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Abstract. Solar array drive assembly is an important part of the spacecraft. It is used to rotate the 
solar panels. The gear assembly in solar array drive assembly plays a key role in transferring 
power safely. Nonlinear behavior of gear assembly, like the chaotic motion, can highly affect the 
stability and operating life of solar array drive assembly. Clearances in gear assembly which were 
neglected for simplification in past years have increased the risk of failure and become a problem 
in accurate control. To investigate the clearances effect on nonlinear behavior, this paper 
establishes a new dynamic model of the gear assembly with bilateral clearances. The main 
difference comparing to general spur gears is its unique hysteresis stiffness may also influence the 
clearance effects. Transformation of the hysteresis loop is observed from theoretical equations 
using different parameters. Bifurcations and chaotic analysis of the system are carried out by 
numerical simulations in this study. The results show that the variation of clearances may induce 
the chaotic behavior into gear transmission even when the primary response is stable. When the 
system step into the chaotic region, it has a high risk of unstable vibration and fuzzy output. The 
influence of excitation frequency on the chaotic motion of the system is also provided. Chaos 
thresholds are calculated to avoid nonlinear behavior of the system in design and control. This 
study makes it possible to predict the unstable clearance interval in this system and avoid the 
system stepping into chaotic motion. Analyzing and predicting the chaotic behaviors can 
contribute to the further studies on design and control of the solar array drive assembly. 
Keywords: clearance, hysteresis, SADA, chaos. 

1. Introduction 

Chaotic behavior of dynamical systems is one of the challenges in the satellites area. Chaotic 
motions can increase the difficulty of attitude control and influence the output accuracy of the 
satellites. Moreover, chaotic motions are highly sensitive to initial conditions. Researches on 
chaos prediction of the mechanism are very important to satellite’s design and control.  

Solar array drive assembly (SADA) is a mechanism designed to actuate solar panels in a 
satellite. It consists of a motor, a gear assembly and a power transfer assembly. The gear assembly 
is a key transmission mechanism connecting the main body and output part of the satellite. When 
the nonlinear motion of the gear assembly occurs, it highly affects the stability of the satellite.  

In past years, the failure of the gear transmission in SADA can mainly be divided into two 
types reviewed by Zhou [1]. One is the stress-strain failure due to the flexible deformation of the 
gear. The other is the lubricant failure which expends the clearance effects on gear. Rodger [2] 
pointed out that no signs of deterioration could be detected by tests, but a significant amount of 
wear had occurred in the gear assembly for the X-ray Timing Explorer spacecraft. Johnson [3] 
investigated the testing failure of gear assembly for the Mars Reconnaissance Orbiter spacecraft. 
Researches on the stress-strain analysis of the gear assembly on SADA have been developed for 
years. Rheaume [4, 5] developed a new three-dimensional FEM of an actual gear to reproduce the 
behavior. Folega [6] studied an FEM model of the gear with composite material to calculate the 
result. Dobre [7] described an FEA model with metallic membranes. However, there are few 
previous researches on the clearance effects of the gear assembly on SADA. The influence of the 
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clearance on the gear assembly was neglected in the past design, because it is very difficult to 
describe it mathematically. The difference between the gear assembly in SADA and the ordinary 
spur gear in the transmission device is that the gear assembly in SADA has a nonlinear hysteresis 
stiffness due to the complex transmission principle using its flexible deformation. The gear 
assembly in SADA needs to consider the effects of clearance and hysteresis that impact each other. 
Therefore, previous papers ignored the clearance effects for simplification.  

Due to the recent development of satellites, influences of clearance are needed to be considered 
for higher accuracy. There are several researchers who began to pay attention to the importance 
of the clearance on the gear assembly in SADA. Legnani [8] studied the effects of elasticity and 
backlash of the harmonic gears and considered the backlash partially included in the whole 
positional error and guessed the error to be an approximate periodical function of the input angle. 
Dhaouadi [9] established a mathematical model and identified its parameters using Genetic 
Algorithm. Lu [10] studied the tooth profile of harmonic gears. The paper found that the meshing 
clearance became larger with the increasing modification coefficient. Ostapski [11] gave an 
analysis of stress state and verified the clearance in the cam-bearing-flex spline of the harmonic 
gear assebmly. Researches on chaotic analysis of ordinary gears system for various applications 
have been developed for many years. Wang [12] analyzed the bifurcation and chaos of the gear 
train by investigating the maximum Lyapunov exponents and Poincare section. Li [13] evaluated 
the bifurcation and chaos in spur gears system. Sheng [14] provided an understanding of strong 
nonlinearity in a gear-bearing system, including nonlinear oil-film force and nonlinear gear mesh 
force. Guo [15] considered uncertainties of a gearbox in wind turbines to evaluate the nonlinear 
dynamic behavior.  

This study is aimed at analyzing the chaotic behavior of a gear assembly in SADA considering 
bilateral clearances. The difference between the gear assembly and general spur gear is the 
nonlinear hysteresis stiffness which may also influence the clearance effects. This study attempted 
to set up an analytical model to investigate the nonlinear chaotic behavior of gear assembly for 
design. The objectives of this study are a) propose a new dynamic model of the gear assembly 
with bilateral clearances; b) analyze the effects of clearances on the bifurcation and chaotic 
behavior under low frequency condition for space environment. 

2. Modeling 

In order to investigate the dynamic behavior of the gear assembly in SADA, a new 
single-degree-of freedom model is proposed in Fig. 1, in which bilateral clearances are taken into 
consideration. Due to distinct hysteresis stiffness of gear assembly, a nonlinear spring is used to 
characterize the hysteresis effect. Hysteresis is the time-based dependence of a system’s output on 
present and past inputs. The gear assembly has a hysteresis stiffness which means the relation 
between displacement and external force is not linear. For this reason, we use a variable ݖ to 
express the displacement of the nonlinear spring in Fig. 1. A combination of linear spring and 
hysteretic spring is built to describe the system’s stiffness. All supports are visualized as solid 
boundaries. The system motion is supposed along the direction of the displacement.  

 
Fig. 1. Model with bilateral clearances 
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The equation of motion for the system is: ݉ݑሷ + ሶݑܿ + ,ݑሺ݌ ሻݖ = ሻ, (1)ݐሺܨ

where ݑ  is the displacement of the system. ݉  and ܿ  are mass and damping coefficients, 
respectively. ܨሺݐሻ  is the external force of periodical excitation. ݌ሺݑ, ሻݖ  is the combination 
stiffness.  

There are some mathematical models to characterize hysteresis. Hassani [16] reviewed some 
widely used mathematical models, such as Preisach, Krasnosel’skii-Pokrovskii (KP), 
Prandtl-Ishlinskii (PI), Maxwell-Slip, Bouc-Wen and Duhem. The paper surveyed the  
expressions, identifications and applications of them. But the study didn’t compare the advantages 
and disadvantages of these models. According to their applications, these models can mainly be 
classified into two types. One type is that the model was established from mathematics and used 
for design. The other type is that the model was established by the control method and used for 
control. Bouc-Wen model is an analytical hysteresis model, which is widely used in structure 
application due to its advantage of comprehensible and concise mathematical description. The 
disadvantage of the Bouc-Wen model is that it is a complicate mathematical model, consequently 
limits its application for the control field. 

Ismail [17] proposed a review of the past, recent developments and implementations of the 
Bouc-Wen model. Various developments of the Bouc-Wen model are proposed by researchers to 
model the hysteresis phenomenon in different complex nonlinear structures. Therefore, Bouc-Wen 
model is chosen to express the hysteresis stiffness of the gear assembly in SADA. In order to 
investigate the nonlinear effects caused by clearances, we consider the original simple classic 
Bouc-Wen model to be combined. Based on the classic Bouc-Wen model, the comprehensive 
stiffness consisting of a linear spring and a hysteretic spring is: ݌ሺݑ, ሻݖ = ݖଶ߱ߙ + ሺ1 − (2) .ݑሻ߱ଶߙ

Considering the Bouc-Wen model’s stiffness equation with clearances, ݌ሺݑ,  :ሻ is described asݖ

,ݑሺ݌ ሻݖ = ሾ݇ߙሺ|ݑ| − ሻߝ + ሺ1 − |ݖ|ሻ݇ሺߙ − ሻሿߝ sgnሺݑ − ሻߝ + sgnሺݑ + ሻ2ߝ , (3)

where ߙ is the weighting parameter in the combination. The system will be more nonlinear when 
the weight becomes lower. ݇  is a constant stiffness coefficient.ߝ  is a constant and positive 
parameter describing the clearance. sgnሺݔሻ  is the sign function used to synthesize the 
discontinuous contact. 

The derivative of hysteresis displacement ݖ is: 

ሶݖ = ൜ݑܣሶ − ሶݑ|ߚ ݖ|| − ݖ௡ିଵሺ|ߝ − ሻߝ − ሶݑߛ ݖ| − ݖ     ,௡|ߝ > ሶݑܣ,0 − ሶݑ|ߚ ݖ|| + ݖ௡ିଵሺ|ߝ + ሻߝ − ሶݑߛ ݖ| + ݖ     ,௡|ߝ < 0, (4)

when the gears come into contact, the hysteresis displacement is illustrated by ݖ. In Eq. (4), there 
are five parameters describing the hysteresis loop: ܣ ߛ , ߚ , , ݊  and ߝ  ܣ ߛ , ߚ ,  and ݊  are the 
hysteresis loop parameters to control the scale and shape of the hysteresis loop. Ismail [17] gives 
out the relationship between the parameters in the Bouc-Wen model. It shows the model fulfills 
the second principle of thermodynamics if and only if the following conditions hold:  ߛ + ߚ ≥ ߛ      ,0 − ߚ ≤ ߚ      ,0 > ܣ     ,0 > 0. (5)

The hysteresis displacement ݖ can be integrated by the differential equations with respect to ݑ. 
The results are in Eqs. (6-9): 
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ሻݑଵሺݖ = ଵ݁ିሺఊାఉሻ௨ܥ + ߛܣ + ߚ + ,ߝ ߛ + ߚ ≠ ሻݑଶሺݖ(6) ,0 = ଶ݁ିሺఊିఉሻ௨ܥ + ߛܣ − ߚ + ,ߝ ߛ − ߚ ≠ ሻݑଷሺݖ(7) ,0 = ଷ݁ିሺఉିఊሻ௨ܥ + ߚܣ − ߛ − ,ߝ ߚ − ߛ ≠ ሻݑସሺݖ(8) ,0 = ସ݁ሺఉାఊሻ௨ܥ − ߚܣ + ߛ − ,ߝ ߚ + ߛ ≠ 0. (9)

 
Fig. 2. Curves of hysteresis loops 

 
a) Hysteresis loops with different ܣ 

 
b) Hysteresis loops with different ܾ and ݎ 

Fig. 3. Hysteresis loops with different loop parameters 

Hysteresis loops calculated by hysteresis displacement ݖ are illustrated in Fig. 2. Label U1 
means the displacement of system ݑ. Label Z means the non-observable hysteretic parameter 
(usually called the hysteresis displacement) ݖ. Hysteresis loop parameters ߛ ,ߚ ,ܣ, ݊ are difficult 
to generate an explicit solution to the shape of loops. Here we observed some of them to see the 
transformation of loops under their variation. When the value of A becomes larger, curvature 
increases and the loop becomes long and narrow. The energy loss tends to expand more. ߚ and ߛ 
are in complicated relation to the curvature of the loop. Fig. 3 shows the parameter variation effect 
by drawing the solutions of Eqs. (6-9) to visualize the above conclusion. 

3. Numerical results of bifurcation and chaos 

In this section, we give the numerical simulation to observe the influence of clearances and 
low frequency on chaotic behavior of the system. Numerical solution is obtained by using 
Runge-Kutta algorithm in MATLAB. The initial values of system parameters are as follows:  ܯ = 1,    ݇ = 1,    ܿ = ߙ    ,0.05 = ܣ   ,0.5 = 1,      ݊ = ߚ    ,1 = ߛ    ,0.7 = −0.3,    ݂ܽ = 0.004.    
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3.1. Dimensionless excitation frequency 

Bifurcation diagram of the system is shown in Fig. 4. Label U1 means the displacement of 
system ݑ. Label ߱ means the excitation frequency. The bifurcation parameter is the excitation 
frequency of the system. It can be observed that the system experiences the variation from 
periodical motion to chaos under different values of the excitation frequency. Poincare maps and 
phase diagrams with different frequencies are shown in Fig. 5. The left graphs in each sub-plots 
of Fig. 5 are Poincare maps. The right graphs are phase diagrams. Label U2 means the derivative 
of displacement ݑ.  

 
Fig. 4. Bifurcation diagram with different frequency 

Phase diagram is a diagram that indicates the system motion in state space. Poincare map can 
be interpreted as a discrete dynamical system in math. It is the intersection of a periodic orbit in 
the state space. Here we plot phase diagram and Poincare map to assist the observation on the 
periodic system motion under a certain value of excitation frequency. When the system motion is 
periodic, there is one continuous curve in the phase diagram and one point in the Poincare map. 
That means the system motion is in the same orbit in every circle of reciprocating movement and 
multiple-cycle movements present to be one overlapping curve in the phase diagram and one 
overlapping point in the Poincare map. When the system motion is non-periodic, there are many 
nonoverlapping curves in the phase diagram and some discrete points in the Poincare diagram. 

In Fig. 4, when ߱ > 0.35, the system exhibits 1T-periodic motion in the bifurcation diagram. 
We observe the Poincare map and phase diagram of ߱ = 0.45 in Fig. 5(a). The phase curve is an 
overlapping loop which is non-circular due to the hysteresis property of the solar array gear. The 
Poincare map is one point to show the motion is periodic under the frequency. However, with the 
decrease of the excitation frequency, the system becomes unstable and has many chaotic regions. 
There are some slim chaotic regions and broad chaotic regions. When ߱ = 0.27, the system steps 
into chaos. With the decrease of the frequency, it returns to periodic motion. When  
0.23 > ߱ > 0.18, the system steps into chaos again. To observe some threshold values, we plot 
Poincare maps and phase diagrams under different frequencies in Fig. 5(b-e). When ߱ = 0.27, the 
system motion is chaotic appearing as nonoverlapping curves and some discrete points in the 
figure. When ߱ = 0.24, the system returns to periodic motion again with a different continuous 
phase loop comparing to ߱ = 0.45. When ߱ = 0.1 and 0.05, the motion turns into chaos. The 
system exhibits chaotic behavior when the frequency is very small. This chaotic behavior is also 
due to the effects of hysteresis in solar array gears. When the frequency is quite small, the system 
may generate complex oscillations in a circle time of excitation because of the effects of clearances 
and hysteresis stiffness. In general, the gear assembly in solar array drives works under various 
excitation frequencies. But most of the working condition is right on low speed. The working 
condition needs to switch to high frequency only in a short amount of time. Therefore, we better 
avoid disordered motion at low excitation frequency. 

The results indicate that the response of the system is periodic under high excitation frequency, 
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however, it tends to result in chaotic behavior under lower excitation. This validates with the 
clearance and hysteresis effects the gear assembly can exhibit possible chaotic behavior in the low 
frequency condition in the space environment. In the control of the system, we better not approach 
to these chaotic regions. The following part will present the potential clearance effects on the 
system behavior even when the frequency is in stable regions. 

  

 
a) ߱ = 0.45 

 
b) ߱ = 0.27 

 
c) ߱ = 0.24 

   

 
d) ߱ = 0.1 

 
e) ߱ = 0.05 

 
f) ߱ = 0.001 

Fig. 5. Poincare maps and phase diagrams with different frequencies 

3.2. Positioning dimensionless clearances 

Bifurcation diagram of the system is shown in Fig. 6. Label ݁  means the clearance. The 
bifurcation parameter is the clearance. Here we increase the clearance from 0.001 to 0.03 and set 
a constant excitation frequency ߱ = 0.4 which is in the stable region according to the results in 
Fig. 4. Therefore, clearance is changed to observe the influence of clearance on the system motion. 

When the clearance is lower than 0.004, the system motion is stable and periodical in Fig. 6. 
Fig. 7(a) shows the overlapping curve in the phase diagram and one point in the Poincare map 
when ݁ = 0.003 that system is in periodic motion. In that situation, we can ignore the clearance 
effect in system analysis as most previous researches do.  
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Fig. 6. Bifurcation diagram with different clearances 

   

 
a) ݁ = 0.003 

 
b) ݁ = 0.007 

 
c) ݁ = 0.012 

  

 
d) ݁ = 0.015 

 
e) ݁ = 0.025 

Fig. 7. Poincare maps and phase diagrams with different clearances 

However, when clearance enlarges, chaotic motion appears. The region in [0.004, 0.007] is 
disordered and unstable. Fig. 7(b) shows that the Poincare map has some separate points when ݁ = 0.007. The region in [0.008, 0.012] has period-doubling motion and discontinuity due to the 
complex combing effects of clearances and hysteresis. From Fig. 7(c) we can see that the motion 
is periodic in the Poincare map, while the curves in the phase diagram become very different from 
continuous curves comparing to Fig. 7(a). When the clearance becomes larger and larger, the 
system transmits to a situation of alternate chaotic region and periodic region. Fig. 7(d) shows 
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under the threshold value ݁ = 0.015, Poincare map has many separate points and the motion is 
non-periodic. When ݁ is greater than 0.018, the system motion becomes stable and periodical 
which is impracticable in applications as we don’t need large clearance. Fig. 7(e) also 
demonstrates the motion is periodic when ݁ = 0.025. 

Taking above bifurcation diagrams, phase curves and Poincare maps into consideration, the 
response of the system tends to be chaotic motion even when the excitation frequency is in stable 
regions. When the clearance varies across the intersection of stable and unstable, the chaotic 
motion occurs. The system responses to the high risk of vibration and fuzzy output. The chaos 
possibility in gear assembly with clearances for low frequency space application is provided in 
the above results. 

4. Conclusions 

A new model of the gear assembly with bilateral clearances is established in this study. The 
numerical bifurcation analysis is presented. Under the bifurcation parameter of clearance and 
frequency, the response of the system varies from periodic to chaotic motion. When the frequency 
is large, the system is stable. However, in the low frequency satellite application, the system tends 
to get into disordering chaotic motion under the specific frequency intervals. Moreover, when the 
system is working under the safe frequency, clearance still play a key role in inducing possible 
chaotic motions. When clearances expand, and go across the threshold into chaos region, the 
system is switched into an unstable condition which may lead to possible vibrations. In the space 
environment, vibrations can result in harmful destruction due to the vacuum condition. Therefore, 
analysis on clearance effects of solar array gear in the design stage and monitor of clearance 
variation in control stage are both needed to avoid stepping into chaos region. The study results 
can contribute to further researches on design and control of the gear transmission in satellites 
application. 
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