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Abstract. To reduce computation effort, model reduction technique has been widely used in rotor
dynamics. In this paper, different model reduction methods, including Guyan reduction, dynamic
reduction, improved reduction system (IRS), System equivalent expansion reduction process
(SEREP) and component modal synthesis method (CMS), were introduced and compared. All
methods were applied to a single rotor system to obtain the critical speeds. By the eigenfrequencies
comparison and the MAC comparison, it was found that CMS was the most convenient reduction
method for rotor dynamics.
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1. Introduction

Model reduction is an important issue in rotor dynamics. For the constant demand of working
with increasingly large models while aiming to control and possibly reduce storage and simulation
time needs, the application of the reduction method constitutes an important decision.

A common spatial discretization method used for rotor system analysis is the finite element
method. The equations of motion of a rotor system are second order ordinary differential equations
(ODE) which are of the form:

M) + Cq(0) + Kq(t) = f (1), Q)

where M, C, K € R™™ are the system matrices (inertia, damping and stiffness matrix
respectively). f(t) € R™?1, the load vector and g € R™* the unknown vector of degrees of
freedom (DOFs).

The general concepts of model reduction is to find a low-dimensional subspace T € R™*" in
order to approximate the state vector ¢ = Tq, + €. By projecting Eq. (1) on this subspace a lower
dimension 2nd-order ODE is obtained:

M, () + Crqr(0) + Krq,r (8) = £(0), (@)

where M, =TTMT, C,.=TTCT, K,=TTKT being the reduced system matrices and
f-(t) = TT £(t) the reduced load vector. The effectiveness and reliability of the reduction method
depends on the size of €. Based on the choice of T, different reduction techniques have been
developed in the last decades.

2. Model reduction methods
2.1. Guyan reduction

Guyan reduction method [1] is one of the oldest and most popular reduction method, also
called static reduction method, where the inertia and damping terms associated with the discarded
degrees of freedom are neglected.

Assuming the damping is negligible, the partitioned equations of motion can be written as:
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[Mmm ] _ [fmét)]_ 3

Msm MSS ] [ Ksm KSS

The subscripts m and s relates to the master and slave coordinates respectively. Neglecting the
inertia terms in the second set of equations the slave degrees of freedom can be eliminated:

[9m qS]T =[I _Ks_rr%Kss]T[Qm] = Tsqm, “4)

where T, denotes the static transformation between the full state vector and the master coordinates.
The reduced mass and stiffness matrices are then given by:

My = TTMT,, Ky = TTKT,. (5)

Generally, Guyan reduction is a good approximation for the lower eigenvalues, in fact it is
exact only at zero frequency. For high frequency motion, the effect of inertia terms is significant,
thus the method becomes inaccurate.

2.2. Dynamic reduction

The dynamic reduction [2] is an alternative or expansion of the static reduction, where the
frequency at which the reduction is exact may be chosen arbitrarily. Suppose the reduction is to
be exact at w,, then approximation of the inertia forces for the second set of equations in Eq. (3)
can be expressed as:

Finertia = _w(% [Msm Mss] [qm qS]T- (6)
So the reduction transformation can be written as:

I
Im qs]" = - = Tyqm. 7
[ m S] _[Kss - w(Z)Mss] 1[Ksm - w(%Mss] [qm] dm ( )

Dynamic reduction approximates better high-frequency motion than Guyan reduction.
However the dependence of T; on w, constitutes the choice of an appropriate initial frequency,
which is not a trivial task.

2.3. Improved reduction system method (IRS)

The improved Reduction method is proposed by O’CALLHAN [3]. In this approach, an extra
term is added to the static reduction transformation to make allowance for the inertia forces. This
inertia term allows the modal vectors of interest in the full model to be approximated more
accurately but relies on the statically reduced model.

By binomial theorem, Gordis [4] derived the transformation matrix for the IRS method. For a
given frequency w, from Eq. (3):

[Kss - szss]qs = _[Ksm - szsm]qm: (8)
which is quite similar to Eq. (7).

By neglecting the error and considering that the IRS method is based on the static reduction
method, rearranging Eq. (8) gives:

TIRS - Tstatlc [0 K ]MTstatchR KR (9)

With Eq. (9), it is convenient to calculate the transformation matrix of IRS method. Because
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all notations in the equation can be obtained from previously described Guyan Reduction method.
2.4. System equivalent expansion reduction process

There are many reduction methods in which the subset of the eigenvectors are utilized. Let the
subset be @, transformation matrix can be written as T = &,.. With this transformation, the
physical coordinates are transformed into modal coordinates. System equivalent expansion
reduction process (SEREP) [5] also adopts the subset of the eigenvectors. However the physical
coordinates are retained by partitioning both the physical coordinates and the eigenvectors with
master DOFs and slave DOFS. The transformation can be written as:

[Am  4s]T = [Py, Ps]" PG, (10)

where @, = [®,, P,]T denotes the partitioned subset of the eigenvectors.
So the transformation matrix:

Tserep = [Pm  Ps]" @5 (1D

To obtain this transformation matrix, eigenvectors of the undammed system must be calculated
first. After that, Tsprep and the reduced mass and stiffness matrice can be calculated.

Compared to dynamic reduction and static reduction, SEREP predict better high frequency
motion of the system up to the predefined limit.

2.5. Component mode synthesis method (CMS)

The component mode synthesis method was proposed by Craig and Bampton in 1968 [6] and
were further developed by Craig and Petyt [7-10] et al. Fixed interface and free interface CMS
were developed. In this paper, only the fixed interface CMS is introduced.

To apply CMS, the structure is divided into substructures which consist of the interface or
external substructures and the internal substructures. According to the division, the physical
coordinates can be partitioned into external and internal coordinates corresponding to the
previously described master and slave DOFs.

Analogue to Egs. (3) and (4), the constraint mode of CMS can be determined by:

0= Ksmqm + Kssqs or gs = _Ks_lesmqm = (chm- (12)

And @, is the desired constraint mode. Also the normal modes or the Craig-Bampton modes
should be calculated with the following equation:

Ky ® = AM D, (13)

where @ denotes the eigenvector, A the eigenvalue. @ can be truncated to neglect the high order
frequencies, the truncated eigenvector is expressed with @,..

Finally, with basic assumption by Craig and Bampton, the displacement of the slave
coordinates is given by:

qs = ©cqm + P y. (14)

Thus, the transformation is:

[cg:] = Tems [q;,n] and Teys = [qﬁc q())r] (15)
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Just like other reduction methods, CMS has its own advantages and disadvantages. It
approximates good results of the reduced structure. But the high order terms of the normal mode
are neglected which might increase the inaccuracy of the prediction results.

3. Numerical solution and results comparison
3.1. Model of the rotor system

A shaft-line model of a single rotor system is established with the finite element method, in
which the Timoshenko beam element is adopted. Both the damping and internal friction are
neglected. The model consists of 21 elements, 22 nodes and 88 DOFs. The schematic and bearing
locations of the model are shown in Fig. 1.

S S S S e S B Sy = S Y e S

Bearing U Bearing

Fig. 1. Schematic of the single rotor system

For this rotor system, DOFs related to nodes 1, 5, 13, 18, 22 are selected as master DOFs for
Guyan reduction, Dynamic reduction, IRS and SEREP. As for the CMS, only the DOFs related
with nodes 5 and 13 are selected as master DOFs.

3.2. Results

For all reduced models and the full model, eigenvalues and eigenvectors as well as the Campell
diagram are calculated. The Campell diagram calculated with full model as well as
eigenfrequencies comparison between different methods are shown in Fig. 2. Slight differences
do exist between results calculated by different methods. All results are listed in Table 1.

Differences of eigenfrequencies are defined as:

eigaiff = €l9reducea — €l9ruu- (16)
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Fig. 2. Campell Diagrams and eigenfrequency comparison

From Table 1 it can be seen that the dynamic reduction method predict better 1st forward and
backward critical speeds than Guyan reduction method and this is due to the appropriate selection
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of wy in Eq. (7). In this case, w, =220 rad/s = 35 Hz. Also from Table 1, the IRS method and
SEREP method predict accurate results comparing with that calculated with the full model.

To evaluate correlations between full model and the reduced models, modal assurance criterion
[11] was calculated.

Table 1. Critical speed comparison
Critical speed (Hz) Full Guyan | Dynamic IRS SEREP CMS
1st backward 35.5424 | 35.5434 | 35.5424 | 35.5424 | 35.5424 | 35.5243
1st forward 35.5043 | 35.5053 | 35.5043 | 35.5043 | 35.5043 | 35.5425
2nd backward 58.2077 | 58.2177 | 58.2118 | 58.2078 | 58.2077 | 58.2082
2nd forward 72.7526 | 72.7818 | 72.7698 | 72.7528 | 72.7526 | 72.7540
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Fig. 3. MAC Comparison

As indicated by Fig. 3(a) and (b), the Guyan reduction method and dynamic reduction method
are identical, IRS and CMS correlates better with the full model comparing with other three
methods. The MAC comparison results coincides with that of eigenfrequencies.

4. Conclusions

Different model reduction methods are compared. Comparison for differences of
eigenfrequencies implies that IRS and CMS deliver the best eigenfrequency results. Guyan
reduction is the most unreliable and least efficient method because of its static nature which means
it’s only exact at zero frequency. The differences between Guyan reduction and dynamic reduction
lie in that the dynamic reduction can be exact at the chosen frequency instead of zero frequency.
However, it is not a trivial task to choose the appropriate frequency.

The SEREP method is better than Guyan reduction and dynamic reduction in accuracy
although when predicting high frequency motion it is less accurate and less efficient than the CMS
and IRS method.

The CMS and IRS methods are almost equivalent in approximating the simple rotor system
adopted in this paper. Still the CMS method has better accuracy in predicting high frequency
motion. Besides, CMS is advantageous to deal with time series analysis of high-dimension
nonlinear rotor systems which are discussed in references [12-14] in which the nonlinear rotor
system is modeled and analyzed with free interface mode synthesis method. The IRS method is
extended by M. 1. Friswell [15] and called the iterated IRS method which has a better accuracy in
predicting high frequency motion. However, the increased accuracy of the reduced model is
always gained at the expense of increased computation.

© JVE INTERNATIONAL LTD. VIBROENGINEERING PROCEDIA. SEP 2015, VOLUME 5. ISSN 2345-0533 63



A COMPARISON STUDY ON APPLICATION OF MODEL REDUCTION METHODS IN ROTOR DYNAMICS.
FEI WANG, GUIHUO LUo

References

1
2]
131
[4]
[5]
[6]
(7]
8]
91

[10]

(11]
12]
[13]

[14]

[15]

64

Guyan J. Reduction of stiffness and mass matrices. AIAA, Vol. 3, 1965.

Paz Mario Dynamic condensation. AIAA, Vol. 22, Issue 5, 1984, p. 724-727.

O’Callhan J. C. A procedure for an improved reduced system (IRS) model. Proceedings of the 7th
International Modal Analysis Conference, Las Vegas, 1989, p. 17-21.

Gordis Joshua H. An analysis of the improved reduced system (IRS) model reduction procedure.
International Modal Analysis Conference, Vol. 1, 1992, p. 471-479.

Sastry C. V. S., Mahapatra D. Roy, Gopalakrishnan S. An iterative system equivalent reduction
expansion process for extraction of high frequency response from reduced order finite element model.
Computer Methods in Applied Mechanics and Engineering, Vol. 192, Issue 15, 2003, p. 1821-1840.
Craig R., Bampton M. Coupling of substructures in dynamic analysis. AIAA, Vol. 6, 1968.

Craig R. Coupling of substructures for dynamic analyses: an overview. AIAA, 2000.

Craig R., Chang C. J. Free-interface methods of substructure coupling for dynamic analysis. AIAA,
Vol. 12, 1976.

Rixen Daniel A dual Crai-Bampton method for dynamic substructuring. Journal of Computational and
Applied Mathematics, Vol. 168, Issues 1-2, 2004, p. 383-391.

Rixen Daniel, Farhat Charbel, Géradin Michel A two-step, two-field hybrid method for the static
and dynamic analysis of substructure problems with conforming and non-conforming interfaces.
Computer Methods in Applied Mechanics and Engineering, Vol. 154, Issues 3-4, 1998, p. 229-264.
Randall J. A. The modal assurance criterion-twenty years of use and abuse. Sound and Vibration,
2003, p. 14-20.

Huang Taiping, Luo Guihuo Rotordynamics optimization. Journal of aerospace power, Vol. 9,
Issue 2, 1994, p. 113-116, (in Chinese).

Yang Xiguan, Luo Guihuo, et al. Acceleration response characteristics of a counter-rotating dual
rotor system. Journal of Vibration and Shock, Vol. 33, Issue 2, 2014, p. 105-111, (in Chinese).

Yang Xiguan, Luo Guihuo, et al. Modeling method and dynamic characteristics of high-dimensional
counter-rotating dual rotor system. Journal of Aerospace Power, Vol. 29, Issue 3, 2014, p. 585-595,
(in Chinese).

Friswell M. L., Garvey S. D., Penny J. E. T. Model reduction using dynamic and iterated IRS
techniques. Journal of Sound and Vibration, Vol. 186, 1995, p. 311-323.

© JVE INTERNATIONAL LTD. VIBROENGINEERING PROCEDIA. SEP 2015, VOLUME 5. ISSN 2345-0533




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [612.000 792.000]
>> setpagedevice


