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Abstract. A novel analytical model of vibration source for metro train based on “coupled vehicle
and track basic unit” is established in this paper. The dynamic vehicle-track equations are
completed with the displacement compatibility and the force equilibrium, and the model takes into
account the infinite track structure, whole vehicle, track irregularity and wheel-rail Hertz contact.
The special feature of track structure model is the periodical system of discrete supported sleepers,
which converts the infinite integral equation into the combination in the wave number-frequency
domain and simplifies the calculation progress. The rail dynamic responses and the wheel-rail
contact force can be calculated easily. A complete software package TMCVT is programmed. A
calculated example is achieved using the program. Compared the theoretical calculated results and
the field tested results ,the coincidence with each other proved the analytical dynamic model for
metro train coupled with vehicle and track is correct.
Keywords: analytical dynamic model, vehicle and track coupled basic unit, vibration source,
metro train.
1. Introduction
Urban rail transit systems in 22 cities of China are rapidly developing now. The total length in
operation within these cities is over 3173 km in the end of 2014. With the increasing denseness of
metros, the vibrations generated by trains have become a hot environmental topic in a world,
which will cause distress to sensitive machineries, adjacent structures, and annoyance to residents.
Therefore, it is very necessary to study the dynamic responses propagation discipline to attenuate
the adverse influence. And the key point is to establish an effective vehicle-track dynamic load
analytical model to simulate the vibration source.
In the beginning of 1970s, wheel-rail dynamic interaction model was firstly established by
Lyon [1] and Jenkins [2], which used to analysis the effect of some basic parameters, such as
unsprung mass and rail stiffness. In 1982, the dynamic interaction with a moving train on the
corrugation rail was taken into account, and the simulation was supposed to be similar to the reality
[3]. In recent years, the research on vehicle-track interaction had also been carried out by Cai [4],
the wheel-rail interaction was studied by the established model, in which “Bogie-Track
“distributed parameter model was employed and the track was simulated as double-elastic discrete
supported continuous beam. And analytical research of the wheel-rail dynamic interaction on
high-speed track, heavy track and speed-up track were carried out by Zhai [5] with detailed models,
in which considering the vertical and horizontal vehicle-track interaction.
According to the research work before, the vibration source is made up of the running train
and the track structure. In this paper, a novel dynamic analytical model is established based on
“coupled vehicle and track basic cell”, which takes into account whole-vehicle model, infinite
track structure, track irregularity and wheel-rail Hertz contact. The model is deduced in the wave
number-frequency domain, which provided great convenience for analyzing high-frequency
dynamic interaction of the vehicle and track. The vibration analysis program TMCVT (Theoretical
Model of Coupled Vehicle and Track) is achieved with MATLAB, and a calculation example is
given.
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2. Analytical model of coupled vehicle and track
Fig. 1 shows the dynamics model coupled with whole vehicle and infinite track. The vibration
induced by train running on the track can be decomposed into the coupling vibration of wheel-axle
dynamic load and track structure. The problem can be described with a basic mechanical model,
a time-varying amplitude load of coupled vehicle-wheel system moving on the infinite track at the
speed . As the time is infinite, the above time-domain equation can be transformed into the
frequency domain solution by means of the Fourier Transform, the load position along the track
in the space domain can also be converted to wave number space equation. With this two
transformations, the train moving on the infinite track can be converted to the wave
number-frequency domain, that is, the coupled integral equations in the time and space domain
are mapped into an domain independent of time and space to be solved, and a complex space-time
integral equation is transformed into the simple combination in the wave number-frequency
domain. Through the inverse transform, the results in the space-time domain can be obtained
finally.

Fig. 1. Dynamics model coupled with whole vehicle and infinite track

The dynamic equations and the solving process are all in the wave number-frequency domain,
the displacement influence matrices of the track system and the vehicle system are all obtained
based on the “coupled vehicle and track basic cell”. The wheel-rail contact forces are obtained in
the basic cell. The dynamic responses of the vehicle and track structure in the coupling system
could be solved, with the wheel-rail contact force added to the infinitely long track system. The
obtained dynamic response of the entire system in the frequency domain can be transformed into
the time frequency by the Inverse Fourier Transformation, which re-simplified the differential
equation and also facilitate the dual-domain analysis.
2.1. Vehicle system dynamic equations
The vehicle can be considered as a multi-rigid-body system moving in the vertical longitudinal
plane. The number of the freedom for the Vehicle model with secondary suspension system is 10
(take four-axis vehicles for example). The system equation can be obtained by the application of
D’Alembert principle in each of the various rigid.
According to the Lagrange motion equations, dynamic equation transformations for the th
carriage in frequency domain are as follows:
(−

+

+

)

( )=

( ),

(1)

where
,
and
are the mass, stiffness and damping matrices,
( ),
( ) is the
equivalent load and displacement vectors in frequency domain.
carriages can be defined as:
The wheel displacement of the whole vehicle with
( )=

( )
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where:
( ),
( )=
( ),
( ) = diag
( )=

( ),

( ), … ,
( ), … ,

( ) ,
( ),

( ), … ,

( ) ,

is defined as the displacement vectors, displacement influence matrix and equivalent load vector
of whole vehicle in frequency domain.
2.2. Track system dynamic equations
The rail is considered to be an infinite double-layer Timoshenko Beam. In case of the periodic
track structure, the general response in the frequency domain is simplified in a form of summation
within the track sleeper period instead of integral, which is obtained by transferring the moving
. The
loads on the rail to the moving of receiver backward within periodic sleeper distance
advantage of this method is that all the dynamic analysis of the track system is carded out within
. In this way, the track response to moving train can be obtained by a very
sleeper distance
simple calculation program, see Fig. 2.

Fig. 2. Infinite track subjected to running train and coupled vehicle-track basic unit

With the load ( ) moving on the track structure at the speed v, the load location is , the
vibration responses ( , ) of any point can be solved by Duhamel integration, and the solution
can be easily decomposed into the simplified form. The periodic analytical solution for the receiver
point on the track, with the moving load on the track in frequency domain, can be expressed as:
,

+

1

=

ℎ ( ,

+(

−

)

], )
(3)

∙ exp −
where ℎ ( ,
papers [6].

+
+(

⋅ exp −
−

)

,

, ) is the transfer functions, which has been settled in previous

2.3. The displacement influence matrix of track
Green Function is also called point-source function or influence function [7], the distribution
of field generated by the source at an arbitrary point can be derived through the Green function.
In terms of train formation, all the train wheels are regularly arranged based on vehicle parameters.
For this problem, the displacement influence function between the wheels is defined to
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distinguish it from the traditional Green function. The displacement influence function
(
− ) indicates the rail displacement at
caused by the unit load at , which is
−
caused by the unit load at the origin, that is the
equivalent to the rail displacement at
displacement influence coefficient between the wheel loads:
;

=

−

;0 .

Displacements of each wheel-rail contact point fulfill in frequency domain the following equation:
( )=

( )⋅

( ),

(4)

( ),

where
( )=
displacement, and:
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is the column vector of the rail
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is the rail displacement influence matrix of whole vehicle, where:
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is displacement influence matrix composed of the rail displacement influence function
between the wheels, which is the rail displacement of the th carriage generated by the unit loads
of the nth carriage.
2.4. Track irregularity and wheel-rail Hertz contact
Track irregularity sample function is assampted as composing of many harmonic components
of different frequencies, which is a definite function corresponding to a single space-angle
frequency. The track irregularity vector in the frequency domain is as follows:
( ),

( )=

( ), … ,

( ) ,

(5)

where ( ) = (Ω ) exp( ( ⁄ ) ) is the vibration irregularity of frequency , (Ω )
is the track irregularity amplitude corresponding to the spatial frequency Ω .
The elastic interaction between wheel and rail is based on general use of Hertz theory. In order
to facilitate the solution in the frequency domain, the wheel-rail contact spring is simplified to a
linear spring. Fig. 3 shows the Hertz contact of wheel and rail which the assumption of wheel-rail
contaction is all the time.
Wheel-rail Hertz contact equation of the wheels can be simplified in frequency domain as:
( )=
where

( )−

( )−

( ) ,

is Hertz contact stiffness,

( ),

(6)
( ),

( ) have been solved in Eqs. (2), (4), (5).
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Fig. 3. Hertz contact of wheel and rail

2.5. Dynamic equations of vehicle-track coupled system
Above all, the track is supposed to be infinite Timoshenko beam system with multi-layer
discrete supports, and the vehicle is supposed to be two-spring system vehicle systems containing
10 degrees-of-freedom. Take Eqs. (2), (4), (5) into Eq. (6), the equation of dynamic equations of
vehicle-track coupled system has been deduced as follows:
( )=[

⋅

( )−

( ) − ]

⋅

( ),

⋅

(7)

where is the unit matrix, and the other parameters have been explained before.
The wheel-rail contact force solved in Eq. (7) is substituted into the dynamic analytical
expression Eq. (3) of the infinite track system, thus the analytical solution of the response of any
point on the rails can be given under the loads of the whole vehicle.
3. Calculation examples
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Based on the theory of the analytical vehicle-track coupled system, the vibration analysis
program TMCVT is achieved with MATLAB. Using the program, the calculation example of
dynamic response of rail acceleration with DTVI2 fastener in time domain is given in this paper.
The results are calculated under the train speed of = 60 km/h, as shown in Fig. 4(a). And
Fig. 4(b) is the in-situ tested results of Beijing metro Line 5. Compared with the two data,
theoretical caculated results coincide with the in-situ tested results, therefore, the calculation
program is proved to be correct.
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Fig. 4. Therotical caculated and in-situ tested results

The parameters of metro train vehicles are as follows: body mass
= 35 t, body mass
= 4.6 t, bogie mass moment of inertia
moment of inertia = 1700 tm2, bogie mass
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= 9.62 tm2, vehicle length = 19 m, axis distance = 19 m, bogie spring coefficient
= 2 080 kN/m, bogie damping = 240 kN·s/m, wheel spring coefficient
= 2 450 kN/m,
= 240 kN·s/m, fixed distance
= 12.6 m, wheel mass
wheel damping coefficient
= 1.42 t.
The parameters of the track system are as follows: rail mass of unit length 60 kg/m; elastic
modulus = 2.10×1011 Pa; cross-sectional area = 7.60×10-3 m2; sectional moment of inertia
= 50 kg; spacing
= 3.04 ×10-5 m4; damping ratio = 0.01. The sleeper mass of unit length
= 260 kg (combined mass of sleeper and track bed). DTVI2
= 0.60 m. Track bed: mass
fastener is used: spring/damping coefficients under rail
= 78 MN/m, = 50 kN·s/m, and
= 100 MN/m,
= 50 kN·s/m.
under sleeper
4. Conclusions
1) The basic equations of the vehicle-track coupling system are decomposed into the equations
of the vehicle subsystem and track subsystem separately, and the two subsystems couple with each
other through the wheel-rail interaction force. The vehicle part is considered as a whole vehicle
model with secondary suspension system, and 10 degrees of freedom are taken into account. Track
irregularity is considered with the irregularity power spectrum. The wheel-rail contact force obeys
linear Hertz Contact Theory. The rail is an infinite double-layer Timoshenko Beam, which is
periodically supported.
2) The whole process of the solution is based on the rigorous theoretical analysis, in which the
complicated infinite integral is transformed into the simple combination, thus, the dynamic
equations are solved in a “coupled vehicle and track basic cell” and each physical quantity
expressed with matrix and vector in wave number-frequency domain, and it is convenient to
calculate the wheel-rail contact force and dynamic responses of the track system.
3) A program named TMCVT is established with Matlab software, in which the train of any
speed, any vehicle model, any wheel type can be obtained easily. Compared with the field recorded
data, the results shows the model and program are correct.
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