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Abstract. Since the moving element method (MEM) is an elegant method for solving problems 
involving moving loads. This paper extends the moving element method to the dynamic response 
of the water-saturated subgrade surface layer under a high-speed train. The track model is 
described as the Euler beam to simulate the rail, concrete slab layer and elastic medium to simulate 
the concrete base layer. The water-saturated subgrade surface layer is characterized by Biot’s 
dynamic poroelastic theory, and the other subgrade components are regarded as elastic medium. 
The governing equations are formulated in a coordinate system traveling at a constant velocity, 
and the associated finite element formulation in a moving frame of reference is derived. The 
proposed computational scheme is applied to investigate the dynamic characteristics of the 
water-saturated subgrade surface layer subjected to the moving train load. The effects of various 
key parameters including the train velocity, permeability, drainage boundary, elastic modulus and 
rail irregularity on hydro-mechanical response of the saturated subgrade surface layer are carefully 
analyzed. 
Keywords: moving element method, saturated subgrade surface layer, Biot’s poroelastic theory, 
high-speed train, dynamic response. 

1. Introduction 

The dynamic responses of road structures induced by moving vehicle loads have drawn a great 
interest in a number of engineering fields such as civil engineering, transportation engineering and 
environmental engineering. Recently the high-speed rail development has entered a rapid phase 
due to China’s enormous investments in its high-speed rail network. During the service life of 
high-speed railways, the subgrade will be exposed to frequent intense rainfalls and 
groundwater-level variations, due to the poor drainage conditions, the water content in the 
subgrade will also change greatly from the optimum water content to the saturation status during 
the wet season [1]. The water transport is important since it strongly affects the mechanical 
behavior of subgrade for low permeability saturated soils when subjected to moving traffic  
loading, and the water flow can lead to internal erosion and particle migration such as mud 
pumping (Fig. 1) [2]. That is, the pore-water pressure field will be developed as well as the moving 
water will be produced when the saturated subgrade is subjected to the traffic loads. Thus, it is 
important to accurately predict the hydro-mechanical behavior of the water-saturated subgrade 
under moving train load. 

Generally speaking, the vibration of solids subjected to moving loads can be divided into two 
categories: transient-state vibration and steady-state vibration [3]. Regarding the subgrade 
dynamic vibration of high-speed railway track under moving loads, some researchers treated the 
subgrade soil as single-phase elastic or elastoplastic medium [4-6], However, the mentioned 
elastic and viscoelastic models only consider the skeleton of the soil medium, neglecting the effect 
of water on the dynamic responses. Due to water exits in the subgrade commonly, the saturated 
poroelastic models are obviously closer to the actual situation than elastic models. Biot [7] 
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pioneered the development of an elastodynamic theory for fluid-saturated poroelastic media. After 
that, many researchers applied Biot’s theory to deal with the dynamic responses of a fully 
water-saturated soil under moving loads and studied the dynamic responses of a track-ground or 
road pavement system subjected to train loads. When studying the above-mentioned dynamic 
responses of the water-saturated soil, the use of models based on the semi-analytical method  
[8-12], finite element method (FEM) [13-15], boundary element method (BEM) [16] is commonly 
observed and extensively documented. The aforementioned methods have their respective 
drawbacks. Although semi-analytical method is elegant, they may be limited in practical 
applications involving complex geometry and nonlinear constitutive models of the material. The 
FEM is a well-known powerful numerical approach that has been widely adopted for modeling a 
fixed domain. However, the standard FEM method is thus computationally inefficient for the 
analysis of moving load problem [17]. The difficulties can be overcome by employing a large 
enough domain size but at the expense of significant increase in a computational time. 

 
a) CRTS-I 

 
b) CRTS-II 

Fig. 1. Example of mud pumping of subgrade surface layer in Chinese high-speed railway 

In an attempt to overcome the above complication encountered by FEM, in recent years, a 
FEM was developed in a convected coordinate system moving with the load, which can be called 
the moving element method (MEM) [18]. The key advantage enjoyed by this method is its ability 
to overcome the problem due to the moving load traveling over a finite domain. Krenk et al. [19] 
was the first to use the finite element method in moving coordinates to obtain the response of an 
elastic half-space subject to a moving load. Kok [20] used this method to solve the steady-state 
moving load problem and analyzed the response in the subsonic range. Koh et al. [18] used the 
convected coordinates for solving train-track problems, and named the numerical algorithm as the 
moving element method (MEM), then applied this method to analyze the dynamic response of 
annular disk [21] and a viscoelastic half space [22]. Zhai et al. [3] solved the Navier equation 
based on a moving coordinate, and analyzed the transient vibration analysis of railway-ground 
system under fast moving loads. Very recently, Ang et al. [17] adopted the moving element 
method to perform dynamic analysis of the railway system considering abrupt change of 
foundation stiffness. Lei [23] investigated the dynamic behavior of a train and slab track coupling 
system using the moving element method. The MEM introduces convected coordinates and shows 
better performance in solving moving-load problems than the FEM. 

The MEM is an elegant method for solving problems involving moving loads. To the author’s 
knowledge, the method has been limited so far to applications involving the dynamic response of 
the water-saturated soil. The paper is concerned with extending the usage of MEM to deal with 
problems involving the dynamic response of the saturated subgrade surface layer with the high 
speed train loading. The train is modeled as an assembly of rigid bodies connected by springs and 
dampers system. The rail and the concrete slab are modeled as Euler-Bernoulli beams. The Biot’s 
theory was adopted to describe the saturated subgrade surface layer, and the concrete base layer 
and other subgrade components are regarded as elastic medium. The governing equations are 
formulated in a coordinate system traveling at a constant velocity, and the associated finite element 

Mud pumping
Mud pumping
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formulation in a moving frame of reference is derived. The comparisons of the new numerical 
results with those from the previous work are presented. The influences of different factors, 
including the train moving velocity, permeability, drainage boundary, elastic modulus and rail 
irregularity on hydro-mechanical response of the saturated subgrade surface layer are discussed. 

2. Moving finite element model  

The CRTS-Ⅱ slab ballastless track of the China railway track system is constructed using rails, 
rail pads, track slabs, CA mortar, concrete support and subgrade bearing layers as shown in Fig. 1. 
In this study, according to the wheel/rail system coupling dynamics theory [24], a vertical coupling 
vibration calculation model of the vehicle-slab track-subgrade system, which is shown in Fig. 2, 
is established. The train is modeled as an assembly of rigid bodies connected by springs and 
dampers forming a 10 DOF system [25]. The mass of the car, bogies and wheels as well as the 
longitudinal rotation inertia of car and bogies are included. The calculation of the contact force 
between the wheel and the rail is described by the nonlinear Hertz contact theory. A train is 
assumed to move at a constant speed in the positive direction. Assuming that on the rail surface 
there is a sinusoidal track irregularity, the contact force between the wheel and rail may be 
expressed as: 

௖ܨ = ൜ ௥ݓ)௛ܭ + ௭ݑ − ௥ݓ)     , ௪) (ଷ/ଶ)ݓ + ௭ݑ − (௪ݓ ≥ ௥ݓ)                                                 ,0,0 + ௭ݑ − (௪ݓ < ௭ݑ(1) ,0 = ܣ sin(2ܺߨ)ߣ௧ , (2)

where ܨ௖  denotes the Hertzian contact force; and ܭ௛  the Hertz spring constant; ݓ௥ ௭ݑ ,  and ݓ௪ 
denote, respectively, the displacement of the rail at a contact point, rail surface irregularity and 
wheel displacement in contact with the rail; ܣ and ߣ௧ denote the amplitude and wavelength of the 
rail irregularity, respectively. 

The rail and slab layer are modeled as Euler-Bernoulli beam elements, and the concrete base 
layer is described as elastic medium. The rail pads and CA mortar are assumed to act as linear 
springs and dashpots. The subgrade bearing layers consist of surface and bottom layers of the 
subgrade bed and subgrade body. As a matter of fact, in addition to the case that the surface layer 
of the subgrade bed is frequently under the saturated condition relatively, the bottom layer of the 
subgrade bed and subgrade body are rarely saturated due to the drainage system [26]. Hence, the 
wet surface layer of the subgrade bed is modeled as water-saturated porous media, the bottom 
layer of the subgrade bed and subgrade body are considered as a dry and elastic layer where there 
are no water.  

 
Fig. 2. Vehicle-slab track-subgrade vertical coupling vibration plane model 
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2.1. Moving finite element of Euler-Bernoulli beam  

The rail and concrete slab are modeled as Euler-Bernoulli beams resting on the concrete base 
layer in the positive ݔ direction. The origin of the fixed ݔ axis is arbitrarily located along the beam. 
However, for convenience, its origin is taken such that the center of train is at ݔ = 0 when ݐ = 0. 
The governing equation for the rail beam is given by: 

௥ܫ௥ܧ ߲ସݓ௥߲ݔସ + ݉௥ ߲ଶݓ௥߲ݐଶ + ܿ௥ ൬߲ݓ௥߲ݐ − ݐ௦߲ݓ߲ ൰ + ݇௥(ݓ௥ − (௦ݓ = ݔ)ߜ(ݐ)ܨ− − ௧ܫ௧ܧ(3) ,(ݐܸ ߲ସݓ௦߲ݔସ + ݉௧ ߲ଶݓ௦߲ݐଶ + ܿ௧ ൬߲ݓ௦߲ݐ − ݐ௕߲ݒ߲ ൰ − ܿ௥ ൬߲ݓ௥߲ݐ − ݐ௦߲ݓ߲ ൰       +݇௧(ݓ௦ − (௕ݒ − ݇௥(ݓ௥ − (௦ݓ = 0, (4)

where ݓ௥ ௦ݓ ,  and ݒ௕  are deflection magnitudes of the rail, concrete slab and concrete base, 
respectively. ܧ௥ܫ௥ and ܧ௧ܫ௧ represent flexural stiffnesses of the rail and concrete slab, respectively. ݉௥ and ݉௧ are masses of the rail, concrete slab per unit length of the track, respectively. ݇௥, ܿ௥ 
are stiffness and damping coefficients of the fastening systems per unit length, respectively. ݇௧ 
and ܿ௧ are stiffness and damping coefficients per unit length of the track, respectively, resulting 
from the CA mortar. (ݐ)ܨ is the wheel-rail contact force, ܸ is the train moving velocity and ߜ is 
the Dirac delta function. 

The moving element method (MEM) employs a moving spatial coordinate system where the 
origin is attached to the center of train. Fig. 2 shows the moving ܺ axis, whose origin is fixed at 
the same position of ݔ axis and is thus traveling at the same velocity as the train speed. Hence, the ܺ axis shown in Fig. 2 is stationary in the moving train’s frame of reference. The relation between 
the two coordinates is given by: ܺ = ݔ − (5) .ݐܸ

In view of Eq. (5), the governing equation in Eqs. (3-4) may be rewritten as: 

௥ܫ௥ܧ ߲ସݓ௥߲ܺସ + ݉௥ ቆ߲ଶݓ௥߲ݐଶ + ܸଶ ߲ଶݓ௥߲ܺଶ − 2ܸ ߲ଶݓ௥߲߲ܺݐቇ + ܿ௥ ൬߲ݓ௥߲ݐ − ܸ ௥߲ܺݓ߲ − ݐ௦߲ݓ߲ + ܸ ௦߲ܺݓ߲ ൰       +݇௥(ݓ௥ − (௦ݓ = (6) ,(ܺ)ߜ(ݐ)ܨ−

௧ܫ௧ܧ ߲ସݓ௦߲ܺସ + ݉௧ ቆ߲ଶݓ௦߲ݐଶ + ܸଶ ߲ଶݓ௦߲ܺଶ − 2ܸ ߲ଶݓ௦߲߲ܺݐቇ + ܿ௧ ൬߲ݓ௦߲ݐ − ܸ ௦߲ܺݓ߲ − ݐ௕߲ݒ߲ + ܸ ௕߲ܺݒ߲ ൰       −ܿ௥ ൬߲ݓ௥߲ݐ − ܸ ௥߲ܺݓ߲ − ݐ௦߲ݓ߲ + ܸ ௦߲ܺݓ߲ ൰ + ݇௧(ݓ௦ − (௕ݒ − ݇௥(ݓ௥ − (௦ݓ = 0. (7)

Using the Galerkin’s method in the governing equation Eq. (6), taking ݓߜ௥ as the admissible 
virtual variation of the rail displacement ݓ௥ and then integrated over the element length, leading 
to the weak form as follows: 

න ௥ݓߜ ቊܧ௥ܫ௥ ߲ସݓ௥߲ܺସ + ݉௥ ቆ߲ଶݓ௥߲ݐଶ + ܸଶ ߲ଶݓ௥߲ܺଶ − 2ܸ ߲ଶݓ௥߲߲ܺݐቇ௟
଴  
      +ܿ௥ ൬߲ݓ௥߲ݐ − ܸ ௥߲ܺݓ߲ − ݐ௦߲ݓ߲ + ܸ ௦߲ܺݓ߲ ൰ +݇௥(ݓ௥ − (௦ݓ + ሽ݀ܺ(ܺ)ߜ(ݐ)ܨ = 0. (8)

Applying the Green-Gauss theorem: 
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௥ܫ௥ܧ− ቆ߲ݓߜ௥߲ܺ ∙ ߲ଶݓ௥߲ܺଶ ቇ଴
௟ ௥ܫ௥ܧ+ න ߲ଶݓߜ௥߲ܺଶ ∙ ߲ଶݓ௥߲ܺଶ

௟
଴ ݀ܺ + ݉௥ න ߲ଶݓ௥߲ݐଶ ௥௟ݓߜ

଴ ݀ܺ 
      +݉௥ܸଶ ൬ݓߜ௥ ∙ ௥߲ܺݓ߲ ൰଴

௟ −݉௥ܸଶ න ௥߲ܺݓߜ߲ ∙ ௥߲ܺ௟ݓ߲
଴ ݀ܺ − 2݉௥ܸ න ௥ݓߜ ߲ଶݓ௥߲߲ܺݐ௟

଴ ݀ܺ 
      +݇௥ න ௥ݓ)௥ݓߜ − ௦)݀ܺ௟ݓ

଴ + ܿ௥ න ௥ݓߜ ൬߲ݓ௥߲ݐ − ܸ ௥߲ܺݓ߲ − ݐ௦߲ݓ߲ + ܸ ௦߲ܺݓ߲ ൰ ݀ܺ௟
଴ . 

(9)

The mass, damping and stiffness matrices of the moving element for rail beam can be obtained 
as given below: 

௥ۻ = ݉௥ න ௥்ۼ ௥݀ܺ௟ۼ
଴ , (10)۱௥ = ܿ௥ න ௥்ۼ ௥݀ܺ௟ۼ

଴ − ܿ௥ න ௥்ۼ ௧݀ܺ௟ۼ
଴ − 2݉௥ܸ න ௥்ۼ ௥,௥݀ܺ௟ۼ

଴ , (11)۹௥ = ௥ܫ௥ܧ න ௥,௑௑்ۼ ௥,௑௑݀ܺ௟ۼ
଴ − ݉௥ܸଶ න ௥,௑்ۼ ௥,௑݀ܺۼ − ܿ௥௟

଴ ܸ න ௥்ۼ ௥,௑௟ۼ
଴ ݀ܺ       +ܿ௥ܸ න ௥்ۼ ௧,௑௟ۼ

଴ ݀ܺ + ݇௥ න ௥்ۼ ௥௟ۼ
଴ ݀ܺ − ݇௥ න ௥்ۼ ௧௟ۼ

଴ ݀ܺ, (12)

where (),௑ denotes the partial derivative with respect to ܺ and (),௑௑ denotes the second partial 
derivative with respect to ܺ. In addition, ۼ௥ and ۼ௧ refer to the vector of shape functions for the 
displacement of the rail and concrete slab, respectively. 

Meanwhile, in a similar way, the mass, damping and stiffness matrices of the moving element 
for the concrete slab can also be derived: 

௧ۻ = ݉௧ න ௧்ۼ ௧݀ܺ௟ۼ
଴ , (13)۱௧ = ܿ௧ න ௧்ۼ ௧݀ܺ௟ۼ

଴ − ܿ௧ න ௧்ۼ ௕݀ܺ௟ۼ
଴ + ܿ௥ න ௧்ۼ ௧݀ܺ௟ۼ

଴ − ܿ௥ න ௧்ۼ ௥݀ܺ௟ۼ
଴        −2݉௧ܸ න ௧்ۼ ௧,௑݀ܺ௟ۼ

଴ , (14)

۹௧ = ௧ܫ௧ܧ න ௧,௑௑்ۼ ௧,௑௑݀ܺ௟ۼ
଴ − ݉௧ܸଶ න ௧,௑்ۼ ௧,௑݀ܺۼ − ܿ௧௟

଴ ܸ න ௧்ۼ ௧,௑௟ۼ
଴ ݀ܺ       +ܿ௧ܸ න ௧்ۼ ௕௟ۼ

଴ ݀ܺ + ܿ௥ܸ න ௧்ۼ ௥,௑௟ۼ
଴ ݀ܺ − ܿ௥ܸ න ௧்ۼ ௧,௑௟ۼ

଴ ݀ܺ + ݇௧ න ௧்ۼ ௧௟ۼ
଴ ݀ܺ       −݇௧ න ௧்ۼ ௕௟ۼ

଴ ݀ܺ − ݇௥ න ௧்ۼ ௥௟ۼ
଴ ݀ܺ + ݇௥ න ௧்ۼ ௧௟ۼ

଴ ݀ܺ, (15)

where ۼ௧ and ۼ௕ refer to the vector of shape functions for the displacement of the concrete slab 
and concrete base, respectively. 

2.2. Moving finite element of saturated soil  

In this study, the dynamic Biot’s equation known as ܝ − ݌  formulation proposed by 
Zienkiewicz et al. [27] is used to govern the dynamic response of the poroelastic medium under 
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dynamic loading. The ܝ −  formulation describes the saturated porous media in terms of two ݌
variables, the displacement of the solid phase, ܝ, and pore water pressure, ݌, and it is derived from 
two coupled equations, the equation of motion for the mixture neglecting the acceleration of pore 
water: ߪ௜௝,௝ᇱ − ௝,݌௜௝ߜߙ = ሷݑߩ ௜, (16)ߝߙሶ௜௜ − ௜௜,݌(௪ߛ/݇) + ൫߶ ⁄௙ܭ ൯݌ሶ = ௜௝ᇱߪ(17) ,0 = ௜௝ߝܩ2 + ௜௝, (18)ߜ௞௞ߝߣ

where ݅ , ݆ =  1, 2, corresponding to ݔ , ܼ  directions (in the rectangular coordinate system), 
respectively; ߪ௜௝ ᇱ  (݅, ݆ = ,ݔ ܼ) denotes the stress tensor of the solid phase; ݑ௜ is the displacement 
vectors of the solid phase; ݌ is the pore water pressure; ߩ = ߶௙ߩ + ௦(1ߩ − ߶) is the mixture mass 
density, ߩ௙ is the fluid density, ߩ௦ is the solid density, ߶ is the porosity; ߜ௜௝ denotes the Kronecker 
delta, ߝ௜௜ is the dilatation of the solid matrix, ߝ௜௝ is the strain component of the solid matrix; ݇ 
represents the permeability; ߛ௪ is the unit of pore water and ܭ௙ is the pore fluid bulk modulus; ߙ 
is the Biot’s coefficient; ܩ ,ߣ are lame constants of the solid phase. 

In view of Eq. (5), the governing equation in Eqs. (16-17) may be rewritten as: ߪ௜௝,௝ᇱ − ௝,݌௜௝ߜߙ = ሷݑߩ ௜ − ሶݑߩ2ܸ ௜,௑ + ܸଶݑߩ௜,௑௑, (19)ߝ)ߙሶ௜௜ − (௜௜,௑ߝܸ − ௜௜,݌(௪ߛ/݇) + ൫߶ ⁄௙ܭ ൯(݌ሶ − (௑,݌ܸ = 0. (20)

Using the Galerkin’s method in the Eq. (16) and Eq. (17), taking ݑߜ௜ as the admissible virtual 
variation of the solid phase displacement vector, ݑ௜ and ݌ߜ as the admissible virtual variation of 
the fluid phase pressure field, ݌, one founds the weak form as: ∫ஐ(݌ߙ − ௜௝ᇱߪ ௜,௝݀Ωݑߜ( + ∫୻(ߪ௜௝ᇱ − (݌ ௝݊ݑߜ௜݀Γ       = ∫ஐߜ൫ݑߩሷ ௜ − ሶݑߩ2ܸ ௜ + ܸଶݑߩ௜,௑௑൯ݑߜ௜݀Ω, (21)∫ஐߝ)݌ߜߙሶ௜௜ − ௜௜,௑)݀Ωߝܸ + ∫ஐ݌ߜ,௜(݇/ߛ௪)݌,௜݀Ω        +∫ஐ݌ߜ൫߶ ⁄௙ܭ ൯(݌ሶ − ௑)݀Ω,݌ܸ − ∫୻݌ߜ(݇/ߛ௪)݌,௜݊௜݀Γ = 0,  (22)

where Ω and Γ denote the poroelastic domain and its boundary, respectively. The vector ݊௜ is the 
unitary normal. 

Via the Galerkin technique using the approximations ݑ௜ = ݌ and ܝ௨ۼ =  ܘ and ܝ ௣ are arrays of interpolation functions for displacement and pressure, respectively, andۼ ௨ andۼ where ,ܘ௣ۼ
are vectors of nodal displacements and pore pressures, the matrixes of the moving element for 
saturated soil can be obtained as given below: ܝۻഥሷ + ഥሶܝ۱ + ഥܝ۹ − ഥܘۿ = ഥሶܝ்ۿ௨, (23)܎ + ഥሶܘ܁ + ۹௣ܝഥ + ഥܘ۶ = ௣ (24)܎

where: ۻ = ௨݀Ω,     ۱ۼ௨்ۼஐ∫ߩ = ௨,௑݀Ω, ۹ۼ௨்ۼஐ∫ܸߩ2− = ∫ஐ۰்۲۰݀Ω + ρܸଶ∫ஐۼ௨்ۼ௨,௑௑݀Ω,    ۿ = ∇)ஐ∫ߙ ∙ ܁ ,௣݀Ωۼ்(௨ۼ = (߶ ⁄௙ܭ )∫ஐۼ௣்ۼ௣݀Ω,     ۹௣ = ∇)ஐ∫ܸߙ− ∙ ௣݀Ω, ۶ۼ்(௨,௑ۼ = ௣݀Ωۼ௣்ۼ∇ஐ∫(௪ߛ/݇) − V(߶ ⁄௙ܭ )∫ஐۼ௣்ۼ௣,௑݀Ω, ܎௨ = ∫୻ۼ௨்݀ܜΩ,     ܎௣ = ∫୻ۼ௣்݀ܙΩ, 
(25)

where ۰ is the strain-displacement matrix, ۲ is the stress-strain matrix, ܜ is a boundary traction 
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for the solid phase, ܙ is a boundary flux for the fluid phase. 

2.3. Moving finite element of elastic medium  

The saturated medium can be degraded into the case of corresponding elastic medium when in 
absence of the pore pressure. Its governing equations can be written by the Navier equation. 
Similarly, we can derive the finite element equations for elastic medium as: ۻ௘ܝഥሷ ௘ + ۱௘ܝഥሶ ௘ + ۹௘ܝഥ௘ = ௘, (26)܎

where: ۻ௘ = ,௘௨݀Ωۼ௘௨்ۼ௘∫ஐߩ     ۱௘ = ܍௘௨,௑݀Ω, ۹ۼߩ௘௨்ۼ௘ܸ∫ஐߩ2− = ∫ஐ۰௘் ۲௘۰௘݀Ω + ௘௨܎    ,௘௨,௑௑݀Ωۼ௘௨்ۼ௘ܸଶ∫ஐߩ = ∫୻ۼ௘௨்݀܍ܜΩ, (27)

where ۻ௘ , ۱௘  and ۹௘  are the mass, damping and stiffness matrices, respectively, ۼ௘௨  is the 
displacement shape function of the elastic medium, ܝഥ௘  is vector of nodal displacement of the 
elastic medium, ۰௘ is the strain-displacement matrix, and ۲௘ is the stress-strain matrix for elastic 
medium, ܜ௘ is a boundary traction. 

2.4. Coupling boundary conditions of subgrade surface layer 

In the subgrade module, unlike other vehicle–slab track–subgrade coupling model studies that 
solve the responses of subgrade and track as a whole system, the present subgrade model as shown 
in Fig. 2, includes an internal boundary condition to ensure the normal gradient of pore water 
pressure equal to zero at the impermeable surface of the surface layer of the saturated subgrade 
bed. In addition, no relative displacement and the total normal stress equilibrium are imposed at 
the subgrade surface layer internal boundaries. Hence, the continuities of the displacement, total 
normal stress and no fluid flow at the interfaces for the subgrade surface layer are given by: ܍ܝ − ܝ = 0, (28)ો܍ ∙ ܖ = ોᇱ ∙ ܖ − ݌ ∙ ݌߲(29) ,ܖ ߲݊⁄ = 0,  (30)

here, ܝ௘ and ો௘ represent the displacement and total stress for the elastic medium, respectively. ܝ 
and ોᇱ are displacement and effective stress, respectively, and ݌ is the pore water pressure for the 
subgrade surface layer. ܖ is the outward normal unit vector. 

The total stiffness matrix, total mass matrix and total damping matrix for the coupling system 
can be formulated by the conventional assembling technique in the FEM. These motion equations 
can be solved by using the Newmark integral algorithm, which is widely used in the analysis of 
engineering problems. Based on the moving finite element model described in the above, a 
computer simulation program with Matlab, was developed to analyze the dynamic 
hydro-mechanical response of the saturated subgrade surface layer in the coupled vehicle-slab 
track- subgrade system. 

3. Moving element method validation 

As there are no results available in the literature on the dynamic response of the water saturated 
subgrade surface layer under high speed train, in order to examine the accuracy of the proposed 
computational scheme in conjunction with the MEM, a comparison is made against available 
analytical dynamic response for the case of a saturated poroelastic medium under a moving load 
obtained by Theodorakopoulos [8]. The poroelastic parameters are the same as those used in 
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Theodorakopoulos [8]. Fig. 3(a) shows the vertical displacements distributed along the vertical 
direction for the moving load velocity ܸ = 20 m/s. It can be seen that the comparison results are 
in good consistency. Fig. 3(b) presents comparisons of the pore water pressure between numerical 
results and the data of Theodorakopoulos [8] for the moving load velocity ܸ = 20 m/s and  
100 m/s. It can be seen that a good correspondence is observed. 

Another comparison is made to validate the above new approach for the dynamic response of 
the vehicle and slab track coupling system. It should be noted that the dynamic behavior of the 
vehicle and slab track coupling system was conducted by Lei [23], based on the moving element 
method. Hence, the same vehicle, and slab track parameters as those in Lei [23] were used as input. 
In addition, the rail was considered as smooth, and the time step was chosen to be 0.0001 s in the 
computation. In Fig. 4, the wheel-rail contact fore and rail displacement at the contact point for 
the vehicle at 50 m/s obtained by present work were compared. It can be seen that the curves are 
in good agreement with each other. 

 
a) Vertical displacement 

 
b) Pore water pressure 

Fig. 3. Comparison between present work and Theodorakopoulos’s [8] work 

 
a) Wheel-rail contact force 

 
b) Rail displacement 

Fig. 4. Comparison between present work and Lei et al. [23] work  

4. Numerical results and discussion 

In this model, The Chinese high-speed train CRH3 is used as a passenger train. The parameters 
for the Chinese high-speed train CRH3 are listed in Table 1 and correspond to those used in Lei 
et al. [23]. The parameters of the slab track, and subgrade are listed in Table 2 and are selected 
based on a reference to Lei et al. [23] and Han et al. [28]. The parameters are selected according 
to Tables 1 and 2 unless otherwise denoted in the figures. The main physical quantities of interest 
in this investigation are the dynamic responses of the saturated subgrade surface layer with 
high-speed train loading. The variations of these quantities with respect to the parameters of train 
velocity, the subgrade surface layer permeability, drainage boundary, elastic modulus and rail 
irregularity are studied. 
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Table 1. High-speed train CRH3 parameters  
Parameters Value 

Car body mass, ܯ௖ (kg)  40,000 
Bogie mass, ܯ௧ (kg) 3200 
Axle mass, ܯ௔ (kg) 2400 

Secondary suspension stiffness, ܭ௦ (MN/m) 0.8 
Secondary suspension damping, ܥ௦ (kN∙s/m) 120 

Primary suspension stiffness, ܭ௣ (MN/m) 2.08 
Primary suspension damping, ܥ௣ (kN∙s/m) 100 

Wheel base 2݈ଵ (m) 2.5 
Distance between bogie centers 2݈ଶ (m) 17.375 

Stiffness of wheel–rail contact ܭ௛ (MN/m) 1.325×103 
Axle load, ܲ (kN) 140 

Table 2. Slab track parameters 
Parameters Value 

Mass of rail beam ݉௥ (kg/m)  60 
Bending stiffness of rail beam ܧ௥ܫ௥ (kN∙m2) 6756 

Mass of concrete slab ݉௧ (kg/m) 1275 
Bending stiffness of slab ܧ௧ܫ௧(kN∙m2) 3315 

Rail pad stiffness ݇௥ (MN∙s/m2) 60 
Rail pad damping ܿ௥ (kN/m2) 47.7 

CA mortar stiffness ݇௧ (MN/m2) 900 
CA mortar damping ܿ௧ (kN∙s/m2) 83 

Elastic modulus of Concrete base ܧ௕ (MPa) 34000 
Density of concrete base ߩ௕ (kg/m3) 2500 

Poisson’s ratio of concrete base 0.2 
Thickness of concrete base (m) 0.3 

Table 3. Subgrade soil parameters 
Layers Surface layer Bottom layer Subgrade body 

Thickness (m) 0.4 2.3 1.2 
Elastic modulus ܧ (MPa) 200 150 100 

Poisson’s ratio 0.35 0.3 0.25 ߥ 
Solid density ߩ௦ (kg/m3) 2300 – – 
Water density ߩ௙ (kg/m3) 1000 – – 

Soil density ߩ (kg/m3) 2040 1950 1900 
Porosity ߶ 0.2 – – 

Compressibility parameter 0.95 ߙ – – 
Fluid viscosity ߟ (Pa∙s) 0.001 – – 
Permeability ݇ (m/s) 1×10-4 – – 

4.1. Comparison between saturated and elastic subgrade surface layer 

Figs. 5-6 show the comparison of the dynamic responses for the cases of saturated and elastic 
subgrade surface layer for the train running at the speed of 70 m/s. As shown in the Fig. 5, the 
variation trends for the rail displacements and accelerations in different cases are similar. This is 
likely because, when the train moves along the track, the stress waves propagate first through the 
subgrade surface layer and then arrive at the subgrade other parts. Then, the differences of rail 
dynamic responses become less noticeable with a thinner subgrade surface layer. Meanwhile, it 
can be observed in Fig. 6 that the great differences of the vertical displacement and the vertical 
total stress are available in the depth direction along the subgrade between saturated and elastic 
subgrade surface layer. As the whole, the vertical displacement and total stress under the condition 
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of saturated subgrade surface layer are larger than that of the elastic case. The reason is that the 
pore water has a much higher modulus than the soil skeleton in the subgrade surface layer, which 
results in higher subgrade surface layer stiffness. In this case, the larger dynamic stress at the 
subgrade top is generated by the moving train. In addition, the pore water in the saturated subgrade 
surface layer could help to reduce the effective stress and decrease the vertical amplitude. Hence, 
the differences are formed by the competition of the opposite factors. 

 
a) Rail displacement 

 
b) Pore water pressure 

Fig. 5. Comparison of rail dynamic responses  

 
a) Vertical displacement 

 
b) Vertical total stress 

Fig. 6. Comparison of subgrade dynamic responses 

4.2. Train velocity influence 

Fig. 7 presents the effect of the train velocity on the dynamic responses at the subgrade surface 
layer. Here, four different velocities are considered, i.e., 50, 70, 90, and 110 m/s. the top and 
bottom of the subgrade surface layer are assigned to the drained and undrained condition, 
respectively, and other parameters were listed in Tables 2 and 3. As shown in Fig. 7(a), the pore 
water pressure gradually increases in the depth direction along the subgrade surface layer and the 
distribution trends along depth are almost similar at different train velocities for the permeability ݇ = 10-4 m/s. Meanwhile, the dynamic influence on pore water pressure becomes deeper with the 
increasing train velocity. The maximum pore water pressure grows up with the increasing train 
velocity, while the maximum pore water pressure growth rate decreases. For instance, when the 
train velocity between 50 m/s and 110 m/s in increments of 20 m/s, the maximum pore water 
pressure increases by 31.3, 18.9 and 12.9 %, respectively. In addition, the variation of vertical 
effective stress against depth can be observed in Fig. 7(b). As expected, the vertical effective stress 
gradually decreases in the depth direction and the higher pore water pressure will lead to the lower 
vertical effective stress. 

According to Fig. 7(c), the vertical displacement with depth decreases gradually at different 
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train velocities due to the loading wave propagation. In addition, a higher train velocity will lead 
to a higher maximum vertical displacement, and the maximum vertical displacement growth rate 
increases. For example, when the train velocity is between 50 m/s and 110 m/s in increments of 
20 m/s, the maximum vertical displacement increases by 14.1, 22.3 and 27.2 %. It should be noted 
that the chosen train velocity is less than the shear velocity of the subgrade body, which is the 
smallest in subgrade components. As it can be seen from Fig. 7(d), the vertical velocity of pore 
water also decays with the depth due to the pore water can flow freely through the top surface. 
The vertical velocity of pore water included by higher train velocity is larger than that of a lower 
velocity and the maximum vertical velocity of pore water growth rate increases with the increasing 
train velocity. 

 
a) Pore water pressure 

 
b) Vertical effective stress 

 
c) Vertical displacement 

 
d) Vertical velocity of pore water 

Fig. 7. Effect of train velocity on dynamic responses of subgrade surface layer 

4.3. Permeability effect 

The permeability effect on the dynamic responses at the subgrade surface layer is studied, 
using different values of subgrade surface layer permeability, namely 1×10-4, 1×10-5, and  
1×10-6 m/s, as shown in Fig. 8. The train velocity is 70 m/s and other parameters were same as 
above mentioned. The pore water pressure response against the depth is investigated in Fig. 8(a). 
It can be observed that the maximum pore water pressure increases as the permeability decreases, 
and reaches the maximum value shifting towards the region near the surface of subgrade 
correspondingly. In other words, for the coarse material, the variation of pore water pressure 
against depth is gradual after its maximum value being reached, but for the fine material, the pore 
water pressure grows up rapidly to reach its maximum value in the region near the surface and 
then relatively decreases gradually. However, the vertical effective stress against depth increases 
with the increase of permeability, as shown in Fig. 8(b). This is due to the face that the increase 
of pore water pressure will lead to a smaller vertical effective stress based on the principle of 
effective stress [28].  
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According to Fig. 8(c), it can be seen that the vertical displacement increases with depth as the 
permeability increases according to the variation of vertical effective stress in the upper region. 
However, the vertical displacement in the bottom region decreases as the permeability increases, 
because of the total stress at the interface between surface layer and bottom layer of the subgrade 
bed increases for a small permeability value, and the bottom layer of the subgrade bed undertakes 
more load. Thus, the vertical displacement of the surface layer increases due to the deformation 
of the bottom layer of the subgrade bed. It indicates at that the variation of the subgrade surface 
layer permeability has an influence on the deformation of the bottom layer of the subgrade bed. 

Fig. 8(d) shows the distributions of vertical velocity of pore water with different subgrade 
surface layer permeability. The vertical velocity of pore water increases as the permeability 
increases, and the pore water just flows at the region near the surface for the lower permeability 
(݇ = 10-6 m/s). In addition, for larger permeability (݇ = 10-4 m/s), the value of the vertical velocity 
against depth changes from positive to zero, whereas, for the permeability ݇ = 10-5 m/s, and  
10-6 m/s, it changes from positive to negative and then falls down to zero. It can be seen that the 
interface location is where the maximum pore water pressure occurs. That is, the pore water flows 
towards the upper boundary above the interface, while the pore-water flows down to the bottom 
of subgrade surface layer beneath the interface. Similar observations were reported by 
Theodorakopoulos [8]. 

 
a) Pore water pressure 

 
b) Vertical effective stress 

 
c) Vertical displacement 

 
d) Vertical velocity of pore water 

Fig. 8. Permeability effect on dynamic responses of subgrade surface layer 

4.4. Influence of drainage boundary 

In order to study the effects of the drainage boundary conditions on the dynamic responses at 
the subgrade surface layer. Fig. 9 displays the pore water pressure, vertical effective stress, vertical 
displacement, and vertical velocity of pore water with depth in terms of drained and undrained 
boundary assigned to the bottom of the subgrade surface layer. The pore water pressure on the 
drained boundary condition is significantly smaller than that of one on undrained boundary 
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condition as shown in Fig. 9(a). For drained condition, the pore water pressure decreases to zero 
gradually after reaching the maximum value. In other words, the vertical effective stress in the 
subgrade surface layer is significantly higher on the drained boundary condition (Fig. 9(b)), 
indicating at the reduction in mud pumping potential. Additionally, for different drainage 
boundaries, there is a small difference of the vertical displacement in the upper region of the 
subgrade surface layer, but the result has a large difference in the bottom region as shown in 
Fig. 9(c). It’s due to the fact that the distribution of the vertical effective stress with depth and 
total stress acting on the bottom layer of the subgrade bed, the gap of the vertical displacement 
becomes broader for the drained/ undrained condition. 

 
a) Pore water pressure 

 
b) Vertical effective stress 

 
c) Vertical displacement 

 
d) Vertical velocity of pore water 

Fig. 9. Effect of drainage boundary on dynamic responses of subgrade surface layer 

Fig. 9(d) presents the drained boundary affects the velocity of pore water evidently compared 
with the undrained boundary condition. For the drained condition, the value of the vertical velocity 
against depth changes from positive to negative, due to the fact that the pore water can flow 
through the boundary freely at the bottom of subgrade surface layer, which facilitates to dissipate 
the pore water pressure. But for the undrained condition, vertical velocity against depth changes 
from positive to zero, indicating at that the pore water is confined to flow towards the upper  
surface. Thus, the velocity of pore water for the drained condition is higher than that under the 
condition of undrained boundary nearby the bottom of the subgrade surface layer. Furthermore, 
the pore water pressure is lower, and the vertical effective stress is higher relatively for the drained 
condition (Fig. 9(a-b)). From a practical point of view, a good drainage system should be set up 
to provide the improved performance in terms of reduction in mud pumping problems on the 
subgrade surface layer. 

4.5. Effect of subgrade surface layer modulus 

The maximum pore water pressure (pwp) and vertical velocity of pore water (vpwp) changing 
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with subgrade surface layer modulus are shown in Fig. 10. In Fig. 10(a), the maximum pore water 
pressure decreases with the increases in subgrade surface layer modulus. For example, the 
maximum value of the pore water pressure can decrease by 36.6 % as surface layer modulus 
increases from 160 to 360 MPa for undrained condition. It is observed that the maximum pore 
water pressure decreases nonlinearly with the increasing subgrade surface layer modulus. That is, 
the bigger modulus produces smaller pore water pressure. This phenomenon can be explained as 
follows: the compressive strength is higher, and the deformation of soil skeleton is smaller when 
the modulus of the subgrade surface layer is larger. A similar law with variation of subgrade 
surface layer modulus can be observed in Fig. 10(b). For instance, the maximum vertical velocity 
of pore water pressure can decrease by 40.7 % as subgrade surface layer modulus increases from 
160 to 360 MPa for undrained condition. From the figures, the subgrade surface layer modulus 
exerts significant influence on hydro- dynamic response in the subgrade surface layer. Therefore, 
reasonable subgrade surface layer modulus should be controlled to alleviate potential 
mud-pumping problems. 

 
a) Maximum pore water pressure 

 
b) Maximum vertical velocity of pore water 

Fig. 10. Effect of modulus on dynamic responses of subgrade surface layer 

4.6. Effect of rail irregularity 

The rail irregularity is an important factor that can influence the magnitude of wheel-rail force, 
and the dynamic responses in the subgrade surface layer are generated mainly by the wheel-rail 
force. Fig. 11 shows the pore water pressure of the bottom of the subgrade surface layer plotted 
against the amplitude ܣ for two irregularity wavelengths, ߣ௧ = 1 m and ߣ௧ = 5 m, at vehicle speed ܸ = 50 m/s. The irregularity period is thus 0.02 s and 0.1 s, respectively. As the track irregularity 
is a sinusoidal function, the dynamic responses of the pore water pressure exhibit the sinusoidal 
form.  

 
a) Wavelength, ߣ௧ = 1 m 

 
b) Wavelength, ߣ௧ = 5 m 

Fig. 11. Effect of rail irregularity on pore water pressure of bottom of subgrade surface layer 
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It can be seen from Fig. 11(a) that the maximum amplitude of the pore water pressure increases 
significantly with the increasing amplitude of the rail irregularity. For example, the maximum 
value of the pore water pressure can increase by 25.9 % as the irregularity amplitude increases 
from 0.2 to 1 mm for wavelength ߣ௧ = 1 m. However, when the track irregularity wavelength 
increases to 5 m, as shown in Fig. 11(b), the maximum amplitude of the pore water pressure is 
smaller than that of the wavelength ߣ௧ = 1 m. For instance, the maximum value of the pore water 
pressure increases by 5.8 % as the irregularity amplitude increases from 0.2 to 1 mm for 
wavelength ߣ௧ = 5 m. 

5. Conclusions 

In this work, based on moving element method, a vehicle-slab track-subgrade model for the 
prediction of the hydro-mechanical response in subgrade surface layer is developed. The train is 
considered as a rolling stock unit with a primary and secondary suspension system. The rail and 
the concrete slab are modeled as Euler–Bernoulli beams. The ܝ − ݌  formulation is used to 
consider the interaction of the pore water and soil skeleton in the subgrade surface layer. The 
concrete base layer and other subgrade components are regarded as elastic medium. By using the 
coupling model, the effects of train velocity, subgrade surface layer permeability, drainage 
boundary, elastic modulus and rail irregularity on dynamic responses of the saturated subgrade 
surface layer are investigated. The main conclusions of this study can be summarized as follows: 

1) The results obtained using the MEM with the proposed computational procedure to account 
for the dynamic responses of the saturated poroelastic medium under the moving load and the 
vehicle-slab track-subgrade systems are found to agree well with results obtained by other 
researchers, which at least suggest that the matrices of the moving element and corresponding 
computations are correct and reasonable. Because of eliminating the need for keeping track of the 
contact point with respect to individual elements, the proposed computational procedure in 
conjunction with the MEM is computationally more efficient. 

2) The difference of the rail dynamic response for the case of saturated and elastic subgrade 
surface layer is less noticeable, when the train velocity is lower. However, the difference of the 
subgrade dynamic response is large. It is due to the variation of the stiffness and the effective 
stress in the subgrade surface layer which caused by the pore water. 

3) The train velocity significantly affects the development of the hydro-mechanical response 
in the saturated subgrade surface layer. Generally speaking, the higher velocity can lead to higher 
pore water pressure, higher pore water velocity and higher vertical displacement. In addition, the 
subgrade surface layer permeability, drainage boundary and train velocity as well as the rail 
irregularity have significant influence on the hydro-mechanical response. 

4) The pore water pressure increases as the permeability decreases, indicating at potential mud 
pumping problems on such a subgrade surface layer for fine materials. In terms of reduction in 
mud pumping problems, a good drainage system should be set up to facilitate rapid drainage and 
pore water pressure dissipation. In addition, the increase of the subgrade surface layer modulus 
can also reduce the pore water pressure and vertical velocity of pore water. Therefore, the 
reasonable subgrade surface layer modulus should be controlled to alleviate potential mud 
pumping problems. 
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