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Abstract. The analytical solutions of hygrothermal effects in heterogeneous piezoelectric solid
and hollow cylinders are obtained. The interaction of electric displacement, electric potentials,
and elastic deformations is discussed. The present cylinder is subjected to a mechanical load at its
lateral surfaces as well as an electric potential. The displacement, stresses and electric potentials
in the heterogeneous piezoelectric cylinders are determined. The material properties coefficients
of the present cylinder are assumed to be changed in the radial direction. The hygrothermoelastic
responses of piezoelectric heterogeneous hollow and solid circular cylinders are presented.
Numerical application examples for both cylinders are displayed. The significant of influence of
material inhomogeneity, initial temperature, final moisture, and the pressure load and electric
potential ratios are investigated. Suitable discussions and conclusions are presented.

Keywords: heterogeneous, piezoelectric material, hygrothermal effect, hollow and solid cylinders.
1. Introduction

Recently, the hygrothermal analysis of different composite structures has been the subject of
research interest. The changes in the temperature and moisture concentration may be appeared
according the change of the environmental (heat and wet) conditions. The thermal effect is due to
the effect of temperature while the hygroscopic effect is due to the moisture absorption from the
atmosphere. However, a combination of both effects may be occurs and it is known as the
hygrothermal effect. This effect may induce a dimensional change in the structure and as a result,
the deformation conditions will be induced to get what so called the residual stresses.

Several works that restricted for the hygrothermal responses of cylindrical structures have been
published in the literature. Some of them are concerned with the thermoelastic analysis [1-6] while
the other is concerned with the different responses of cylindrical structures in hygrothermal
environments [7-9]. It is to be noted, from now, that the piezoelectric materials have been widely
used in many industrial applications due to the special electromechanical coupling effects. Many
theoretical investigations have been reported in the analysis for thermo-piezoelectric solid and
hollow cylinders. Wang [ 10] has obtained the transient thermal fracture of a piezoelectric cylinder.
Dai et al. [11] have studied the thermo-electro-elastic behaviors in piezoelectric hollow cylinders
subjected to thermal shock and electric excitation. Dai and Wang [12] have investigated the
magneto-thermo-electro-elastic transient analysis in piezoelectric hollow cylinders. Arani et al.
[13] have presented the semi-analytical solution of electro-thermo-mechanical creep for radially
polarized piezoelectric cylinder.

The effects due to inhomogeneity as well as the hygrothermal parameters on the piezoelectric
cylinders are rarely investigated. Dai et al. [14] have presented the electro-magneto-elastic
behaviors for the functionally graded piezoelectric solid cylinder and sphere. Fesharaki et al. [15]
have developed the general theoretical analysis for a functionally graded piezoelectric hollow
cylinder subjected to 2-D electromechanical load. Zenkour [16] has presented the piezoelectric
analysis of thermally-gradient inhomogeneous hollow cylinders. Arefi [17] has investigated the
effects of thermal, mechanical, and electrical loads on the nonlinear behavior of a functionally
graded piezoelectric cylinder. Dai and Jiang [18] have studied the electro-magneto-thermo-elastic
analysis of a FG piezoelectric solid cylinder. Allam et al. [19] have studied the effects of different

© JVE INTERNATIONAL LTD. ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627, KAUNAS, LITHUANIA 1



15. HYGROTHERMAL ANALYSIS OF HETEROGENEOUS PIEZOELECTRIC ELASTIC CYLINDERS.
ASHRAF M. ZENKOUR

parameters on FG piezoelectric cylinders in hygrothermal environment conditions. Recently,
Zenkour [20,21] has presented the hygrothermoelastic responses of piezoelectric hollow
cylinders.

In this investigation, both ambient temperature and moisture concentration are assumed to
have variable distributions through the radial direction of the present cylinders. The material
properties like elastic coefficients, piezoelectric parameters, dielectric parameter, and pyroelectric
coefficients are all assumed functions of the radial direction of the cylinder. The
hygrothermoelastic responses of the inhomogeneous piezoelectric hollow and solid circular
cylinders are presented. Numerical results of the field quantities are presented and the effects of
various parameters are investigated.

2. Basic equations of hygrothermoelastic piezoelectric cylinders

Consider a long inhomogeneous circular cylinder having perfect conductivity. The present
cylinder may be solid of radius b or hollow of inner radius a and outer radius b. The hollow
circular cylinder is subjected to internal and external pressures P, and Py, respectively. However,
the solid circular cylinder is subjected to an external pressure Py,. Let the cylindrical coordinates
of any representative point be (1,6, z) and assume that the cylinder is subjected to radically
changing of temperature T (r) and moisture concentration C(r). For the axisymmetric plane strain
assumption, the components of radial displacement; radial, hoop, and axial stresses; and radial
electric displacement and electric potential may be expressed as u(r), g; (i =r,0,z), D, and
@ (1), respectively.

2.1. Constitutive equations

The constitutive relations are:

(4
Oy €11 €12 €117 |dr| A M1
Og( _|C12 C22 €12 ul )4 )
Oz |€13 C23 €13 i r ? A3 T s (& 1
D, €11 €12 —&ul |de -1 —P2
er

where ¢;;(r) are the elastic coefficients, e ;(r) are the piezoelectric parameters, €44 () is the
dielectric parameter, and p; () and p, (r) are the pyroelectric coefficients. Also, 4;(r) and n;(r)
are the stress-temperature moduli and humidity expansion coefficients of the present
inhomogeneous cylinder. That is:

MY (M €11 C12 (13 ay (b1
o)l e 2l (leHed)
A3) 3 C13 Cz3 C3zl \\az) g,

where @; and f5; are the thermal and moisture expansion coefficients.
2.2. Heat equation

The temperature distribution through the radial direction of the cylinder is governed by the
heat conduction equation [11]:

1d (r dT(r)

- ) +q(r) =0, 3)

rdr
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where q(r) is the heat generation function and x(r) represents the thermal conductivity.
2.3. Moisture equation

In modeling, the transient moisture diffusion equation is analogous to the transient heat
conduction equation. It can be described by the following equation [11]:

1d dc(r) —0 4
;E<rw dr >_ ’ “)

where @ () the moisture diffusivity coefficient.
2.4. Equilibrium equation

The equilibrium equation for the inhomogeneous piezoelectric hollow or circular cylinder, in
the absence of body forces, is expressed as:

do, o0,—0g
+ — =

dr T 0. )

2.5. Charge equation of electrostatics

In the absence of free charge density, the charge equation of electrostatics for both cylinders
is expressed as:

1(irz)r) = 0. (©6)

r \dr
2.6. Boundary conditions for a hollow cylinder
The boundary conditions for temperature are:

dT(r)
dr

T(r)|r=a =Ty, =0, @)

r=b

where T, is the reference initial temperature.
The boundary conditions for the moisture concentration are:

C(r)lrza =0, C(r)lrzb = Cy, (®)

where Cj, is the reference final moisture concentration.
In addition, the mechanical and electric boundary conditions are expressed as:

Orlr=a = Py Orlr=p = P, ©)
@) lr=a = 0ar @)lr=p = P, (10)

where P, and P, are the internal and external pressures, respectively while ¢, and ¢, are the
internal and external electric potentials, respectively.

2.7. Boundary conditions for a solid cylinder

The temperature, moisture concentration, mechanical and electric boundary conditions of the
solid cylinder are given, respectively, by:
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dT(r

d(r ) T 0, T(Mlr=p =Ty, (11)
C(M)lr=0 =0, C(M)ly=p = Cy, (12)
ulr:O = 0' Grlr:b = Pb: (13)
o) lr=0=0, @@)lr=p = @b, (14)

where Ty and C; are the reference initial temperature and final moisture concentration. However,
P, and ¢@;, denote the external pressure and the external electric potential.

3. Closed-form solutions

The closed-form exact solutions for the inhomogeneous piezoelectric hollow and solid circular
cylinders are given by solving all of the temperature, moisture, and equilibrium equations. The
solutions are completed by application of the mechanical, electric, temperature, and moisture
boundary conditions.

3.1. Closed-form solution for a hollow circular cylinder

Let the coefficients c¢;;, €4, €11, P1, P2, K, and @ are changed through the radial direction of
the present hollow circular cylinder (a < r < b) according to the relations:

r -2n
— 0 0
{cijerj &1, 0002 1, @} = {c]), €0, €01, 02, 3, k0, w°} (E) , (15)

where n is an inhomogeneity geometric parameter and cf}, ef;, €1, p?, p3, k°, and @® represent
the corresponding properties of the homogeneous hollow circular cylinder. The value n equals
zero represents a fully homogeneous cylinder. The above power-law assumption reflects a simple
rule of mixtures applied only to the radial direction. The inhomogeneity parameter n may be
varied to obtain different distributions of the components materials through the radial direction of
the cylinder.

According to Eq. (15), the stress-temperature moduli and humidity expansion coefficients of
the present inhomogeneous hollow cylinder are given by:

A1 M r\—2n A(l) 772
EE)-e ()
13 M3 /12 ng
where A9 and n? are the corresponding stress-temperature moduli and humidity expansion
coefficients of the homogeneous cylinder.
The temperature is generated at a position-dependent rate within the inner surface and it

transfers to the outer one, while the outer surface is insulated. The internal energy generation
within the inner and outer surface is described by the heat generating function:

q(r) =f—b(r—a)(b—r), a<r<h, 17)

where @ represents the constant rate of internal energy generation. However, the internal energy
generation of the solid circular cylinder is described by the heat generating function:

q(r)=%(b—r), 0<r<bh. (18)
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To simplify the analytic solutions and calculations, the following dimensionless forms
are used:

1 _ 1 Cc
(ﬁ, fl S, (ﬁ) = E(ul ra, ¢)t (T*, Q) = T_(Tisz)i C* = C_t
0 0

el piTo
50 _ ~1j =0 _ .0 0 50 =0 _ .0 0 50 =0 _
e1j =5, Cij=cCijtejen, Cy=cCteen Pi=—§ (19)
€11 €11
9C
~o _ P2lo 70 _ 0 0 .50 =0 _ 0 0 50
p2 = g0 A} =ToAj —eq;p1, 1 = Conj —eq;Pz-
11

Now, the general solution of the heat conduction equation for the hollow circular cylinder,
given in Eq. (3), is:
Q&2 [ 6 86(1+s) 3&2 1
- —A A,,
24k (1+n s(3+2n)+s(2+n) +2n 1t

T" = EZ"{ (20)

where A, and A, are arbitrary integration constants that determined from the boundary conditions
given in Eq. (7) in the form:

Q
A =————(1-2s),
ot e
Q. sz[n(s—Z)(2n+9)+7s—20]+25—1 ‘1
2= 240° A+nZ+m@E+2n) sn '
So, the final form for the heat conduction of the hollow circular cylinder is given by:
é 6{2(7“'1) 8§2n+3(1 + S) 352(n+2)
T =1 -
+ 24k0 { 1+n s(3 + 2n) s(2+n) (22)
s (s —2)(2n+9) +7s — 20  (&2" —s?™)(1 — 2s)
1+n)2+n)3+2n) sn '

Also the general solution of the moisture equation for the hollow cylinder, in Eq. (4) with the
aid of the conditions in Eq. (8) is given by:

on _ SZn

In addition, the solution of the charge equation of electrostatics is given by:

D, = (24)

f)
where A is an unknown constant. Thus, the last part of Eq. (1) and the above equation with the aid
of the inhomogeneous relation given in Eq. (15), gives:

do du u
Py ez

— —~0 =0 * 2n—1 A
d_f_elld_f +piT" +pC" =& o (25

¢ 11

Substituting the above equation into Eq. (1), the radial, hoop and axial stresses become:
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o - du - _ _
Oy Ci)l Ci)z d_f /}(1) 77(1) efl A
Ogr =&~ |2, Cpy i~ 1_(2) T* =473 ¢C* | —{é T (26)
Iz 5?3 533 E 13 77(3) e_{)3

Therefore, the equilibrium Eq. (5) with the aid of the above equation in the dimensionless form,
yields:

d’u 1-2ndu m?—n?_ 3
d_fz + g d_f - 62 u+ w(f) =0, (27)

where:

~T* . dT* c* dc”
m? =n? + &, + 2ncd,, () = /1? - Atl)d_f + 77? - ﬁ?d_f + 80,8214, (28)

in which:

A=28@n-1D+13, H=7@n—-1) +19, fzé. (29)
The general solution of Eq. (27) can be written as:

w(© = ¢ B — o [ ermp©ag] + g0 B+ o [emmuag, 6o

where B; and B, are arbitrary integration constants. These constants can be obtained from the
mechanical boundary conditions given in Eq. (9). So, the complete general solution to the radial
displacement & as well as the temperature and moisture concentration may be used to obtain the
electric potential. It is interesting here to get the function ¥ (¢) for the hollow cylinder. It reads:

Qe i 6 8§(1+s) 3¢? §(4s —38) —2(3s — 2¢)
v = 24x0 [ (1 +n s(3+2n)  s(2+n) s ]
&2 () — 2nify) — s2M Q! A 20 r2(n—1
= 57 T30 (1-2s) <Z - /12) + 80,8214 3D
A( 0 o [$2n(s =2)(2n +9) + 75 —20] 2s—1
+E{24K0 s [ 1+n)2+n)3+2n) + sn ] + 1}'

Integrating Eq. (25) gives the electric potential (&) in terms of additional arbitrary integration
constant A. Finally, the two constants A and A can be obtained by using the electric boundary
conditions given in Eq. (10). Therefore, the final forms of stresses in the piezoelectric hollow
circular cylinder can be fully obtained.

>+2/T‘1’

3.2. Closed-form solution for a solid circular cylinder

For the present solid cylinder (0 < r < b), the coefficients ey}, p;, vz, k, @, and &4 are
changed through the radial direction according to the relations:

{elj' D1, P2, K, ‘(D'} = {e{)j’ Pf, pg' KO' .‘D.O}{:—Zn’ &1 = 8815_411' (32)

It is to be noted that the elastic coefficients, stress-temperature moduli and humidity expansion
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coefficients still constants for the solid cylinder, that is ¢;;($) = cl-oj, 2;(&) =20 and n;(§) = n).
For the solid cylinder, the internal energy generation is described by the heat generating
function:

a() :%(b—r), 0<r<b (33)

So, one can solve Eq. (3) with the aid of the conditions given in Eq. (11) and the above heat
generating function as:

0 { 4& 3 2n+5
T — 2(n+1)[ _ } 1. 34
121c0sc 3+2n 1+n+(1+n)(3+2n) + (34

Also the general solution of the moisture equation given in Eq. (4), in this case, is:
cr=¢&m, 3%

Here, the solution of the charge equation of electrostatics is the same as in the hollow cylinder.
However, the last part of Eq. (1) gives:

ap
g

and the corresponding radial, hoop and axial stresses will be:

52n< 11d_+e12 +p1T*+ﬁ(2)C* fzn_li())' (36)
a¢ ¢ 11

du

0 =0 70 =0 50
Oy €11 C12 _df M n1 €11
_|s0 =0 70 =0 50 2n-1
O =|C12 (2 a A ¢ T" =72 ( C" — 1 (AS . (37)
o, 0 =0 Z 70 =0 50
z C13  C23 z A3 N3 €13

The substitution of the above equation into Eq. (5) gives:

d*u 1du
tra ‘;zaw(f) (38)
where:
* aT* cr ac*
W= W) =D = B i =+ 68200, (39)
in which:

~

A=A, d=0-i, é=eéhp—2ned, (= (40)

Eq. (39) may be given for the present solid cylinder in details as:
052n+1 [ R 4€ ] _—
12 /1”(3 +2n 1+ n) +2HE - 29[+ €770 = 2n)

_ (41)
A (2n +5)0
+egPOTIA 3 [1 + 12k9(1 +n)(3 + 2n)|

Y& =
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Finally, the general solution of Eq. (38) is given by:
o 1 _ _ 1 .
7(©) = ¢ [By — 5 [ - w@as] + 50 5+ 5 [ 0] @)

where B; and B, are arbitrary integration constants. Also, these constants can be obtained from
the mechanical boundary conditions given in Eq. (13). The condition of %(0) tends to zero should
be satisfied when B, — 0. So, the complete general solution to the radial displacement u as well
as the temperature and moisture concentration may be used to obtain the stresses. Also, the electric
potential ¢ (&) may be obtained by integrating Eq. (36). In this case we will get an additional
arbitrary integration constant A. Finally, the two constants A and A can be obtained by using the
electric boundary conditions given in Eq. (14).

4. Numerical examples and discussions

The proposed closed-form solution may be used for future comparisons with other
investigators. Results for moisture, temperature, radial displacement, radial stress, hoop stress,
axial stress, as well as the electrical potential are displayed graphically. The material constants are
selected for the piezoelectric cylinder as follows [12]: ¢ = ¢95 =111 GPa, ¢, = 220 GPa,
s =cd =115 GPa,e); =151 Vm N el =edy=-52V mN!, o =a; =0.0001 K,
a, = 0.00001 K', By=B3= 0, B, =044 (Wt% H,0)', & = 5.62x10° C?> (m*>K)",
k® =023 W (mK)"', p? =-2.5x10° C (m?*K)!, p? =-1.2x10° C (m*K)"!, Q = 1.2x10> Wm''.

It is to be noted that the initial temperature and the final moisture are assumed to be T, = 23 °C
(room temperature) and C, =5 wt% H>O, respectively. The temperature T* and moisture
concentration C* are independent of the pressures and the electric potentials. The numerical results
for both cylinders are presented in dimensionless graphical forms. It should be noted that the
following dimensionless forms are added:

¢ % % G
3 Pb.

4.1. Numerical results for a hollow circular cylinder

For the present hollow circular cylinder, the inner pressure used is P, = 103 GPa and the outer
one is given in terms of it, i.e., P, = pP, where p is said to be the pressure load ratio. Similarly,
the inner electric potential is ¢, = 10> (W/A) while the external electric potential is @, = €@,
where ¢ denotes the electric potential ratio. It is assumed that the inner-to-outer radii ratio is fixed
ass = 0.2 m.

Fig. 1(a) demonstrates the plots of temperature T* across the thickness of the hollow cylinder.
As the inhomogeneity parameter n increases the temperature decreases. The maximum
temperature occurs at the outer surface of the hollow cylinder (¢ = 1). The temperature is constant
(T* = 1) at the inner surface of the hollow cylinder as set out originally in the boundary conditions
for temperature. Fig. 1(b) (a plot of C* against &), shows that throughout the cylinder thickness,
the moisture increases as the inhomogeneity parameter n decreases. The moistures are constant at
the inner and outer surfaces of the hollow cylinder, satisfying the constant boundary conditions
for the moisture concentration. It is starting with C* = 0 and ending with C* = 1. As can be seen
in Fig. 1(b), the maximum change in C* occurs in the mid-range of cylinder (¢ = 0.6).

Fig. 2 demonstrates the plots of the radial displacement u throughout thickness of the hollow
cylinder for different values of the inhomogeneity parameter n, the pressure load ratio p and the
electric potential ratios €. For € = 1, the value of n has no effect on the radial displacement only
when & = 0.32 (Fig. 2(a)). As n increases, the radial displacement # increases when ¢ < 0.32 and
decreases when & > 0.32. However, for € = 0.5, Fig. 2(b) shows that the radial displacement &
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increases as n decreases when & > 0.48. The radial displacement & increases as & increases and
gets its local maximum at the outer surface of the hollow cylinder. Fig. 2(c) shows the plots of
versus ¢ for different values of the pressure load ratio p. The displacement increases as £ increases
only when p = 5. The variation of p has no effect on & when & = 0.34. The displacement increases
as p increases for & > 0.34. Fig. 2(d) shows the plots of & versus ¢ for different values of the
electric potential ratio €. The displacement increases as ¢ increases only when € > 1. The variation
of € has no effect on & when & = 0.54. The displacement increases as ¢ decreases for & > 0.54.
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33333
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02 03 04 05 06 07 08 09 1 0.2 03 04 05 06 07 08 09 1
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Fig. 1. Distributions of T* and C* along the radial direction
of the piezoelectric hollow cylinder for different values of n
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Fig. 2. Distribution of & through the radial direction
of the piezoelectric hollow cylinder for different parameters
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The plots of the radial stress o; are showing in Fig. 3 through the radial direction of the hollow
cylinder for different values of the inhomogeneity parameter n, the pressure load ratio p, and the
electric potential ratio €. As can be seen in Fig. 3(a), most radial stresses are compressive, i.e. they
remain negative, in some interval through the radial direction of the cylinder for ¢ = 1. However,
all radial stresses are compressive in some interval through the radial direction of the cylinder for
e = 0.5 (Fig. 3(b)). The minimum radial stress occurs at 0.2 < £ < 0.3 while the maximum
occurs at the outer surface of the cylinder. In addition, all radial stresses for € = 0.5 are tensile,
i.e. they remain positive as shown in Fig. 3(c). The maximum values of g; occur at the same
interval (0.2 < & < 0.3) of the cylinder. Fig. 3(d) shows that all stresses are tensile through the
radial direction of the cylinder for € > 0.5. Once again, the minimum and maximum values of g
occur at the same interval of the cylinder. The radial stresses have fixed values at the boundaries
of the hollow cylinder.

The plots of the hoop stress o, are showing in Fig. 4 through the radial direction of the hollow
cylinder for different values of the inhomogeneity parameter n, the pressure load ratio p, and the
electric potential ratio €. As can be seen in Figs. 4(a), (b), the variation of n has no effect on o, in
some positions (¢ = 0.28). The hoop stresses are no longer increasing and have their maximum
values at 0.3 < £ < 0.4. The absolute minimum value of 0, occurs at the inner surface of the
cylinder. Figs. 4(c), (d) show that the variations of p and & have no effects on g, at £ = 0.34. The
hoop stress decreases through the thickness of the cylinder for all values of the pressure load ratio
p (Fig. 4(c)) and for € > 1 (Fig. 4(d)).
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Fig. 5. Distribution of o3 through the radial direction
of the piezoelectric hollow cylinder for different parameters

The plots of the axial stress g5 are showing in Fig. 5 through the radial direction of the hollow
cylinder for different values of the inhomogeneity parameter n, the pressure load ratio p, and the
electric potential ratio €. Figs. 5(a), (b) show that the variation of n has no effect on g3 in some
positions (¢ = 0.26). The axial stresses are no longer increasing and have their maximum values
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at 0.3 < & < 0.4. The absolute minimum value of o3 occurs at the inner surface of the cylinder.
Figs. 5(c), (d) show that the variations of p and ¢ have no effects on g3 at £ = 0.3. The axial stress
decreases through the thickness of the cylinder for all values of the pressure load ratio p (Fig. 5(c))
and for € > 1 (Fig. 5(d)).
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Fig. 6. Distribution of ® through the radial direction
of the piezoelectric hollow cylinder for different parameters

Fig. 6 demonstrates the plots of the electric potential @ throughout the thickness of the hollow
cylinder for different values of the inhomogeneity parameter n, the pressure load ratio p, and the
electric potential ratio €. As n increases the electric potential ® increases for € = 1 and for
e = 0.5 with & > 0.3. Fig. 6(a) shows that the electric potential @ is no longer decreasing and has
its minimum values in some positions (0.6 < & < 0.8) according to the value of n. However, the
absolute maximum values of @ occur at the inner and outer surfaces of the cylinder. Fig. 6(b)
shows that the electric potential ® is no longer increasing and has its maximum values near the
inner surface of the cylinder while the minimum value occurs at the outer surface of the cylinder.
Fig. 6(c) shows that the electric potential @ decreases as p increases. The absolute minimum
values of ® occur at 0.7 < & < 0.75. Fig. 6(d) shows that the electric potential @ decreases as €
increases.

4.2. Numerical results for a solid circular cylinder

For the present solid circular cylinder, the outer pressure is P, = 10°p GPa where p is said to
be the pressure load ratio and the external electric potential is ¢, = & 10> (W/A) where £ denotes
the electric potential ratio. Fig. 7(a) demonstrates the plots of temperature T* across the solid
cylinder thickness. As the inhomogeneity parameter n increases the temperature decreases. The
maximum temperature occurs at £ = 0. The temperature is constant (T* = 1) at the outer surface
of the cylinder as set out originally in the boundary conditions for temperature. Fig. 7(b) (a plot
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of C* against &), shows that throughout the cylinder thickness, the moisture increases as the
inhomogeneity parameter n decreases. The moisture is starting with C* = 0 at £ = 0 and ending
withC* =1laté =1.

5P T T T T T
40 | "\, 4

35 B 4

30 |

25 P

[
20 [ 4
15 | 4
mvene f)= 0.5
10 | * n=1.0 -
n=15
5| +n=20 4
n=25
gl w
0 0.2 04 0.6 0.8 1
S
a)T*vs & b) C*vs ¢
Fig. 7. Distributions of T* and C* along the radial direction
of the piezoelectric solid cylinder for different values of n
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Fig. 8. Distribution of i through the radial direction
of the piezoelectric solid cylinder for different parameters

Fig. 8 demonstrates the plots of the radial displacement 4 throughout thickness of the solid
cylinder for different values of the inhomogeneity parameter n, the pressure load ratio p and the
electric potential ratios €. Fig. 8(a) shows that u increases as ¢ increases and its maximum occurs
at the outer surface for n = 0.5. However, forn > 1 % is no longer increasing and has its
maximum values at & = 0.4, 0.435, 0.485, and 0.53 forn =1, 1.5, 2, and 2.5, respectively.
Fig. 8(b) shows that the radial displacement % increases as ¢ increases and the maximum values
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of & occur at the outer surface of the cylinder. Fig. 8(c) shows that & increases as ¢ increases and
its maximum occurs at the outer surface for p > 2, only. However, for p < 1 % is no longer
increasing and has its maximum values at £ = 0.34, 0.39, and 0.58 for p = 0.2, 0.5 and 1,
respectively. Fig. 8(d) shows that the variation of & has no effect on @ at £ = 0.725. Otherwise, u
has its maximum values: # = 26.4021 at £ = 0.305 for & = 5, u = 16.5914 at £ = 0.32 for € = 3,

u=11.7127 at £ =0.34 for € = 2, u = 6.95101 at £ = 0.41 for € = 2, and u = 5.27744 at
&§=03815for&=0.5.
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Fig. 9. Distribution of g; through the radial direction
of the piezoelectric solid cylinder for different parameters

The plots of the radial stress oy, hoop stress o, and axial stress o5 are showing in Figs. 9-11
through the radial direction of the solid cylinder for different values of the inhomogeneity
parameter n, the pressure load ratio p and the electric potential ratios &. All radial stresses o are
compressive and the maximum values occur at the center of the cylinder while the minimum
values are fixed at the outer surface of the cylinder. Most hoop stresses ¢, are compressive and
the maximum values occur at the center of the cylinder while the minimum values are fixed at the
outer surface of the cylinder. The variations of p and € have no effects on g, at £ = 0.4. For
& > 0.4, the hoop stress decreases through the thickness of the cylinder as p decreases (Fig. 10(c))
and as € increases (Fig. 10(d)). The maximum values of the axial stress o3 occur at the center of
the cylinder while the minimum values occur at the outer surface of the cylinder (Figs. 11(a), (d)).
The variations of p and & have no effects on a5 at £ = 0.27. For & > 0.27, the axial stress
decreases through the thickness of the cylinder as p decreases (Fig. 11(c)) and as & increases
(Fig. 11(d)). The minimum axial stress o3 = 0.271259 occurs at ¢ = 0.315 for p = 5 (Fig. 11(c)).
Fig. 11(b) presents two minimum axial stresses: 63 = 0.331291 occurs at £ = 0.22 forn = 1 and
03 = 0.238377 occurs at § = 0.405 forn = 1.5.
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Finally, Fig. 12 demonstrates the plots of the electric potential ® throughout the thickness of
the hollow cylinder for different values of the inhomogeneity parameter n, the pressure load ratio
p and the electric potential ratios €. The electric potential @ is fixed at the center and outer surface
of the solid cylinder. As n increases the electric potential @ decreases for & = 1 (Fig. 12(a)) and
for £ = 0.25 (Fig. 12(b)). However, with the increase of p and € the electric potential ® increases
(Fig. 12(c), (d)). For € = 0.5 and n = 0.25, the electric potential @ has its absolute minimum
value, @ =—-0.0725287 at £ = 0.075 as shown in Fig. 12(d).
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5. Conclusions

The bending analysis of piezoelectric hollow and solid cylinder subjected to combined loading
of external pressure and electric potential is developed to assess the effects of temperature and
moisture concentration. The material properties are considered to be dependent on the radial
direction of the cylinder. The exact closed-form solutions are given for inhomogeneous
piezoelectric cylinders and applicable to different types of mechanical and electric boundary
conditions. Numerical examples presented relate to the performance of inhomogeneous
piezoelectric cylinders under different sets of environmental conditions. The results presented
herein show that the inhomogeneity parameter, the pressure load ratio, the electric potential ratio,
the initial temperature, and the final concentration have significant effects on the temperature,
moisture, displacement, stresses, and electric potential.
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