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a) Response in time domain b) Response in frequency domain 

Fig. 7. Relative vibration velocity of a pair of hypoid gears (݊ = 1,311 rpm, ௣ܶ = 284 Nm, ܾ = 0.1 mm) 
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a) 2-D phase plane diagram 

 
b) 3-D trajectory 

Fig. 8. Vibration trajectory of a pair of hypoid gears (݊ = 1,311 rpm, ௣ܶ = 284 Nm, ܾ = 1.0 mm) 

 
a) Response in time domain 

 
b) Response in frequency domain 

Fig. 9. Relative vibration velocity of a pair of hypoid gears (݊ = 1,311 rpm, ௣ܶ = 284 Nm, ܾ = 1.0 mm) 
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b) 3-D trajectory 

Fig. 10. Vibration trajectory of a pair of hypoid gears (݊ = 2,304 rpm, ௣ܶ = 76.5 Nm, ܾ = 1.0 mm) 
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a) Response in time domain b) Response in frequency domain 

Fig. 11. Relative vibration velocity of a pair of hypoid gears (݊ = 2,304 rpm, ௣ܶ = 76.5 Nm, ܾ = 1.0 mm) 
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a) 2-D phase plane diagram 
 

b) 3-D trajectory 
Fig. 12. Vibration trajectory of a pair of hypoid gears (݊ = 2,304 rpm, ௣ܶ = 153.0 Nm, ܾ = 1.0 mm) 

a) Response in time domain b) Response in frequency domain 
Fig. 13. Relative vibration velocity of a pair of hypoid gears (݊ = 2,304 rpm, ௣ܶ = 153 Nm, ܾ = 1.0 mm) 
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b) 3-D trajectory 
Fig. 14. Vibration trajectory of a pair of hypoid gears (݊ = 3,686 rpm, ௣ܶ = 96 Nm, ܾ = 0.6 mm) 
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a) Response in time domain b) Response in frequency domain 

Fig. 15. Relative vibration velocity of a pair of hypoid gears (݊ = 3,686 rpm, ௣ܶ = 96 Nm, ܾ = 0.6 mm) 

According to the above simulation results, we can find that when the gear tooth wear is small, 
2-D vibration phase trace closes to an ellipse and 3-D trajectory of relative vibration of hypoid 
gear tends to a cylinder. While the gear pair is in the moderate wear, for example, backlash  ܾ = 0.1 mm, the tooth side clearance of gear tooth is larger, and the relative vibration velocity 
waveform changes a lot. At the same time, gear vibration velocity rises sharply, and there is the 
emergence of beat vibration. The 2-D phase traces oscillate among multiple horn type curves, and 
vibration bifurcation appears. Furthermore, the 3-D trajectory develops to form two parabolic, one 
large and other small. 

When the gear tooth wears much severely, for example, backlash ܾ = 1.0 mm, the relative 
displacement amplitude of gear teeth changes little and its vibration frequency spectrum 
characteristics also changes slightly, but the spectrum characteristics of vibration velocity changes 
significantly. Under such a situation, the beat vibration appears, phase trace oscillates among 
multiple horn type curves, and the vibration belongs to the bifurcation and chaos. Then the 3-D 
trajectory still develops to form two parabolic, one large and other small. 

 
a) 

 
b) 

Fig. 16. Bench test layout for vibration and noise measurement of driving axle:  
1 – variable frequency driving motor; 2 – universal joint; 3 – driving shaft; 4 – main reducer;  

5 – driving axle case; 6 – the differential; 7 – differential axle; 8 – loading motor;  
9 – torque sensor; 10 – acoustical sensor; 11 – acceleration sensor 

6. Bench test on vibration and noise of driving axle with hypoid gears 

Fig. 16 is Bench test layout for vibration measurement of driving axle with a hypoid gear pair. 
The bench experiment is to verify the above simulation results. As the main frequencies of 
vibration of driving axle are below 2,000 Hz, so the sampling rate was set as 4,000 Hz. Three 
acceleration signals, three torque signals, four acoustical signals, and one tachometer signal were 
sampled synchronously. The data acquisition system was DASP 306. The vibration acceleration 
sensor model is BZ1113, its frequency response range of 0.2 Hz-5 kHz, and its sensitivity of 

0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20

-3000

-2000

-1000

0

1000

2000 Backlash=0.60mm
Vi

br
at

io
n 

ve
lo

ci
ty

/m
m

/s

Time/s
0 500 1000 1500 2000 2500

0

50

100

150

200

250

Frequency (Hz)

Am
pl

itu
de

-1000-800-600-400-2000
2004006008001000

An
gl

e(
de

g)



1967. NONLINEAR VIBRATION OF HYPOID GEAR WITH BACKLASH.  
HUIBIN LI, HUICHAO GAO, YUE ZHANG, DEQUAN JIN 

1250 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAR 2016, VOL. 18, ISSUE 2. ISSN 1392-8716  

10 PC/ms-2 (at 1,000 Hz). The microphone model is B&K4197, its frequency response range of 
20 Hz-40 kHz, and its sensitivity of 12.5 mv/Pa (at 250 Hz). 

a) Trend of vibration 
 

b) Trend of noise 
Fig. 17. Trend of vibration and noise near main reducer with meshing cycles 

 
a) Response in time domain 

 
b) Response in frequency domain 

Fig. 18. Vibration near the main reducer at starting time (݊ = 2,304 rpm, ௣ܶ = 153.0 Nm, ܾ = 0.1 mm) 

a) Response in time domain b) Response in frequency domain 
Fig. 19. Vibration near the main reducer with wear and spot teeth fault  

(݊ = 2,304 rpm, ௣ܶ = 153.0 Nm, ܾ = 1.0 mm) 

According to Fig. 17(a) and Fig. 17(b), we can find out that the noise and vibration level 
increase with the development of wear and crack of gears and bearings. Due to the increment of 
teeth’s wear, the backlash between a pair of gears increase and the meshing impacts naturally are 
raised. By comparing Fig. 18 and Fig. 19, we can also find out that the main frequency components 
of vibration change with the development of wear and crack of gears and bearings. In the starting 
time of the experiment, as the pair of gears belongs to not a good product, the main frequency 
components of vibration near the main reducer consist of one time, twice, three and four times of 
gears’ meshing frequencies. But at moment of the fault for the driving axle, main frequency 
components of noise near the main reducer consist of twice, three times and four times of gears’ 
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meshing frequencies. In addition to these frequencies, one and two times of rotating frequencies 
of driving shaft. Fig. 20 is the pair of hypoid gears with wear and spot teeth fault. 

Shown as Fig. 17 to Fig. 20, the bench test verified the simulation results. The experimental 
results show that not only do the vibration level and noise level change with the wear of gears and 
bearings, but also with the development of the wear of gear and bearings, do the frequency 
components of vibration and noise change more with the number of cycles. These reasons come 
from the nonlinear vibration of gears caused by backlash and time-varying stiffness of the meshing 
teeth. The above experiment results also show that the simulation results could predict the fault of 
driving axle correctly in the different stages of services. 

 
a) Driven gear 

 
b) Pinion 

Fig. 20. A pair of hypoid gears with wear and spot teeth fault 

7. Conclusion 

1) In this paper a simplified dynamic model of the hypoid gears of main reducer, with 
considering the time-varying-teeth stiffness, was established, and on the basis of the work, a 
non-linear vibration equation of the hypoid gear with the backlash was derived. A numerical 
simulation method was employed to calculate different gear backlash effects on the hypoid gear 
vibration behaviors caused by the gear worn, and study effects on the gear non-linear vibration 
from different work speeds of gear and different loading torques. 

2) Under situation of the gear working speed and load unchanged, the gear’s wear has effects 
on the vibration displacement, vibration velocity and vibration acceleration. When the gear wear 
is intensified, then the tooth backlash increases. This reduces tooth stiffness and results in the 
change of vibration displacement, vibration velocity and vibration acceleration amplitude. As a 
result, the beat vibration appears, phase trace oscillates among multiple horn type curves, and the 
vibration belongs to the bifurcation and chaos. Furthermore, the 3-D trajectory develops to form 
two parabolic, one large and other small. 

3) The nonlinear vibration simulation with gear’s backlash shows that the changes of the 
working speed have great influence on the vibration velocity of gear at those fault frequencies. 
The higher working speeds, the more obvious vibration velocity amplitude at fault vibration 
frequencies. 

4) The nonlinear vibration simulation with gear’s backlash also shows that the changes of 
working load amplitude have small influence on both gear vibration frequencies and the 
amplitudes of the vibration velocity. 

5) In order to study deeply the non-linear vibration phenomenon of the hypoid gears with 
backlash and wear, the 2-D phase plane diagram and the 3-D trajectory could be employed. And 
the simulation results indicate that when the pair of gears of main reducer produce wear and the 
backlash between the pair of gears belongs to moderate degree and above, the 3-D trajectory 
develops to form two parabolic, one large and other small. 

6) The presented results could be used for damage detection in hypoid gears in most working 
situations and the on-line driving axle’s hypoid gear damage diagnosis system has been developed 
for the product line of an automobile corporation. But if the better effects for damage diagnosis in 
hypoid gears are wanted, then the other diagnosis techniques such as Kurtosis coefficient and 



1967. NONLINEAR VIBRATION OF HYPOID GEAR WITH BACKLASH.  
HUIBIN LI, HUICHAO GAO, YUE ZHANG, DEQUAN JIN 

1252 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAR 2016, VOL. 18, ISSUE 2. ISSN 1392-8716  

wavelet packet coefficients need to be combined. 
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