy = Useg 3Ugeoe;r , ,  6UjEpE;
0= — — Iy ——
(17 - W0)3 U3W0 U4W0

w3 4o, ®)

Thus, the force per unit area on the film is:

Ag = Ui, m2hc Aw 4 3U2s, m2hc A?
q (v - V_Vo)3 60(17 - Wo)s w U3V_V0 12175‘/_V0 Sl w (9)
6U2s, m?he s
— —| &, Aw
viw,  4vow,
Substituting Eq. (9) into Eq. (1), one obtains:
haZAw+ ow +02<p hazAw +62<p haZAw
PR TV T %0 T gyz )" axz T\ 90 T gxz )M gy
Uz, m2he 3Uy%e,  m2hc
= A Aw? 10
[(U - Wo)s 60(17 - ‘/1_/0)5 w + U3W0 12175M_/0 81 w ( )
6Uy%e, m2he
——| g, AWSE.
[ v, * 4v5w, faw
For the boundary conditions, the solutions of Egs. (1) and (2) can be given as [26]:
Aw(x,y, t) = W(x,y)T(t), an
p(x,y,t) = dp(x,y)T?(t), (12)
. mmux  nmy
W(x,y) = sin cos— = (13)
Thus:
mnx  nm
Aw(x,y) = sinTcosTyT(t). (14)
Substituting Eqgs. (12) and (14) into Eq. (2), one yields:
1 0% N 10% m2n2n4< 2mmx 2n7ry> (15)
E, 0y* " E,0x*  2a2h? \°*° ST
Let:
2mnx 2nm
¢(x,y) = acos — Bcos 4 (16)
a b
Substituting it into Eq. (15), one yields the following equations:
E,n%a? E;m?b?
a=—2  B=—a 17)
32m?b? 32n%a?
Substituting Eq. (17) into Eq. (12), one yields:
E,n?a? 2mmx  E;m?b?  2nmy
o(x,y,t) = (32m2b2 COS——— = oy COS— T2(t). (18)
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The substitution of Eqgs. (14) and (18) into Eq. (1) and using the Galerkin method [27], one
obtains:

ﬂ‘ hazAw JAw +62<p hazw +62<p haZAw
P TV e T\ T2 ) a2 T\ T T 552 | g2

mnx  nmy
sm—cos—dxdy
b 19
J‘f Uy’e, mlhc Aw 4 3U02£0+ m2he A (19)
(v—wo)3 6O(v—vT/0)5 w v3w,  12v5w, & dw?
6Uy%e, m2he 4| . mmx  nmy
+ T, +Wv‘vo &Aw smTcosdedy.
Let it be that:
_ _mnx nuy phab 20
Si11 —ffphsm e cos 5 dxdy = 7 (20a)
mnx . nwy yab
So0p = ffysm cos dedy =7 (20b)
o*w mnx  nmy
5333—ff an 32 +00y 3y? h sin o cosdedy
m2abh n? (20¢)
= ——(a 0oy +p0'0y),
J‘f 62¢)62W 0%2¢p 02W b sin ™ Y ind
dy? 0x? 6x2 dy? sin a COS p 20d
_ 3m*abh (E;m*  E,n* (20d)
- a* bt )
Uggg m2hc mmx niy
S in? 2 —dxd
555 J-f [(v—w0)3 60(v — wy)° s a cos b xey (20¢)
_ Up’goab N w?hcab
_4(v—v_vo)3 240(v — w,)%
6U,> £, m2hc ,MAX Ny
Se66 —ff v4W0 vﬁ_ & sin3 Tcos dedy— 0, (209)
6U,*° f . mlhc mnx , nwy 9abe, (6Uye, m2he
So77 = in* —— cos* ——dxd 20
777 J-f( v, 4U6W &S a cos b Y= 64 v, +4-v6_ (20g)
Thus, Eq. (19) can be changed into the following form:
S101T" + S322T" — S333T — Sa4aT® = SsssT + S;7,T>. (2D
Utilizing the KBM perturbation method [28], let, &, = h?/ab and then:
S333 — S S777ab —Sy2,ab
T ( 333 555) —e, < 777 - 3 4 2222 T') 22)
Slll Slllh Slllh
In order to facilitate the calculation, Eq. (22) is converted into following form:
T” + wozT = 82((1T3 + €2T,). (23)
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Here:
—S333 — S
wo? = (—S333 555)' (24a)
o ab S111
7774
= ) 24b
1 5‘1‘1‘1 h2 ( )
_Szzzab
=_“fef 24
ZZ 5111h2 ( C)
Let it be that:
fT,T) = (T3 + 3T, 9 =wet +1. (25)
Here 7 is the initial phase of film vibration (let n = 0).
If &, = 0, Eq. (23) can be changed into following form:
dT )
i —kwgsind. (26)
Consider the influence of non-linearity, ones assume:
T = kcos® + €T, (k,9) + 2T, (k,9) + ---. 27

Here k and 9 is the time function, T; and T, is the power series function of €.
The equivalent damping ratio &, and the equivalent natural frequency w of the nonlinear
system can be expressed as the form of a small parameter power series:

8, = €6,(k) + £26,(k) + -+, (28)
w = wy+ ew; (k) + 2wy (k) + . (29)

Utilizing KBM perturbation method (see Appendix), ones obtain:

2 3¢,k?
6 ==, = - , 30
175 w1 8w, (30)
Gik?
- _ 31
Ty 32my? cos39, 31)
3 k3 3 2k4 2 9 2k4
5= _30&k 3Gk G okt 32)
16w,2 256w, 4w, 128w,3
3¢7kS 3¢7k°
= — . 33
) 512057 cos39 + 3072wg" cos59 (33)
From Eq. (29), the non-linear vibration frequency can be obtained:
3eg k2e®S2t  15e2(2k,*e?e2t  g2(2
w=w,— - — (34)

8w, 256w,3 4wy
Substituting Eq. (31) and Eq. (33) into Eq. (27), one yields:

T = kcos® + €T, + £%T,
382 2k5 k3 3 2 2k5
Gi - €61 39 +—€ L= cos5. (35)
512wy* 32w,? 3072wy*

= kcost + (
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From Eq. (14) and Eq. (35), the displacement function of nonlinear vibration of rectangular
orthotropic film with damping is obtained:

mmx N
w(x,y,t) = Z Z sinTcosTykcosﬁ

m=1n=1 (36)

3e202k5 QK3 39 3e202k> 59
512w9*  32w2) %Y T 3072w, OV

3. Results and discussions

The parameters of the micro film are shown in Table 1 (here, kg = 2x10"m, U, = 0.1v,
0py = 0), Table 2 gives the changes of nonlinear frequencies (here, € = 0.001), w, is the
nonlinear frequencies of the micro film without considering the Casimir force, w; is the nonlinear
frequencies of the micro film with considering the Casimir force, 1 is the relative deviations
between them. Fig. 2 gives the comparisons of the first four orders of the nonlinear frequencies
for different nonlinear parameters. Fig. 3 gives nonlinear frequency changes with the main
parameters.

Table 1. System parameters
a(mm) | b (mm) | h(um) | v (um) | g (c>*N"m?) | E; (GPa) | E; (GPa) | p (kg/m?)
0.8 0.3 1 0.3 8.85x1071 1.4 0.9 2330

From Table 2, Fig. 3 and Fig. 4, the following observations are worth noting:

1) Nonlinear resonant frequencies without considering the Casimir force are larger than those
with considering the Casimir force. The Casimir force and electrostatic force correspond to two
springs in series, so the Casimir force can lead to a decrease of the nonlinear resonant frequencies
just like the electrostatic force.

2) For € = 0.001, the deviation between the nonlinear frequencies of the micro sensor with
and without the Casimir force decreases with increasing the order number of the mode. For the
first order frequency, the deviation between the nonlinear frequencies is 19.51 %, for the fourth
order one, the deviation between the nonlinear frequencies is 0.796 %. It shows that the Casimir
force has a greater influence on the low-order nonlinear frequencies. So, the Casimir force should
be considered when determining the low order of the resonant frequencies for the micro film.

3) As the nonlinear parameter increases, the first four order nonlinear frequencies decrease,
and the deviation between the nonlinear frequencies with and without considering the Casimir
force decreases. The deviation between the nonlinear frequencies with considering the Casimir
force is larger than that without considering the Casimir force. It shows that nonlinearity of the
Casimir force has an effect on the resonant frequency of the micro film, but the nonlinearity of the
electrostatic force has much larger effect on the resonant frequency of the micro film when the
nonlinearity is stronger.

4) As the film length increases, the deviation between the nonlinear frequencies for € = 0 and
&€ = 0.01 increases significantly. The deviation between the nonlinear frequencies of the micro
sensor with considering the Casimir force is larger than those without considering the Casimir
force. It is because the effects of the Casimir force become large when the film length is large.

5) As the initial clearance between the micro film and base plate increases, the deviation
between the nonlinear frequencies with and without considering the Casimir force decreases.
When the initial clearance is above 400 nm, the nonlinear frequencies with and without
considering the Casimir force are nearly identical to each other. It shows that the Casimir force
should be considered when the initial clearance is below 400 nm. It is because the Casimir force
is inversely proportional to the fourth power of the initial clearance.
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Table 2. Fluctuations of nonlinear frequencies
Mode (1, 1) | Mode (2,2) | Mode (3, 3) | Mode (4, 4)
wy (rad/s) | 157596.58 | 338485.24 | 513937.67 | 688124.72
wq (rad/s) | 131863.64 | 32729531 | 506637.69 | 682689.83
1 (%) 19.51 3.419 1.441 0.7961
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Fig. 3. Frequencies for different nonlinear parameters &

4x10° Lox10"
= With Casimir force With Casimir force
* Without Casimir force 8 * Without Casimir force
~~ 6 L
2 T
3 .
< 4 e,
2 [ °e L
0 ‘ ‘ -ooo‘.otoo.'-oo
3 3.5 4 4.5 5
(m) x10" v(m) x107
a) a changes b) v changes

Fig. 4. Nonlinear frequency error changes with parameters

The effects of the Casimir force, small parameter and air damping force on the nonlinear
vibrating amplitudes are investigated for the mode (1, 1) (see Fig. 5, Fig. 6 and Fig. 7). Fig. 5
gives the vibrating amplitudes of nonlinear free vibration at ¢ = 0.01 with considering the Casimir
force. Fig. 6 gives the difference of the vibrating amplitudes with and without considering the
Casimir force (¢ = 0.01). Fig. 7 gives the vibrating amplitudes of nonlinear free vibration for
€ =0.01 and € = 0 (considering the Casimir force).

From Fig. 5, Fig. 6 and Fig. 7, the following observations are worth noting:

1) The displacement time trace of free vibration at each point on the micro film reduces
periodically with the time. Due to the existence of air damping, the amplitude eventually
approaches zero.

2) The vibration amplitude of the center point B is much smaller than that of point A and point
C. This is because the distances between the center point B and two free film edges are equal, and
this makes part of the vibrations cancel each other after superimposing on the center point B. For
point A and point C, the nonlinear vibration direction is opposite. This is due to the fact that two
points are symmetrical about the film midpoint, and the motions of two points mainly depend on
the first order of the vibrating mode.
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Fig. 5. Displacement variation of nonlinear free vibration
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Fig. 6. Effects of Casimir force on difference of nonlinear free vibration (¢ = 0.01)
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Fig. 7. Effects of small parameter on difference of nonlinear free vibration

3) The difference between the vibrating amplitudes with and without considering the Casimir
force reduces periodically as well. It shows that the Casimir force have an important effect on
vibration amplitude of the micro film. For the point A and point C, the difference between the
vibrating amplitudes with and without considering the Casimir force gets to 50 % of its vibration
amplitude. For the point B, the difference between the vibrating amplitudes with and without
considering the Casimir force is above 10 % of its vibration amplitude. It shows that the Casimir
force should be considered when determining the vibration amplitudes of the micro film.

4) The difference between the vibrating amplitudes for € = 0.01 and € = 0 changes
periodically for the points A, B point C. The difference does not reduce with the time. It shows
that a high order of the harmonic vibrations on the micro film does not decay with the time.

To illustrate the above mentioned analysis about the nonlinear frequencies of the micro film,
a micro film resonant sensor is fabricated by lithography, etching and other processes
(see Fig. 8(a)). The detection of the natural frequencies for the micro resonant sensor is done. Here,
the detecting method of electrostatic excitation and capacitance measurement is used to measure
the vibration frequency. When the input signal frequency is close to the resonant frequency of the
film, the film resonance occurs. Fig. 8 shows the sensor and its measuring system. Fig. 9 gives
detection results of the micro film for two different size sensors (see Table 3). Table 4 gives the
comparison between measured results and calculative values (7 is the relative deviation of
measured results and calculative values).

Table 3. Parameters of measured micro-film

Small size sensor Large size sensor
a; (mm) | by (mm) | vy (pm) | by (pm) | Uy (v) | @y (mm) | b, (mm) | v, (pm) | hy (pm) | Uy (v)
0.96 0.31 0.3 10 0.1 1.50 0.61 1 10 0.1
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Table 4. Comparison between measured results and calculative values
Calculated values
Test results | With Casimir force | With Casimir force | Without Casimir force

(e =0.001) (e=0) (e=0)
Small size sensor
Frequency (kHz) 13.8421 14.3178 15.1149 20.1341
Relative (;levumon 3.436 9195 45.46
n (%)
Large size sensor
Frequency (kHz) 13.9737 14.6214 14.6258 14.6353
Relative deviation 4635 4667 4734
1 (%)

a) Resonator

Vacuum
chamber

S Power supply
=
USB Spectrum

-
\__l . Ana]cr
¢) Measuring system
Fig. 8. Micro film resonant sensor and its measuring system

-45 A
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L3 e .
;ﬁ @iflly  seclieos Large sizg
55 - T A sensor
| 1 » —=— Small sizg
i ¢ sensor
£ | 1i%
S -65 I
75 b
138421 13.9737
85 . L . \
13.4 13.6 13.8 14 14.2 14.4
S (kHz)

Fig. 9. Frequency test of micro film for two different size sensors

Results show:
1) For a small size sensor, the relative deviation between the measured results and calculative
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values is 3.436 % (with the Casimir force and € = 0.001). For a large size sensor, the relative
deviation between the measured results and calculative values is 4.635 % (with the Casimir force
and € = 0.001). The measuring frequencies of the micro film are in good agreement with the
calculative values.

2) For a small size sensor, the relative deviations between the measured results and calculative
values are 3.436 % (with the Casimir force and € = 0.001), 9.195 % (with the Casimir force and
e =0) and 45.46 % (without the Casimir force and € = 0). For a large size sensor, the relative
deviations between the measured results and calculative values are 4.635 % (with the Casimir
force and € = 0.001), 4.667 % (with the Casimir force and € = 0) and 4.734 % (without the
Casimir force and € = 0). Considering the Casimir force and nonlinear parameter, the calculated
natural frequency is more near to the test results.

The authors declare that there is no conflict of interests regarding the publication of this article.

4. Conclusions

In this paper, a multi-field coupled dynamics model of the micro film resonator is proposed.
Here, the Casimir force, air damping force, elastic force and electrostatic force are considered.
Using a model, the nonlinear vibration frequency and displacement response of the micro film
resonator are investigated. Results show:

1) The Casimir force has an important effect on the vibration frequencies of the micro resonant
film. When the clearance between the film and baseplate decreases, the effect becomes more
significant. When the clearance is below 400 nm, the effect should be considered.

2) When the size of the film increases, the effect of the Casimir force on the nonlinear
frequencies of the micro resonant film becomes more significant as well.

3) The Casimir force has a significant important effect on the vibrating amplitudes of the micro
film. When determining the vibrating amplitudes of the micro film, the Casimir force should not
be neglected.

4) Effects of the Casimir force can be illustrated by detecting the resonant frequency difference
of the micro film under different initial clearances.
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Appendix

Al

. Solutions of nonlinear equations by KBM method

In Eq. (26) and Eq. (27), k and 9 satisfy the following equations:

— = [e6,(k) + £28,(k) + -+ |k,

d19
dt

= wo + sw, (k) + 2wy (k) + -

From Eq. (27), one obtains:

dT dk( 94 0T, 20T >+d19< ceing + o2 20T )
dr de \“V T 5k ok e \Tsmd +egg 20
dZT_de( 94 0T, 20T >+d2 ( g 4 0Ty 20T )
az = g\t et et gz \“ksind + e gt ef o

d’k [ d&(k | ,ds,(K)k
de?

dik\? ( 92T, 9%T, dk d9 0%T, 02T,
+(—) £ + &2 4+ |+ 2——(—sind + ¢ + &2 + -

dt ok? ok? 0kdd 0kadv

dt 09?2 092

NG 92T, 92T,
+(—) —kcos? + ¢ + &2 + ).

Similarly, from Eq. (A1) and Eq. (A2), we obtain:

a8,k

cee 2 LERS = 2
ik € ik + ](561+562+ Yk =¢€%6.k

d?9 dw, ,dw, 5 5 5
W:[gWJ’ R ](561+£ 8y + )k = 26,1 L4 e,
dk

(dt) [e6,(k) + €28, (k) + - ]?k? = “52512k2 +e3 -,

dk d?9

T dr = [e6,(k) + £26,(k) + -+ Jk[wg + ew, (k) + 2wy (k) + -+ ]

- 851(1)0]{ + & (Szwok + 61(1)1’{) ttty

dd
(E) = wo? + E2wow + £2(w? + 2wow,) + -

The substitution of Egs. (AS5), (A6), (A7), (AS8), (A9) into Eq. (A4) yields:

T . i , 0%T, 5
P + wy°T = &| —2w6,ksinY — 2wokw;cosI + w, FED + wy°Ty

01k
[(62 dllc - 2w0w2) kcos9 — (2w052 +2w,0; + 51 P k) ksin®

, a2 °T,  ,0°T,
+(U0 Tz + 26()061]( + 2(1)0(1)1 61_92 + (1)0 _+ .

0kady 092

The right parts of Eq. (23) can be written into the Taylor series expansion:

ef (T, T") = ef (kcos9, —kwysin®) + [T, f7 (kcost, —kw,ysind)

T,
(61kc0519 kwqsind + w 30 )fT (kcost, —kwysing) + &3

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2017, VOL. 19, ISSUE 8. ISSN 1392-8716

dk 7 -,

(AT)

(A2)

(A3)

(A4)

(A5)
(A6)

(AT)

(A8)

(A9)

(A10)

(Al1)

5715



2702. EFFECTS OF CASIMIR FORCE ON MULTI-FIELD COUPLED NONLINEAR VIBRATION OF ORTHOTROPIC MICRO FILM.
XIAORUI Fu, LIZHONG XU

where f7 and f. is the first derivative of function f(T,T") with respect to T and T".

By combining Eqgs. (A10) and (A11), and let the coefficients of the same order of € be equal,
we obtain:

0°T,
wo? <Wﬂl + T1> = fo(k,9) + 2wy 6, ksind + 2wow, kcosV, (A12)
, (97T, )
Wy W + Tz = fl(k' 19) + 2w052k51n19 + Zwoa)szOSﬁ, (A13)
where:
fo(k,9) = f(kcos9, —kwysin®), (A14)
oT
£ 9) = Tofy' (k, 9) + (61kc0519 — kaysind + o, 6—191> fir (k,9)
5 d(6:k) dw
+|wi — 6 ik kcos?9 + (2w1 +k Tk >51k51n19 (A15)
92T, 0%T,
2w°61k6k619 20001 = 392 -

For f(k,9) and T, were expanded into the Fourier series, i.e.:

folk,9) = 0) (k) + Z [g(o) (k)cosnd + héo) (k)sinnﬁ], (A16)
T,(k,9) = voo) (k) + Z[v(o) (k)cosnd + Wéo) (k)smm?] (A17)
n=1

By substituting Eqs. (A16), (A17) into Eq. (A12), we obtain:

Wy voo)(k) + Z wy?(1 —n?) v,§°) (k)cosnd + Wﬁo)(k)sinnﬂ = g(()o) (k)
+[g W) + Zka)owl]cosﬂ +[RP (k) + 2,6, k]sing (A18)

+ Z[Q,go)(k)cosnﬁ +hO (k)sinnd).

n=2

Let the same coefficients of the Eq. (A18) be equal, one yields the following equations:

90 + 2kwow, =0, RV (k) + 2kwes; = 0, (A19)
(0) 0)
9o (k) In (k)
Oy =L 2 Oy = In A20
UO (k) (1)02 ’ Un (k) w02(1 _ nz)’ ( )
h (k
wy (k) = % (n=23), (A21)

(0)
T,(k,9) = 98 4

n

w Z g,(l )(k)cosnﬁ + h( )(k)smnﬁ (A22)
0

1 —n? ’
From Eq. (A19), we know that:
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h$ (k) 1 (7
=— = — — i i A23
&, 2k Zrwdk ), f (kcos9, —kwgsing) sinddd, (A23)
(0 2m
_ 9 (k) _ 1 _ . A24
LS T ek~ Zrwnk ), f (kcos9, —kwysin®) cosIdd. (A24)
Similarly, using the same method, one obtains:
fik,9) = ggl) (k) + Z[g,(ll) (k)cosnd + h,(ll)(k)sinnﬁ], (A25)
n=1
@ SN ¢ ) [€)) .
9o (k) 1 gn (k)cosnd + h,,’ (k)sinnd
T. = —
5 (k,9) o + ot L, T : (A26)
n=
h{D (k) 1 (%
— [ — i i A27
8, 2ok 2rwdk ), f1(kcost, —kwysind) sinddd, (A27)
(€] 21
a1 f konsi A28
w, = 200k = 2mank ), f1(kcos, —kwysind) cosddd. (A28)
From Eq. (A23) and Eq. (A24), we obtain:
2 3¢ k?
_S2 . A29
8, K w1 8w, ( )
For Eq. (A22), letting n = 3, we obtain:
1k°
=— . A30
T, 32,2 cos3v (A30)
Similarly, substituting f; (k,9) into Eq. (A27) and Eq. (A28), one yields:
3¢,0k3 3¢2k* 2 972 k*
5, - 300 BE AR as1)

16wy2 "’ @2 = 256wy3 4w, 128w,

Substituting Eq. (A29) and Eq. (A31) into Eq. (30) and Eq. (31), one yields the following
equations:

dk elk  3e2{k*

= A32
dt 2 16wy2 ' (A32)
d9 3e(1k? 3e?(fk*  €2(F 9e%(Fk*
2 oy — G Gk ¢  9e7Gik™ (A33)
dt 8(1)0 256(1)03 4(1)0 1280)03
For Eq. (A32), rounding off the small parameter high-order terms, we obtain
t
k= ke 7, (A34)
where k is determined by initial conditions.
From Eq. (29), the non-linear vibration equivalent frequency can be obtained:
3¢ kZeE(Zt 1582 2k462£(2t 52 2
® = wy— (1kg _ {iko &6 (A35)

8w, 256w,3 4w,
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3e(;k?  15£232k*  £2(2
19 = (UO - - - t.
8w, 256w,3 4w,

(A36)

For Eq. (A22), letting n = 5, we obtain:

9P k) = g; V) = g, D) = h, (k) = hsP k) = L, P (k) = hs P (k) =0,  (A37)

3¢2k5 3¢2k5
W)= =222 W) = -2 A38
93" (k) 64,2’ gs' (k) 128wg? (A38)
From Eqgs. (A37), (A38) and (A26), one yields:
2kS 2k5
T, = ——— c0s39 + —————cos59. A39
2 = 512007 05 t 30720, °° (A439)

Substituting Eq. (A30), Eq. (A39) into Eq. (27), one yields:

) 3e202k5 e k3 3e2{2kS
T = kcos9 + €T, + €°T, = kcosV + 512wg? - 3207 39 + Wcos&?. (A40)

From Eq. (14) and Eq. (A40), The displacement function of nonlinear vibration of a rectangular
orthotropic thin film with damping is obtained. i.e.:

mmx N
w(x,y,t) = Z Z sin—cos—ykcosﬁ

a b
m=1n=

1

3202k e k3 3e202k5

(512(; o 32(; 2) cos3)9 + 1= cos59.
0 0

(A41)

3072w,*
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