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Abstract. In this study, the dynamic behaviors of gear system are systematically analyzed with 
coupled lateral-torsional vibration caused by the gear meshing. A 4-degree-of-freedom (DOF) 
lumped parameter dynamic model for a spur gear, considering gravity, backlash, eccentricity, 
transmission errors, external excitation, is proposed. Parametric studies are performed to 
understand the influence of key parameters such as rotational speed ߱ , backlash ܾ  and error 
fluctuation ݁௥ on the nonlinear dynamic behavior. The frequency response characteristics of spur 
gear system show that lateral resonance frequency and torsional resonance frequency 
simultaneously exhibit in lateral direction. In addition, other nonlinear phenomena including 
various forms of periodic, quasi-periodic and chaotic vibrations are analyzed. The results show 
that the nonlinear dynamical behaviors such jump discontinuous phenomena, single-sided impact 
and double-sided impact are strongly attributed to interaction between backlash, eccentricity and 
error fluctuant amplitude. Significantly, the appropriate rotational speed and decrease error 
fluctuant amplitude could effectively control the nonlinear vibration. Whereas the backlash has a 
complicated effect on the nonlinear dynamical characteristics. The results presented in this paper 
show that an analysis of the coupled lateral-torsional vibration (CLTV) of the spur transmission 
gear system. Some research results presented in this paper are useful to dynamic design and 
vibration control of spur gear transmission system. 
Keywords: gear system, nonlinear dynamics, backlash, eccentricity, CLTV. 

1. Introduction 

Gear drive systems are one of the most key machine components and are widely used in 
various applications such as wind turbine, automobile, aircraft, marine vehicle and other industries. 
Due to the harsh working environment, the loads become more complicated, and also put forward 
higher requirement on the gear transmission properties. The dynamic behaviors caused by 
backlash, time-varying stiffness, nonlinear support, random load and etc. have become a main 
topic of rotating machinery and power transmission system.  

In recent decades, many researchers have made a lot of analysis and experiments. Ozguven 
[1, 2] reviewed the mathematical modelling of the dynamic analysis of gears, which were 
discussed and a general classification of these models was made. Considering the time-varying 
mesh stiffness and friction between tooth pairs, Zhang [3] investigated the spur gear system by 
means of the harmonic balance method. Kahraman [4-5] developed a 3-DOF geared rotor-bearing 
system including nonlinearities associated with radial clearances in the radial rolling element 
bearing and backlash. And a criterion used to classify the steady state solutions, and the conditions 
for chaotic, quasi-periodic and subharmonic steady solutions were determined. Raghothama [6] 
investigated the periodic motion of a non-linear geared rotor-bearing system by the incremental 
harmonic balance (IHB) method, and the chaotic motion was investigated by numerical integration. 
Kubur [7] proposed a dynamic model of a multi-shaft helical gear reduction unit formed by N 
flexible shafts, and the results of experimental study on a helical gear-shaft-bearing system were 
also presented for validation of the model. Chen [8] established a 3-DOF dynamic model coupled 
transverse-torsional motion of a geared rotor-bearing system considering time varying mesh 
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stiffness/damping and bearing stiffness/damping. The effects of contact ratio, bearing stiffness, 
mesh damping and bearing damping on the dynamic transmission error and vibration stability 
were investigated. Al-shyyab [9-10] used a non-linear time-varying dynamic model to investigate 
sub-harmonic and chaotic motions exhibited by a typical multi-mesh gear train. Effects of several 
system parameters on sub-harmonic motions were described. Kim [11] analyzed the dynamic 
responses of a pair of spur gears with time-varying pressure angle and the contact ratio. Some 
dynamic response differences between the new and previous models were demonstrated. Omar 
[12] presented a 9-DOF model of one stage gear system, which includes varying meshing stiffness 
and a realistic representation of the gear transmission error (TE) and gear faults. Experimental and 
simulated data were compared for different operating speeds, torque loads, and gear cracks. Chen 
[13-14] investigated the effects of the friction and dynamic backlash on the multi-degree of 
freedom nonlinear dynamic gear transmission system. The results showed that the friction force 
could enlarge the displacement magnitude and affected the high frequency parts significantly in 
frequency domain at low speed. Walha [15] investigated the nonlinear dynamic behavior of an 
automotive clutch coupled with a helical two stage gear system. The effect of this defect on the 
nonlinear dynamic behavior of the system was investigated. Yang [16] formulated a nonlinear 
time-varying dynamic model for right-angle gear pair system considering both backlash and 
asymmetric mesh effects. A set of parametric studies were performed to determine quantitatively 
the effects of the variation and asymmetry in mesh stiffness and directional rotation radius on the 
gear dynamic responses. Osman [17] studied the possible interactions between contact fatigue and 
dynamic tooth loads on gears. The numerical findings compared well with the experimental 
evidence from a back-to-back test rig, the introduction of profile relief was discussed and its 
positive influence on the risk of failures at engagement was emphasized. Chen [18] analyzed the 
spur gear rattle response under the idling condition incorporating the effects of a time-varying and 
asymmetric mesh stiffness and a backlash nonlinearity, which indicated the idling gear dynamics 
were relatively insensitive to tooth surface friction. Zhang [19] presented a dynamic model of a 
multi-shaft helical geared rotor system, the transmission error and gear geometric eccentricity 
were simulated as excitations. Zhou [20-21] studied an eight-degree-of-freedom nonlinear spur 
gear-rotor-bearing model with the nonlinear characteristics of gear systems under combined 
internal and external excitations. And the key parameters were investigated. Han [22] studied the 
dynamic behaviors of a geared rotor system under time-periodic base motions, the effects of 
various base angular motions on both frequency response and response spectra were discussed in 
detail. Li [23-24] investigated the nonlinear dynamic characteristics of a gear pair system with 
dynamic backlash subjected to internal and external periodic excitations. The IHBM was applied 
to analyze the frequency response characteristics as well as the effects of dynamic backlash, time-
varying stiffness, excitation force amplitude and damping ratio on the dynamic characteristics of 
the gear pair system. Wang [25] studied the vibration characteristics of a gear rotor system with 
the pitch deviation, the results showed that the gear mesh stiffness of double teeth meshing area 
decreases and no load transmission error increased considering the pitch deviation. Ma [26] 
developed a mesh stiffness model for profile shifted gears with addendum modifications and tooth 
profile modifications (TPMs). The system vibration responses under different TPM curves were 
analyzed and the optimum modification curve was further evaluated by amplitude frequency 
responses. In order to examine the influence of the tooth contact temperature in the meshing 
surface on the dynamics in the gear system, Gou [27] calculated the flash temperature in tooth 
surface of a single-stage spur gear system, which indicated the tooth contact temperature had an 
obvious effect on the dynamics of the gear system. Gao [28-29] studied the nonlinear vibration 
characteristics of geared rotor bearing system and the interactions among gears, shafts, and plain 
journal bearings, the dynamic interactions were demonstrated through the analysis of dynamic 
gear loads and dynamic bearing loads, and the coupling effect behaved different when rolling 
frequency changed. Hu [30-31] proposed a multi-degree-of-freedom (MDOF) lumped parameter 
dynamic model considering the coupled translation-rotation vibration and the coupled multi-body 
dynamics of the face geared rotor system were studied by using the Runge-Kutta numerical 
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method and the effects of mean load and backlash on the dynamic responses were explored. 
From the foregoing references above, although existing nonlinear mathematical models used 

to describe the dynamic behavior of the spur gear are somewhat similar to each other, they differ 
in terms of the influence of the factors. Backlash, eccentricity, gravity, static transmission errors 
and external excitation are essential ones that have important influence factors of spur gear 
dynamic characteristics. Because they have strong nonlinear characters. Besides, gravity is a plays 
an important role in the system dynamic response compared to excitations from tooth meshing 
alone. From the above mentioned references, the main difference than previous references in this 
paper is that the coupled lateral-torsional motions and shaft and bearing vibrations are considered. 
However, little work has been done to simultaneously characterize the nonlinear effects of gravity, 
backlash, eccentricity, external excitation and internal excitation. In this research, the proposed 
4-DOF lateral-torsional generalized lumped parameter model is capable of predicting more 
convenient and refined dynamic responses. Besides, due to the harsh working environment, the 
fluctuation characteristic of input/output torque should be considered in this model. The vibration 
responses of the gear system and stability analysis are investigated in various cases. Moreover, a 
comprehensive physical parametric study is accomplished to evaluate the effect of various 
dynamic parameters such as backlash, eccentricity, external/internal excitation amplitude. 

This paper consists four sections. After the introduction, the mathematical model of a spur gear 
is established, where the gravity, external excitation, static transmission error, backlash and 
eccentricity are included in Section 2. And the vibration differential equations are derived. In 
Section 3, the influence of the parameters on the character and level of vibrations are studied. The 
theoretical predictions are verified with direct numerical simulations by construction of the 
bifurcation diagrams, 3-D frequency spectrums and tooth impact. Finally, some conclusions are 
drawn in Section 4. 

2. Coupled lateral-torsional vibration model of the spur gear system 

2.1. Lumped-parameter model for the spur gear 

For the purpose of illustration, the simplified 4-DOF lumped parameter model taking into 
account the coupled lateral-torsional vibration is established in Fig. 1. This line of action is defined 
as the common tangent line of the base circles in the gears having involute tooth form. All other 
supports/bearings are also modeled as springs. In addition, friction forces due to gear teeth contact 
and other dissipative effects are captured using damping. The gear is represented by base circles 
with radius ݎ௕ଵ  and ݎ௕ଶ , respectively. ݉ଵ  and ݉ଶ  indicate the masses of the gears. ܬଵ  and ܬଶ 
represent the moment of inertia of the driving and driven gears. The eccentricities for the gears 
are denoted by ߩଵ and ߩଶ, respectively. ݁(ݐ) represents the static transmission error, which is the 
high-frequency caused by manufacturing and installation errors. The gear mesh has a constant 
backlash equal to 2ܾ along the line of action. ଵܱ and ܱଶ are the centers of driving and driven gears. ܩଵ and ܩଶ represent the center-of-mass coordinates. The torsional angular displacement of gear is 
assumed to result from a constant angular velocity term ߱௜ݐ (݅ = 1, 2) plus a small variation 
displacement ߠ௜(ݐ) due to vibrations originating from the flexibility of the mating gear teeth. 
Therefore, the angle displacements ߮௜(ݐ) of the driving and driven gears can be expressed by the 
following equations: ߮ଵ = ߱ଵݐ + ଵ,    ߮ଶߠ = ߱ଶݐ + ,ଶߠ (1)

where ߱ଵ and ߱ଶ are the constant angular velocity components of the driving and driven gears. 
The initial angles of the gears are equal to zero, and the driven gear rotational direction is 

positive. The centers of mass ܩଵ, ܩଶ and the centers of rotation ଵܱ, ܱଶ can be written: ݕ௚ଵ = ଵݕ + ,ଵsin(−߮ଵ)ߩ ௚ଶݕ = ଶݕ − .ଶsin߮ଶߩ (2)
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a) Schematic illustration of the coupled system 

 
b) Dynamic model of the coupled system 

Fig. 1. Dynamic model of coupled lateral-torsional vibration spur gear system 

The meshing process of spur gears is shown in Fig. 1, the dynamic meshing force between 
driving gear and driven gear is closely related to vibration displacement (bending and torsional 
vibration) of the gears, which represents by relative coordinates along the line of action. The 
dynamic meshing force between the driving gear and driven gear is given by: ܨ௠ = ܿ௠ߜሶ + ݇௠݂(ߜ), (3)

where, ݂(ߜ) is the backlash function, which is essentially a discontinuous and non-differentiable 
function, and it is the main source of nonlinearity in the system. So the backlash function ݂(ߜ) is 
defined by the following equation: 

(ߜ)݂ = ൝ߜ − ߜ     ,ܾ > ܾ,0,            − ܾ ≤ ߜ ≤ ߜ,ܾ + ߜ     ,ܾ < −ܾ. (4)

Ignoring the effect of dynamic meshing force caused by the instantaneous variable along the 
line of action, ߜ  is the actual deformation, which is the difference between the dynamic 
transmission error (ݕଵ + ௕ଵݎଵߠ − (ଵsin߮ଵߩ − ଶݕ) + ௕ଶݎଶߠ − ((ଶsin߮ଶߩ  and static transmission 
error (݁(ݐ)). Therefore, the ߜ is given by: ߜ = ଵݕ) + ߮ଵݎ௕ଵ − (ଵsin߮ଵߩ − ଶݕ) + ߮ଶݎ௕ଶ − (ଶsin߮ଶߩ − ଵݕ)(ݐ)݁ + ௕ଵݎଵߠ − ଶݕ − ݐ௕ଵ߱ଵݎ)+       (௕ଶݎଶߠ − ଵsin߮ଵߩ − ݐ௕ଶ߱ଶݎ + (ଶsin߮ଶߩ − ߜ,(ݐ)݁ = ଵߜ + ଶߜ − .(ݐ)݁ (5)

Submitting Eq. (5) into Eq. (3), the dynamic meshing force ܨ௠ is given by: ܨ௠ = ܿ௠൫ݕሶଵ − ሶଶݕ + ሶ߮ ଵݎ௕ଵ − ሶ߮ ଶݎ௕ଶ − ଵߩ ሶ߮ ଵcos߮ଵ + ଶߩ ሶ߮ ଶcos߮ଶ − ሶ݁(ݐ)൯ + ݇௠݂(ߜ), (6)

where, ݁(ݐ)  is the static transmission errors, applied along the line of action to model any 
manufacturing error, installing error, and teeth deformations. As a result, the static transmission 
error can be approximated as periodic function, and it can be written as follow: ݁(ݐ) = ݁଴ + ݁௥sin(߱௘ݐ + ߮௘), (7)

in which, ݁଴ and ݁௥ are the mean and the fluctuation. ߮௘ represents the initial phase angle, then ߱௜ = ଵݖଵ݊ߨ2 60⁄ = ଶݖଶ݊ߨ2 60⁄   is the mesh angular frequency, ݖଵ  and ݖଶ  are the driving and 
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driven gear number of teeth, ݊ଵ  and ݊ଶ  indicate the rotational speed of the driving and driven  
gears. 

In order to simplify the dynamic problem, the output torque is usually assumed to be constant 
and neglect the fluctuation in the previous literature. Actually, the output torque also has 
fluctuation. Therefore, the output/input torque ௜ܶ(ݐ) (݅ = ݀, ݈) can be decomposed into mean ௜ܶ௠ 
(݅ = ݀, ݈) and perturbation ௜ܶ௥(ݐ) (݅ = ݀, ݈) parts. This is due to the spur gear is a part of wind 
turbine gearbox, it essentially fluctuates between low and high values around the stochastic nature 
of wind speed. Here, the output and input torque, ௗܶ, ௟ܶ, are given by: 

ௗܶ = ௗܶ௠ + ௗܶ௥sin(߱ଵݐ + ߮ௗ), ௟ܶ = ௟ܶ௠ + ௟ܶ௥sin(߱ଶݐ + ߮௟), (8)

where, ௗܶ௠ and ௟ܶ௠ are the means, ௗܶ௥ and ௟ܶ௥ represent the fluctuations, ߱௜ = ௜݊ߨ2 60⁄  (݅ = 1, 
2) is the rotational frequency, ߮ௗ and ߮௟ represent the initial phase angles. 

2.2. Equations of the motion 

The dynamic equations of coupled gear system, shown in Fig.1, can be described with the four 
generalized coordinates ݕଵ, ߠଵ, ݕଶ and ߠଶ. After expressing the kinetic energy ܶ, the potential 
energy ܷ  and dissipation function ܴ  of the spur gear system in terms of the generalized 
coordinates, then they are substituted into Lagrange’s equation in order to obtain the vibration 
differential equations. 

The kinetic energy ܶ, can be written as follow: 

ܶ = 12 ݉ଵݕሶ௚ଵଶ + 12 ଵܬ ሶ߮ ଵଶ + 12 ݉ଶݕሶ௚ଶଶ + 12 ଶܬ ሶ߮ ଶଶ. (9)

Considering the shaft, the bearing and tooth deformations, the potential energy ܷ  can be 
expressed as follow: 

ܷ = 12 ݇௦ଵݕଵଶ + 12 ݇௧ଵߠଵଶ + 12 ݇௦ଶݕଶଶ + 12 ݇௧ଶߠଶଶ. (10)

Due to take into account the mesh damping, bearing damping and shaft damping, the 
dissipation function ܴ is given by: 

ܴ = 12 ܿ௦ଵݕሶଵଶ + 12 ܿ௧ଵߠሶଵଶ + 12 ܿ௦ଶݕሶଶଶ + 12 ܿ௧ଶߠሶଶଶ. (11)

The generalized force vector ܨ of the spur gear system can be represented by: 

ܴ = 12 ܿ௦ଵݕሶଵଶ + 12 ܿ௧ଵߠሶଵଶ + 12 ܿ௦ଶݕሶଶଶ + 12 ܿ௧ଶߠሶଶଶ. (12)

The vibration differential equations are derived using equation, which is given by: ∂∂ݐ ൬∂ܶ∂܆ሶ ൰ − ܆∂ܶ∂ + ܆∂ܷ∂ + ሶ܆∂ܴ∂ = ۴. (13)

Take the coupled effects of lateral vibration and torsional vibration into account, substitution 
Eqs. (9)-(12) into Eq. (13), the mathematical model of the gear system can be obtained. And a 
matrix-vector form can be written as: ܆ۻሷ + ሶ܆۱ + ܆۹ = ۴௅ + ۴ே, (14)
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where, the spur gear system displacement vector is arranged as: ܆ = ଵݕ] ଵߠ ଶݕ .்[ଶߠ (15)

The displacement vector is a 1×4 column vector in which the elements are the generalized 
coordinates. ݕ௜, (݅ = 1, 2) are the lateral linear displacement of the driving gear and driven gear. ߠ௜, (݅ = 1, 2) are the torsional angular displacement of the driving gear and driven gear. ۱ ,ۻ and ۹ are the mass matrix, damping matrix and stiffness matrix respectively, ۴ே  is the nonlinear 
factor vector, and ۴௅ is the linear factor vector are as shown below. It should be noted that the 
nonlinear internal force vector ۴ே is a function of the displacement vector ܆, the velocity vector ܆ሶ , and eccentricity ߩ. The linear factor vector ۴௅ includes the driving torque, load torque, gravity, 
and the meshing excitations due to gear error: ۻ = diag[݉ଵ ଵܬ ݉ଶ ,[ଶܬ ۹ = diag[݇௦ଵ ݇௧ଵ ݇௦ଶ ݇௧ଶ],
۴ே = ێێێۏ

ۍ ݉ଵߩଵ ሶ߮ ଵଶsin߮ଵ − ݉ଵߩଵߠሷଵଶcos߮ଵ − ܿ௠ߜሶଶ݉ଵߩଵଶ ሶ߮ ଵଶsin߮ଵcos߮ଵ − ݉ଵߩଵଶߠሷଵcosଶ߮ଵ + ݉ଵߩଵݕሷଵcosߠଵ − ܿ௠ݎ௕ଵߜሶଶ − ଶߩଵcos߮ଵ݉ଶߩ௠ܨ ሶ߮ ଶଶsin߮ଶ − ݉ଶߩଶߠሷଶଶcos߮ଶ + ܿ௠ߜሶଶ݉ଶߩଶଶ ሶ߮ ଶଶsin߮ଶcos߮ଶ − ݉ଶߩଶଶߠሷଶcosଶ߮ଶ + ݉ଶߩଶݕሷଶcosߠଶ − ܿ௠ݎ௕ଶߜሶଶ − ۑۑۑےଶcos߮ଶߩ௠ܨ
 ,ې

۱ = ێێۏ
௠ܿۍ + ܿ௦ଵ ܿ௠ݎ௕ଵ −ܿ௠ −ܿ௠ݎ௕ଶܿ௠ݎ௕ଵ ܿ௧ଵ + ܿ௠ݎ௕ଵଶ −ܿ௠ݎ௕ଵ −ܿ௠ݎ௕ଵݎ௕ଶ−ܿ௠ −ܿ௠ݎ௕ଵ ܿ௠ + ܿ௦ଶ ܿ௠ݎ௕ଶ−ܿ௠ݎ௕ଶ −ܿ௠ݎ௕ଵݎ௕ଶ ܿ௠ݎ௕ଶ ܿ௧ଶ + ܿ௠ݎ௕ଶଶ ۑۑے

,ې ۴௅ = ൦ ܿ௠ ሶ݁(ݐ) − ݉ଵ݃ܿ௠ݎ௕ଵ ሶ݁(ݐ) + ௗܶ−ܿ௠ ሶ݁(ݐ) − ݉ଶ݃−ܿ௠ݎ௕ଶ ሶ݁(ݐ) − ܶୢ ൪, 
here, ݇௦ଵ and ݇௦ଶ represent the equivalent bending stiffnesses of shaft and bearing. ݇௧ଵ and ݇௧ଶ are 
the equivalent torsional stiffnesses of shaft and bearing; ܿ௦ଵ and ܿ௦ଶ are the equivalent bending 
damping of shaft and bearing; ܿ௧ଵ and ܿ௧ଶ indicate the equivalent torsional damping of shaft and 
bearing. 

3. Nonlinear analysis of the coupled system  

Eq. (14) describes a strongly nonlinear spur gear system with the gravity, external/internal 
excitation, static transmission error, backlash, and eccentricity are analyzed using the Newmark 
method. In order to ensure that the analyzed data related to steady-state conditions, the time series 
data corresponding to the first sixty percent are deliberately excluded from the dynamical analysis. 
The conditions and system key parameters are investigated to obtain a basic understanding of the 
dynamic characteristics for the coupled system. Table 1 summarizes the geometrical and physical 
parameters of an actual spur gear selected. The effects of rotational speed ߱, backlash ܾ and error 
amplitude ݁௥ on the dynamic responses will be analyzed and discussed in the following sections. 

3.1. Model validation 

To validate the accuracy of the model in this paper, the vibration responses are shown in figure 
2 with the comparison of the reference [32]: ܬଵߠሷଵ + ܿ௠ݎ௕ଵ ቀݎ௕ଵߠሶଵ − ሶଶߠ௕ଶݎ − ሶ݁(ݐ)ቁ + ݇௠(ݐ)ݎ௕ଵ݂൫ݎ௕ଵߠଵ − ଶߠ௕ଶݎ − ൯(ݐ)݁ = ଵܶ(ݐ), ܬଶߠሷଶ − ܿ௠ݎ௕ଶ ቀݎ௕ଵߠሶଵ − ሶଶߠ௕ଶݎ − ሶ݁(ݐ)ቁ − ݇௠(ݐ)ݎ௕ଶ݂൫ݎ௕ଵߠଵ − ଶߠ௕ଶݎ − ൯(ݐ)݁ = − ଶܶ(ݐ). (16)

In this section, the two models are analyzed with the same parameters. The related dynamic 
responses are obtained from the he reference (Fig. 2 (a) and (b)) and the presented model (Fig. 2 
(c) and (d)). It can be found that the vibration displacement increases and the fluctuation intensifies 
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in the presented model in this paper, which is caused by the influences of the eccentricity, backlash 
and coupled external/internal excitation. In addition, the frequency multiplication 2 ௠݂, 3 ௠݂, etc. 
exist in the presented model. It is clear that the frequencies and amplitudes are different for the 
two models. 

Table 1. Main parameters for the spur gear system 

Data Driving/ driven 
gear Data Driving/ driven 

gear 

Number of teeth ݖଵ ⁄ଶݖ  20 Torsional stiffness ݇௧ଵ ݇௧ଶ⁄  
(N.m/rad) 1.0×107 

Module ݉ (mm) 8 Torsional damping ܿ௧ଵ ܿ௧ଶ⁄  
(N/(rad/s)) 4.0×102 

Radius ݎ௕ଵ ⁄௕ଶݎ  (m) 0.3 Lateral stiffness ݇௦ଵ ݇௦ଶ⁄  (N/m) 1.0×108 
Mass ݉ଵ ݉ଶ⁄  (kg) 5.0 Lateral damping ܿ௦ଵ ܿ௦ଶ⁄ (N/(m/s)) 5.0×102 

Moment of inertia ܬଵ ⁄ଶܬ  
(kg.m2) 0.8 Error mean ݁௠ (m) 2.0×10-5 

Pressure angle 20 (°) ߙ Error fluctuation ݁௥ (m) 3.0×10-5 
Meshing stiffness ݇௠ (N/m) 5.0×108 Torque mean ௗܶ௠ ௟ܶ௠⁄  (N/m) 300 

Meshing damping ܿ௠ 
(N/(m/s)) 1.2×103 Torque fluctuation ௗܶ௥ ௟ܶ௥⁄  (N/m) 700 

Eccentricity ߩଵ ⁄ଶߩ  (m) 1.5×10-5 Backlash b (m) 3.0×10-5 

 
Fig. 2. Vibration responses of two models a), c) (reference [32]); b), d) (presented model) 

According to Fig. 2, it can be seen that the dynamic responses of the presented model in this 
paper is more realistic than that of the model in reference [32]. As mentioned previously, the main 
difference is that the model considers coupled lateral-torsional vibration, eccentricity, etc. 
Throughout the numerical simulation, the influences of different system parameters on the 
dynamic responses are investigated for the coupled system. 

3.2. Analysis of the effect of the rotational speed ߱ 

In practical spur gear system, the rotational speed is a commonly used as a control parameter 
which governs the static positioning of the gears, and other parameters are the same. The dynamic 
responses of the coupled spur gear system are investigated by using the ߱ as a 3-D frequency 
spectrum and bifurcation diagram control parameter. Fig. 3 and Fig. 4 present the corresponding 
3-D frequency spectrum and bifurcation diagram of the vibration system with ݔ-direction and ߠ-direction respectively, which show that the rotational speed ߱ has a significant influence on the 
dynamics of the spur gear system. In this analysis, the parametric excitation is varied in the range 
of [200, 6000] rad/s. it can be seen from Fig. 3 that the coupled lateral-torsional vibration system 
displays complex dynamic characteristics with the changing rotational speed. The primary 
resonance in lateral/torsional direction can be observed. Due to the effect of backlash, the jump 
discontinuity appears. In addition, the frequency of ௥݂ is the main frequency component, and the 
amplitude is a nonlinear variation along with the changing rotational speed. 
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a) 

 
b) 

Fig. 3. 3-D frequency spectrum of the coupled system: a) lateral direction, b) torsional direction 

 
a) 

 
b) 

Fig. 4. Bifurcation diagram using ߱ as control parameter: a) lateral direction, b) torsional direction 

It can be found that the rotational frequency ( ௥݂ = ߱ ⁄ߨ2 ) and meshing frequency ( ௠݂ = ଵݖ ௥݂) 
are the predominant components in the interval [200, 400] rad/s. Frequency multiplication (݊ ௥݂, ݊ ௠݂ and ݊ is a positive integer) and frequency combination ( ௠݂ ± ݊ ௥݂) components display in the 
corresponding 3-D frequency spectrum. However, the ௥݂ , 0.5 ௠݂ , ௠݂ , 1.5 ௠݂ , 2 ௠݂  components 
obviously exhibit and other discrete frequency components vanish as ߱  = 400 rad/s. Due to 
increased rotational speed, the ௥݂ and ௠݂ are also the dominant frequency components, and the 
amplitudes increase gradually. Besides, the frequency multiplication and frequency combination 
components are not obvious. The amplitude of ௠݂ reaches a peak value at ߱ = 850 rad/s, and other 
frequency components are lower than the meshing frequency. Besides, the obvious jump 
phenomena also appear. However, as ߱  is increased from 900 rad/s to 1150 rad/s, the 3-D 
frequency spectrum performs coupled phenomenon with multiple frequencies, which are 
concentrated distribution near 0.5 ௠݂  at 900 rad/s to 1050 rad/s and the multiple frequency 
components can be obviously found in the 3-D frequency spectrum at 1100 rad/s to 1150 rad/s. 
With the increasing of the rotational from 1200 rad/s to 3900 rad/s, the is the main frequency 
component and the amplitude of ௥݂ increases obviously. In torsional direction, the amplitude of ௥݂ 
reaches a peak value at ߱ = 3900 rad/s, which moves backward relative to the torsional primary 
resonance ( ௡݂௧ = 31535 Hz), which is caused by nonlinear factors such as backlash, eccentricity 
and so on. In addition, the 3-rotational frequency and 7-rotational frequency components are 
contained, but other frequency components are not obvious. In the range of [3900, 4500] rad/s, 
the 1-rotational frequency amplitude ( ௥݂) undergoes a process of decrease first and then increase. 
The ௥݂ contains a response peak at ߱ = 4500 rad/s in addition to a response peak at ߱ = 3900 rad/s. 
which is the lateral primary resonance frequency. By further increasing the rotational speed, the 
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frequency component is simple, the ௥݂ exists only in 3-D frequency spectrum, and amplitude of ௥݂ 
decreases sharply with obvious jump discontinuous phenomenon.  

Fig. 3 (b) presents the 3-D frequency spectrum of the coupled spur gear transmission system 
in torsional direction using the rotational speed ߱ as a parameter. It can be seen from figure that 
the different dynamic characteristics appear. The torsional primary resonance appears, and the 
lateral primary resonance cannot be observed. Besides, the ௥݂ and ௠݂ are the dominant frequency 
components, where the amplitude of ௥݂ decreases gradually, the amplitude of ௠݂ decreases firstly 
and then increase at ߱ < 400 rad/s. Besides, frequency multiplication and frequency combination 
components appear in the corresponding 3-D frequency spectrum. As the rotational speed is 
increased further in the range of [500, 850] rad/s, the motion of the vibration system is relatively 
simple and the ௥݂ and ௠݂ are the main frequency components with different speed. Furthermore, 
the amplitude of ௠݂ is larger than the amplitude of ௥݂ and other components withdraw obviously. 
the amplitude of ௠݂ reaches to the peak at ߱ = 850 rad/s. As the rotational speed is further increase 
from ߱ = 900 rad/s to ߱ = 1050 rad/s, in addition to the ௥݂  and ௠݂ , the continuous frequency 
components appear in the frequency spectrum. At ߱ = 900 rad/s the response amplitude of ௠݂ 
drops causing an abrupt jump down in the 3-D frequency response. Finally, at higher values of ߱, 
i.e. ߱  ≥ 1100 rad/s, the ௥݂  reaches to peak at ߱  = 3900 rad/s, which is the torsional primary 
resonance, and the peak appears backwards phenomenon. In addition, the 0.5 ௠݂  
(at ߱  = 1100 rad/s-2300 rad/s), 5 ௥݂  (at ߱  = 1100 rad/s-1500 rad/s) and 7 ௥݂  
(at ߱ = 1600 rad/s-2400 rad/s) obviously exist in the 3-D frequency spectrum. Analyzing the 
results of this section, the increases of the rotational speed can decrease the nonlinearity degree of 
the coupled lateral-torsional spur gear system. 

In Fig. 4(a), it can be observed that the spur gear system undergoes periodic motion, 
quasi-periodic motion to chaotic behavior and then returns to quasi-periodic. As shown in Fig. 4(a), 
the bifurcation diagram exhibits periodic-1 motion at ߱  ≤ 250 rad/s. When ߱  increases from 
300 rad/s to 850 rad/s, periodic-1 motion is replaced by quasi-periodic motion and performs jump 
phenomena at ߱ = 850 rad/s. By further increasing the rotational speed in the range of [900, 1100] 
rad/s, the coupled spur gear system exhibits slight chaotic motion, which is a corresponding 
phenomenon with continuous frequency in 3-D frequency spectrum. As increases ߱, the gear 
system undergoes quasi-periodic motion and chaotic motion in a rotational speed  
1150 rad/s < ߱  < 5000 rad/s. However, ߱  greater than 5000 rad/s, chaotic motion transits to 
quasi-periodic motion. 

In torsional direction, in the interval [200, 6000] rad/s, it can be found from Fig. 4(b) that the 
motion of the coupled system undergoes periodic-݊, quasi-periodic and chaotic motions. When ߱ < 850 rad/s, 1ܶ -periodic motion is replaced by quasi-periodic motion, and occurs jump 
phenomena at ߱ = 850 rad/s. When ߱ increases from 900 rad/s to 3200 rad/s, the bifurcation 
diagram shows that the gear system performs chaotic motion transits to ݊ܶ-periodic motion and 
then quasi-periodic motion. At higher values of the ߱ = 3250 rad/s-6000 rad/s, the dynamical 
behavior of the spur gear system is found to be chaotic motion and then quasi-periodic motion. 
From these results, it can be seen that the spur gear system undergoes a different motion as the 
rotational speed is increased over the range ߱ = 200 rad/s-6000 rad/s. 

 
a) ߱ = 850 rad/s 

 
b) ߱ = 3850 rad/s 

 
c) ߱ = 4500 rad/s 

 
d) ߱ = 6000 rad/s 

Fig. 5. Tooth impact of the spur gear system u with changing ߱ 
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In order to detailedly study the influences of the rotational speed, the tooth impact is examined 
next. It may be also noted that tooth impact may occur because of the gear backlash nonlinearity. 
There are three possible types of tooth impact cases: no tooth impact (ߜ௠௔௫ < ܾ and ߜ௠௜௡ > −ܾ), 
single-sided tooth impact ( ௠௔௫ߜ > ܾ  and ߜ௠௜௡ > −ܾ  or ߜ௠௔௫ < ܾ  and ߜ௠௜௡ < −ܾ ) and 
double-sided tooth impact (ߜ௠௔௫ > ܾ and ߜ௠௜௡ < −ܾ). The various case of tooth impacts can be 
observed in the time history plots at ߱ = 850 rad/s, 3850 rad/s, 4500 rad/s, and 6000 rad/s, 
respectively. It can be seen from Fig. 5 that there is obviously no tooth impact at low values of the 
rotational speed, i.e., ߱ = 850 rad/s. Furthermore, as rotational speed increase to 3850 rad/s, 
which is the torsional primary resonance frequency, the double-sided tooth impact can be clearly 
observed, and it is the dominant response. As expected, the double-sided tooth impact behavior 
can be seen occurring around the primary resonance for ߱ = 4500 rad/s. However, when 
rotational speed is increased to 6000 rad/s, the single-sided tooth impact is the dominant response 
in the spur gear system. Hence, it can be concluded that the rotational speed has a significant 
influence on the dynamic behaviors of the coupled lateral-torsional spur gear system. 

3.3. Analysis of the effect of the backlash ࢈  

Gear backlash is an important parameter effect on the dynamic behaviors of the gear system 
and due it has a strong nonlinear character, which may be designed for better lubrication and to 
reduce interference, or caused by manufacturing and installing errors. Therefore, the influence of 
backlash on the dynamic responses is very complex. In order to analyze more deeply, the dynamic 
characteristics of the coupled gear system is investigated using the backlash ܾ as a 3-D frequency 
spectrum and bifurcation control parameter in lateral and torsional directions. A transition from 
simple motion to complex motion and then simple motion dynamical behaviors will be seen when ܾ is increased from 2×10-5 m to 1.0×10-4 m. 

 
a) 

 
b) 

Fig. 6. 3-D frequency spectrum of the coupled system: a) lateral direction, b) torsional direction 

Fig. 6(a) displays the corresponding 3-D frequency spectrum in lateral direction with ܾ as 
control parameter. It can be seen that the ௥݂  and ௠݂  appear simultaneously and the meshing 
frequency ( ௠݂) is the dominant frequency component, which is greater than other components at ܾ ≤ 5.0×10-5 m. Besides, the amplitude if ௠݂  have a peak value ܾ = 4.8×10-5 m, and then the 
amplitude of ௠݂  exhibits an obvious jump phenomenon at ܾ  = 5.0×10-5 m. The frequency 
multiplication and frequency demultiplication components do not appear. In the range of  
[5.3×10-5, 5.6×10-5] m, the complicated continuous frequency components appear in lateral 
direction, which indicates that the coupled spur system displays chaotic motion. By further 
increasing the backlash ܾ, the frequency multiplication (3 ௥݂, 5 ௥݂, 7 ௥݂, 9 ௥݂, 11 ௥݂,) and meshing 
frequency ௠݂  appear obviously, and the amplitudes decrease gradually in the interval  
[5.7×10-5, 6.1×10-5] m. As the ܾ  is increased slightly, the coupled gear system displays 
complicated higher harmonic components at 6.2×10-5 m < ܾ < 7.5×10-5 m. In addition, the ௥݂ and 
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௠݂ are the main frequency components. When ܾ > 7.6×10-5 m, the amplitudes of ௥݂ and ௠݂ keep 
almost unchanged, and other frequency components vanish gradually. 

The corresponding 3-D frequency spectrum in torsional direction is shown in Fig. 6(b), it can 
be found that the amplitudes of ௥݂ and ௠݂ are obvious greater than those in lateral direction. In the 
range of [2.0×10-5, 5.0×10-5] m, the amplitude of ௥݂  is a constant value, and the ௠݂  increases 
obviously, which reaches the peak value closing to ܾ = 4.8×10-5 m. As the backlash is increased 
in the interval [5.1×10-5, 7.5×10-5] m, the coupled system appears continuous frequency 
components in the range of [5.1×10-5, 5.7×10-5] m, though frequency multiplication components 
(3 ௥݂, 5 ௥݂, 7 ௥݂, 9 ௥݂, 11 ௥݂, ௠݂) at 5.7×10-5 m < ܾ < 6.1×10-5 m, to return to continuous frequency 
components in the interval of [6.2×10-5, 7.5×10-5] m. Finally, in the range of  
[7.6×10-5, 10.0×10-5] m, the ௥݂ is the main frequency component, and the ௠݂ and other frequency 
components vanish gradually. 

 
a) 

 
b) 

Fig. 7. Bifurcation diagram using ܾ as control parameter: a) lateral direction, b) torsional direction 

Fig. 7(a) presents the bifurcation diagram of the spur gear system using parameter ܾ as control 
parameter. In Fig. 7(a), when backlash ܾ  is increased, it can identify the system exhibits a 
sequence of ݊ܶ-period motion, quasi-periodic motion and chaotic response. By analyzing the 3-D 
frequency spectrum, some key points are selected, which indicate spur gear system motions have 
been changed with increasing backlash ܾ. The spur gear system undergoes quasi-periodic motion 
at low backlash when ܾ increases from 2.0×10-5 m to 5.1×10-5 m. As ܾ increase from 5.2×10-5 m 
to 5.5×10-5 m, the system exhibits chaotic motion through quasi-periodic motion. At higher values 
of the backlash ܾ, the dynamic behavior of the spur gear system is found to be quasi-periodic 
dynamic behavior at ܾ = 5.6×10-5 m-6.1×10-5 m, and then transits to chaotic motion at  ܾ = 6.2×10-5 m-6.7×10-5 m, while the much higher vibration occurs. Finally, ܾ > 6.8×10-5 m, the 
quasi-periodic motion is replaced by ݊ܶ-periodic motion. 

The bifurcation diagram for the torsional vibration of the driving gear is shown in Fig. 7(b). It 
is noted that similar behavior is observed by torsional vibration and lateral vibration. In this  
section, it only presents a simple description for the bifurcation diagram. When backlash increases 
from 2.0×10-5 m to 5.1×10-5 m, it can be noted that the gear shows quasi-periodic motion. When 
backlash is further increased, it can see the gear system exhibits a sequence of complicated motion 
state, the dynamic behavior of the system is found to be chaotic motion at ܾ = 5.2×10-5 m to 
5.5×10-5 m, quasi-periodic motion at ܾ = 5.6×10-5 m to 6.1×10-5 m, and then the gear system 
reverts to a chaotic motion once again at 6.2×10-5 m to 6.7×10-5 m. However, as ܾ is greater than 
6.8×10-5 m, the chaotic motion transits to quasi-periodic motion. 

For a better clarity the influence of the backlash ܾ, the dynamic behaviors are corresponding 
with no tooth impact, single-sided tooth impact and double-sided tooth impact as shown in Fig. 8. 
It investigates four backlash conditions chosen (ܾ = 3.0×10-5 m, ܾ = 5.3×10-5 m, ܾ = 7.5×10-5, ܾ = 10×10-5 m), at the low backlash ܾ range (ܾ = 3.0×10-5 m), the spur gear behaves have no 
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complicated nonlinearity with no evidence of tooth impact. As the ܾ increases, the characteristics 
indicate the influence of strongly backlash nonlinearity causing single-sided tooth impact  
( ܾ = 5.3×10-5) and double-sided tooth impact ( ܾ = 7.5×10-5 m), which have no obvious 
periodicity and the vibration of the system is in the unsteady state. However, as ܾ is increased 
further, the single-sided tooth impact and double-sided tooth impact vanish gradually. The spur 
gear response changes back to no tooth impact. 

 
a) ܾ = 3.0×10-5 m 

 
b) ܾ = 5.3×10-5 m 

 
c) ܾ = 7.5×10-5 m 

 
d) ܾ = 10×10-5 m 

Fig. 8. Tooth impact of the spur gear system with changing ܾ 

3.4. Analysis of the effect of the error fluctuation ࢘ࢋ 

The transmission error caused by manufacturing error and assembly error, which is a 
displacement excitation and has an important influence of the dynamic response for the coupled 
system. To illustrate the influence on the spur gear system of the error fluctuant amplitude ݁௥, a 
further analysis has been carried out considering several set of simulated of the error fluctuant 
amplitude. Fig. 8-9 present the 3-D frequency spectrum and bifurcation of the system using ݁௥ as 
a control parameter, and the values of the other parameters remain unchanged. 

 
a) 

 
b) 

Fig. 9. 3-D frequency spectrum using ݁௥ as control parameter: a) lateral direction, b) torsional direction 

The 3-D frequency spectrum of the coupled gear system in lateral direction with error 
amplitude ݁௥  is displayed in Fig. 9(a). In a light value of ݁௥ , the rotational frequency ௥݂ , the 
frequency multiplication ( ௥݂, ݊ ௥݂, ௠݂, ݊ ௠݂) and frequency combination (݊ ௠݂ ± ݊ ௥݂) appear in the 
range of [0, 1.05×10-5] m. In addition, the amplitude of ௥݂  is the maximum value and other 
amplitudes are lower than the ௥݂ . Further increase of the error amplitude in the interval  
[1.2×10-5, 5.1×10-5] m, the amplitude of ௥݂ increases gradually, and the amplitude of ௠݂ becomes 
large and occurs jump phenomenon suddenly with the increasing error amplitude. Besides, the 
frequency multiplication and frequency combination components vanish obviously.  

Fig. 9(b) shows the 3-D frequency spectrum in torsional direction with error amplitude as 
control parameter in the range of [0, 5.1×10-5] m. At low error amplitude at ݁௥ < 1.05×10-5 m, the ௥݂ and the frequency multiplication components are obvious. The amplitude of ௠݂ is not observed. 
With the increasing of error amplitude, the amplitude of ௥݂ decreases slightly, and the amplitude 
of ௠݂ presents diametrically opposite nature and the amplitude has an obvious jump discontinuity 
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unexpectedly at ݁௥ = 1.2×10-5 m. Increasing the error amplitude even further, the amplitude of ௥݂ 
keeps approximately the same magnitude, and the amplitude of ௠݂ increasing gradually. 

 
a) 

 
b) 

Fig. 10. Bifurcation diagram using ݁௥ as control parameter: a) lateral direction, b) torsional direction 

For a better understanding the trend of motion with the error fluctuation, Fig. 10(a) presents 
the bifurcation diagram using the fluctuation ݁௥ as control parameter in lateral direction. As ݁௥ 
increases from 0 to 0.9×10-5 m, the spur gear system presents quasi-periodic motion. However, as ݁௥  is increased from 1.05×10-5m to 1.8×10-5 m, the spur gear system exhibits chaotic motion 
through quasi-periodic motion, which is mainly due to the effect of the backlash. Finally, as the 
fluctuation ݁௥  is further increased, i.e., ݁௥ > 1.95×10-5 m, the chaotic motion is replaced by 
quasi-periodic motion. 

In torsional direction, the effect of the parameter ݁௥ is illustrated in the bifurcation diagram as 
shown in Fig. 10(b). It can be observed that the gear system exhibits quasi-periodic motion at low 
values of the fluctuation, i.e., ݁௥ < 0.9×10-5 m and then the chaotic motion can be found as the 
fluctuation is increased over ݁௥ = 1.05×10-5 m. At higher values of the fluctuation, i.e.,  ݁௥ > 1.95×10-5 m, the dynamic behaviors of spur gear show quasi-periodic motion. 

 
a) ݁௥ = 0 b) ݁௥ = 1.05×10-5 m c) ݁௥ = 1.8×10-5 m 

 
d) ݁௥ = 5.1×10-5 m 

Fig. 11. Tooth impact of the spur gear system with changing ݁௥ 

From the results, under different error fluctuation ݁௥  conditions, as show in Fig. 11, the 
dynamic responses show that no tooth impact, single-sided tooth impact and double-sided tooth 
impact are demonstrated in the spur gear. There is obviously no tooth impact at lower fluctuation 
values. As ݁௥  increases to 1.05×10-5 m, this type of characteristic indicates the effect of 
transmission error fluctuation causing single-sided tooth impact. The tooth impact continues as 
the fluctuation increases until double-sided tooth impact begins to show up. When ݁௥ increases to 
5.1×10-5 m, the double-sided tooth impact behavior remains dominant response. These results 
implicate that the fluctuation of the transmission error ݁௥  tends to worse the degree of the 
nonlinearity. 
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4. Conclusions 

The proposed 4-DOF generalized lumped parameter model is established by considering the 
more realistic situation with backlash, gravity, eccentricity, transmission error and lateral-torsional 
coupling. Therefore, the model in this paper can produce a more accurate dynamic response than 
does the previous models. The influences of rotational speed, backlash and error amplitude on the 
dynamic responses are analyzed. The results of this paper are concluded as follows: 

1) The rotational speed ߱ is a key parameters affecting the dynamic characteristics of the 
coupled lateral-torsional spur gear. The amplitude of ௥݂ reaches higher levels closing to natural 
frequency and the spur gear system undergoes a loss a stability with the increasing rotational speed. 
In addition, the no tooth impact, single-sided tooth impact, double-sided tooth impact of the 
coupled lateral-torsional spur gear can be obviously observed in the corresponding 3-D frequency 
spectrum and bifurcation diagram.  

2) Due to exist backlash, the coupled system presents strong nonlinear characteristics. With 
the increasing of backlash, it can be found that the meshing frequency amplitude increases firstly 
and then decreases with jump phenomena. The nonlinear dynamical behaviors are corresponding 
with no tooth impact, single-sided tooth impact, and double-sided tooth impact. Whereas the 
increase backlash could no longer control the nonlinear dynamical vibration of the spur gear. The 
error fluctuant amplitude has significant effect on the nonlinear dynamic behaviors and the 
increases of the error fluctuant amplitude could reinforce the nonlinear vibration of the spur gear 
system.  

3) Furthermore, the results also show that designing a spur gear system to operate at high 
rotational speed, a large backlash and a large error fluctuant amplitude should be avoided 
especially when the rotational speed is close to the system’s natural frequencies. Therefore, the 
conclusion of this paper can confirm the importance of taking the nonlinear factors effect into 
account when predicting the dynamical behaviors of the practical spur gear system. 
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