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Abstract. The paper proposes a method for constructing the surrogate models for two-phase flow 
based on a combination of finite-difference solutions and fine-grid spatial approximation. The 
method provides the approximate models for solving optimal control the operating parameters of 
field development. 
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1. Introduction and motivation 

Consider the simultaneous flow of two distinct phases: wetting and nonwetting fluids. In this 
case there are four unknown variables and consequently four equations: two differential and two 
algebraic equations [1]: 

∇ ൬ℎ(ܚ)λ௙(ܚ) ቀ∇ ௙ܲ − ቁ൰(ܚ)ܼ∇௙ߛ = ℎ(ܚ) ∂൫߮ ௙ܵ ⁄௙ܤ ൯∂ݐ − ℎ(ܚ)ܳ௙(ݐ, ௢ܲ,(ܚ − ௪ܲ = ௖ܲ,    ܵ௪ + ܵ௢ = 1, (1)

where ݂ = ሼݓ,  ሽ – subscripts for wetting and nonwetting phases; ௙ܵ – saturation, i.e. fraction of݋
the pore volume occupied by phase ݂; ௖ܲ – capillary pressure. It is assumed that there is functional 
relationship between ௙ܵ and ௖ܲ.  

The two-phase flow in porous media is nonstationary process even for incompressible flow of 
fluids in incompressible medium. The simultaneous flow of two fluids causes the phase saturations 
and relative permeabilities to change over time. Hence, even if flow rates of sources are constant, 
the reservoir pressure will change over time. To construct approximate solution, we propose a 
method based on surrogate models. The computational domain is divided into relatively large 
blocks (coarse grid) that allow us to perform quick calculation using finite-difference method. 
Spatial refinement (original fine grid) is carried out by radial basis approximation based on 
calculated parameters of the coarse-grid blocks.  

2. The computational model 

Let us denote a coarse-grid block by ܪ = 1, ஻ܰ, and a fine-grid block of the original grid by ݉ = 1, ுܯ . The parameters ܷ = ( ௙ܲ, ܵ) of the corresponding blocks are denoted as ܷ௠ , ܷு ,  ݉ = 1, ܪ ;ுܯ = 1, ஻ܰ. The subscript ݇ ∈ ሼ݅, ݆ሽ, ݅ = 1, ݊௫; ݆ = 1, ݊௬ corresponds to all blocks of 
the domain. We will omit the subscript ݂ for the water saturation ܵ, because ܵ௢ = 1 − ܵ௪. The 
initial information is numerical solution to Eq. (1) by SS method (simultaneous solution). As was 
mentioned above it is assumed that there is function ܵ = )ܨ ௖ܲ) and the corresponding inverse 
function ௖ܲ =  :ଵ(ܵ). Now Eq. (1) can be written in the following form, like in the work [1]ିܨ
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∇ ቀℎ(ܚ)ߣ௪(ܚ, ܵ)൫∇ ௪ܲ − ൯ቁ(ܚ)ܼ∇௪ߛ + ℎ(ܚ)ܳ௪(ݐ, (ܚ = ݀ଵଵ ∂( ௪ܲ)∂ݐ + ݀ଵଶ ∂( ௢ܲ)∂ݐ ,∇ ቀℎ(ܚ)ߣ௢(ܚ, ܵ)൫∇ ௢ܲ − ൯ቁ(ܚ)ܼ∇௢ߛ + ℎ(ܚ)ܳ௢(ݐ, (ܚ = ݀ଶଵ ∂( ௪ܲ)∂ݐ + ݀ଶଶ ∂( ௢ܲ)∂ݐ . (2)

The coefficients of matrix ܦ = ൬݀ଵଵ ݀ଵଶ݀ଶଵ ݀ଶଶ൰ are obtained as a result of linearization of the 

dependencies ܤ௙( ௙ܲ), ߮(ܲ), ܵ( ௖ܲ). The coefficients ߣ௙(ܚ, ܵ) = ܓ  ଴ (ܚ) ݇௙(ܵ) ⁄௙ߤ  are calculated 
from relative permeabilities ݇௙(ܵ). The empirical formulas of Chang Zhung-Tsang [2] for water 
and oil phases are used: 

݇௪(ܵ) = ቐ0,     0 ≤ ܵ ≤ 0.2,൬ܵ − 0.20.8 ൰ଷ.ହ , 0.2 < ܵ ≤ 1,
݇௢(ܵ) = ቐ൬0.85 − ܵ0.85 ൰ଶ.଼ (1 + 2.4ܵ), 0 ≤ ܵ ≤ 0.85,0,     0.85 < ܵ ≤ 1.  

The spatial approximation is constructed by using radial functions for steady-state flow of 
fluids [3, 4]: 

௙௞௟ܩ = ߨ12 ۔ۖەۖ
−ۓ lnඥΔݔΔߣݕ௙௟(ܚ௟, ܵ) , ݈ = ݇,ln ௠ܚ|1 − |௟ߩ ,௞ܚ)௙௞ߣ1 ܵ) ,      ݈ ≠ ௟௞ߜ ,݇ = ൜1,     ݈ = ݇,0,     ݈ ≠ ݇. 

To construct radial basis network approximation and to find coefficients ߙ௟, ߚ௟, ݈ = 1,  the ܮ
following steady-state equation is solved: ∇ ቀℎ(ܚ)ߣ௦(ܚ, ܵ)൫∇ ௦ܲ − ൯ቁ(ܚ)ܼ∇௦ߛ + ℎ(ܚ)(ܳ௪(ݐ, (ܚ + ܳ௢(ݐ, ((ܚ = 0,
whereߣ௦ = ௪ߣ + ௦ߛ ,௢ߣ = ௪ߛ௪ߣ + ௢ߛ௢ߣ ௪ߣ + ⁄௢ߣ  when ܵ = 0.5.  

Fig. 1 demonstrates the example of calculation of steady-state pressure field ௦ܲ. 
For each fine-grid blocks contained in the coarse-grid block spatial refinement is achieved 

through the following approximation: 

൫ ௙ܲ௔൯௠ = ෍ൣߙ௙௟ߜ௟௟ܩ௟௟ + ௙௟(1ߚ − ௠ܚ|)௙௟௠ܩ(௟௠ߜ − ௟|)൧௅೑ߩ
௟ୀଵ ݕΔݔ௙௟Δݍ

     + ෍ ෍ ௙௟(1ߚ − ௠ܚ௙௟௠൫หܩ(௟௠ߜ − ௟௜ห൯௅ߩ
௟ୀଵ ସݕΔݔ௙௟Δݍ

௜ୀଵ ,
but this refinement doesn’t involve time and water saturation changes. To account for 
nonstationary effects Eq. (2) and (1) are solved on coarse grid with blocks ܪ to find ௙ܲு(ݐ௡ାଵ), ܵு(ݐ௡ାଵ) on each time step. To preserve material, balance the following condition should be 
satisfied: 
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൬ܵ ௪ܤ߮ ΔݔΔݕℎ൰ு = ෍ ൬ܵ ௪ܤ߮ ΔݔΔݕℎ൰௠ெಹ
௠ୀଵ . (3)

Let us discretize Eq. (2) for fine grid: 

ቂ∇ ቀℎ(ܚ)ߣ௪(ܚ, ܵ)൫∇ ௪ܲ − ൯ቁ(ܚ)ܼ∇௪ߛ + ℎ(ܚ)ܳ௪(ݐ, ቃ௠௡ାଵ(ܚ = ൤݀ଵଵ Δ ௪ܲΔݐ + ݀ଵଶ Δ ௢ܲΔݐ ൨௠, (4)

and for coarse grid: 

ቂ∇ ቀℎ(ܚ)ߣ௪(ܚ, ܵ)൫∇ ௪ܲ − ൯ቁ(ܚ)ܼ∇௪ߛ + ℎ(ܚ)ܳ௪(ݐ, ቃு௡ାଵ(ܚ = ൤݀ଵଵ Δ ௪ܲΔݐ + ݀ଵଶ Δ ௢ܲΔݐ ൨ு, (5)

where we denote Δ ௙ܲ = ௙ܲ௡ାଵ − ௙ܲ௡, Δ ቀܵ ఝ஻ೢቁ = ቀܵ ఝ஻ೢቁ௡ାଵ − ቀܵ ఝ஻ೢቁ௡
. 

 
Fig. 1. Distribution of the steady-state pressure field ௦ܲ 

By summing Eq. (4) for each coarse-grid block and according to Eq. (3) we obtain equations 
to solve for conversion factors that connect pressure for coarse-grid block and pressure for fine-
grid blocks at the given time step: ߱௪Δ ௪ܲு ෍(݀ଵଵΔݔΔݕℎ)௠

௠ + ߱௢Δ ௢ܲு ෍(݀ଵଶΔݔΔݕℎ)௠
௠ = (݀ଵଵΔݔΔݕℎ)ுΔ ௪ܲு      +(݀ଵଶΔݔΔݕℎ)ுΔ ௢ܲு߱௪Δ ௪ܲு ෍(݀ଶଵΔݔΔݕℎ)௠

௠ + ߱௢Δ ௢ܲு ෍(݀ଶଶΔݔΔݕℎ)௠
௠       = (݀ଶଵΔݔΔݕℎ)ுΔ ௪ܲு + (݀ଶଶΔݔΔݕℎ)ுΔ ௢ܲு,

where ߱௙ = Δ ௙ܲ௠ Δ ௙ܲு⁄ . 
The solution to this system of equations is: 

߱௪ = ቤΔ ௢ܲு ∑ (݀ଵଶΔݔΔݕℎ)௠ ௠ (݀ଵଵΔݔΔݕℎ)ுΔ ௪ܲு + (݀ଵଶΔݔΔݕℎ)ுΔ ௢ܲுΔ ௢ܲு ∑ (݀ଶଶΔݔΔݕℎ)௠ ௠ (݀ଶଵΔݔΔݕℎ)ுΔ ௪ܲு + (݀ଶଶΔݔΔݕℎ)ுΔ ௢ܲுቤ
ቤΔ ௪ܲு ∑ (݀ଵଵΔݔΔݕℎ)௠ ௠ Δ ௢ܲு ∑ (݀ଵଶΔݔΔݕℎ)௠ ௠Δ ௪ܲு ∑ (݀ଶଵΔݔΔݕℎ)௠ ௠ Δ ௢ܲு ∑ (݀ଶଶΔݔΔݕℎ)௠ ௠ቤ ,
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߱௢ = ቤΔ ௪ܲு ∑ (݀ଵଵΔݔΔݕℎ)௠ ௠ (݀ଵଵΔݔΔݕℎ)ுΔ ௪ܲு + (݀ଵଶΔݔΔݕℎ)ுΔ ௢ܲுΔ ௪ܲு ∑ (݀ଶଵΔݔΔݕℎ)௠ ௠ (݀ଶଵΔݔΔݕℎ)ுΔ ௪ܲு + (݀ଶଶΔݔΔݕℎ)ுΔ ௢ܲுቤ
ቤΔ ௪ܲு ∑ (݀ଵଵΔݔΔݕℎ)௠ ௠ Δ ௢ܲு ∑ (݀ଵଶΔݔΔݕℎ)௠ ௠Δ ௪ܲு ∑ (݀ଶଵΔݔΔݕℎ)௠ ௠ Δ ௢ܲு ∑ (݀ଶଶΔݔΔݕℎ)௠ ௠ቤ .

After calculation of the conversion factors for each coarse-grid block, pressure values are 
updated for the next time steps according to: Δ൫ ௙ܲ௔൯௠ = ൫ ௙ܲ௔൯௠(ݐ௡ାଵ) − ൫ ௙ܲ௔൯௠(ݐ௡) = ߱௙Δ൫ ௙ܲ൯ு = ߱௙ ቂ൫ ௙ܲ൯ு(ݐ௡ାଵ) − ൫ ௙ܲ൯ு(ݐ௡)ቃ, ൫ ௙ܲ௔൯௠(ݐ௡ାଵ) = ൫ ௙ܲ௔൯௠(ݐ௡) + ߱௙ ቂ൫ ௙ܲ൯ு(ݐ௡ାଵ) − ൫ ௙ܲ൯ு(ݐ௡)ቃ.

Water saturation is calculated from approximate pressure values: Δ ൬ܵ ௪൰௠ܤ߮ = (݀ଵଵΔ ௪ܲ௔ + ݀ଵଶΔ ௢ܲ௔)௠,
(ܵ)௠(ݐ௡ାଵ) = ቀܵ ௪ቁ௠ܤ߮ (௡ݐ) + (݀ଵଵΔ ௪ܲ௔ + ݀ଵଶΔ ௢ܲ௔)௠ቀ߮ܤ௪ቁ௠ (௡ାଵݐ) .
3. Results and discussions 

The approximation results are presented with the following example. The domain contains five 
producers and eight injectors. The injectors are located around the group of the producers. 

As it was mentioned, steady-state pressure field ௦ܲ is used for training radial basis network and 
is depicted in Fig. 1. Distribution of the water saturation at time step ̅ݐ = 1 is presented in Fig. 2.  

This distribution was obtained by finite-difference method on grid with 256×256 blocks. One 
can see significant waterflooding of the reservoir compared with initial operating period. The 
distribution of the approximate water saturation at ̅ݐ = 1 is presented in Fig. 3. 

 
Fig. 2. Distribution of the numerical  
water saturation at time step ̅ݐ = 1 

 
Fig. 3. Distribution of the approximate  

water saturation at time step ̅ݐ = 1 

Comparing Fig. 2 and Fig. 3, we see that approximation of the water saturation successfully 
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recognizes spatial features. This is also illustrated in Fig. 4 that shows water saturation changes in 
midsection of the domain. 

The curve 1 corresponds to numerical values obtained by finite-difference method. The curve 
2 is approximate values. The curve 3 is obtained by finite-difference method on coarse grid with 
16×16 blocks. 

 
Fig. 4. Comparison of the water saturation in midsection of the computational domain 

4. Conclusions 

Suggested method for building the surrogate models of the two-phase flow is based on 
combination of the finite-difference solution and spatial radial basis approximation. The method 
allows the use of the approximate models for optimal control the good operation conditions. 
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