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Abstract. This paper presents a new adaptive multi-grid method for analyses on damage and
failure in concrete column under cyclic loading. Self-adaptation of the method can carry out
automatically coupling analysis on the process of evolving damage to structural failure with
dynamic grid-change due to damage, without user intervention in the computation. The theory of
multi-grid FEM coupled evolving damage is developed on the basis of the improved variational
principle to consider damage evolution, in which the elements in each sub-domain with different
grid sizes are under the different state of damage. Then the multi-grid FEM method is provided
with the theory and a 3D adaptive mesh refinement procedure. As a case study of the method, the
process of evolving damage to failure of a concrete column under cyclic loading is simulated by
using the developed method, and the simulated results fit well with the experimental data. The
results show that, the developed method is reliable in simulation on evolving damage and failure
in concrete column under dynamic seismic loading with lower cost and sufficient precision.

Keywords: adaptive multi-grid, damage, seismic loading, dynamic coupling, concrete structure.
1. Introduction

The failure of the engineering structures will inevitably lead to disaster results during the
service period, especially for a deadly earthquake. So the study on damage and failure mechanism
of the important engineering structures under seismic loading has attracted the attention of
researchers and engineers, especially for concrete structures which are widely used in civil
engineering structures. Actually, the process of damage evolution to failure in concrete structures
appears as an irreversible process from material damage in concrete of stress concentration zone
to local failure in vulnerable component and eventually to structural failure. So, in order to study
well failure mechanism of concrete structures under seismic loading, it is necessary to consider
the dynamic process of damage evolution up to failure.

Many works have been done on the seismic analysis of engineering structures. Mansour
observed the behavior of reinforced concrete elements under cyclic loading [1, 2]. Jafari studied
the behavior of rock joints under dynamic and cyclic loadings based on experiment [3]. Elnashai
applied three assessment tools of testing, analysis and field observations, and their combination to
investigate vulnerability of structures under seismic loading [4]. Murray evaluated the potential
shear failure of the columns seismic and the structure’s ability to resist progressive collapse [5].
Khan presented a seismic risk analysis of cable stayed bridge based on the concept of damage
probability matrix [6]. Zoubek analyzed the failure mechanism of beam-to-column dowel
connections under seismic loading [7]. Ghobarah proposed a method for damage assessment of
structures under seismic loading based on the change in stiffness of the structure, which is better
suited for non-linear structural analysis [8]. Scotta proposed two series of indexes, which
respectively are Global Damage Indexes (GDIs) and Section Damage Indexes (SDIs). They are
respectively to evaluate seismic performance of overall structure and reinforced concrete
beam-column sections [9]. Kamaris proposed a damage index for plane steel frames under seismic
loading, which takes into account the interaction between the axial force and bending moment
acting on the section of steel member [10].

In the above methods to evaluate seismic behavior of engineering structures, few previous
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methods can reveal the failure mechanisms by considering the dynamic process from material
damage in concrete of stress concentration zone to local failure in vulnerable component and
eventually to structural failure. But in order to better understanding dynamic seismic failure
mechanisms of engineering structures, it is necessary to consider the dynamic coupling process.

Therefore, this paper aims to develop a new adaptive multi-grid method for simulating the
process of damage evolution to failure of concrete structures with lower cost. In the developed
method, the material damage can be delineated based on the concept of continuum damage
mechanics (CDM), which uses a damage variable to describe the deterioration process of materials
due to initiation and growth of defects such as micro-cracks or micro-voids [11, 12]. The theory
of multi-grid FEM coupled evolving damage is first developed on the basis of the improved
variational principle to consider damage evolution, in which the elements in each sub-domain with
different grid sizes are under the different state of damage. Then the multi-grid FEM method is
proposed with the theory and a 3D adaptive mesh refinement procedure, by which the FE elements
can be refined to smaller scales adaptively, once the damage value in an element reaches its critical
value. At last, a numerical example of evolving damage to failure of a concrete column under
dynamic cyclic loading is given by using the developed method.

2. Theory of multi-grid FEM coupled evolving damage

Hu—Washizu variational principle is a well-known variational principle without any constraint,
which is used to derive FEM when restricted to discrete sets of displacements, strains and stresses
that are possibly discontinuous across element boundaries [13]. Since the sub-domains can be
adaptively generated from the developed multi-grid FEM method, it is suitable as a basic equation
for the discontinuous across sub-domains boundaries. To give the FE formulation for describing
the trans-scale process of evolving damage to structural failure and adaptive FE mesh refinement
process, we start with the general Hu-Washizu functional [14]:
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where V is the volume of a body subjected to the action of distributed body force F; (i = 1, 2, 3),
S 1s the boundary surface subjected to the action of external surface force p;, S,, is the boundary
surface where the displacement @; (i =1, 2, 3) is given, u; is the displacement tensor, €;; is the
strain tensor, A(g;;) is the strain energy density, A;; is Lagrangian multiplier defined in the V, y;
is Lagrangian multiplier defined on the S,,. In Eq. (1), there are four kinds of independent variables
of variation, &;;, u;, A;;, 4; without any constraint condition.

2.1. Improved Hu—Washizu variational principle to consider evolving damage

To describe damage evolution process, the damage variable D is substituted into Eq. (1), then
the Eq. (1) can be rewritten as:
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In Eq. (2), there are five kinds of independent variables of variation, &;;, u;, A;5, t;, D. The
body of concrete material can be approximately considered as elastic body in macro-scale [15].
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And the strain energy density coupling damage of elastic body can be written as [16]:

1 1
A(e;,D) = 5 0ij€ij = Eaijklgijgkl(l - D), (3)
where 0;; = a;ji& (1 — D) is the Cauchy stress tensor [16], a;jy, is the initial elastic stiffness

tensor. According to the concept of effective stress, the effective stress tensor 6;; can be expressed
as [16]:

O_ij
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Substituting Eqgs. (3)-(4) into Eq. (2) and carrying out the variation of Eq. (2) with respect to
the five independent variables, &;;, u;, A;5, y;, D, we can obtain:
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In Eq.(5), the symbol & denotes variation. Based on wvariational principle
6T1(&5, uy Ayjy 4y, D) = 0, we can obtain:
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Substituting Eq. (3), Eq. (6), and Eq. (9) into Eq. (2), the modified Hu-Washizu functional
coupling brittle damage can be expressed as:
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When D = 0, Eq. (12) can be rewritten as:
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And the Eq. (13) is the original Hu-Washizu functional obtained from the minimum potential
energy principle by using Lagrange multiplier method to remove the constraints [14].

2.2. Multi-grid FEM from the improved variational principle coupling damage

The calculated results of damage analysis using FEM considerably depend upon FE mesh
[17, 18]. Meanwhile, to describe accurately the pattern of the initiation and growth of local failure
within structure, the refinement grid is required. If using traditional methods for the whole
small-scale simulation, this often leads to consume a lot of computation time and even make the
analysis impossible. To overcome the difficulty, a 3D adaptive mesh refinement procedure is
developed and implemented in the method. Based on the procedure, FE elements can be refined
to smaller scales adaptively, once the damage value in an element reaches its critical value.
Namely the grid of the computational domain can adaptively be refined more precisely while the
damage of the domain is more serious. So sub-domain with different grid sizes can be adaptively
generated and changed with the damage evolution using the procedure. For example, for one
concrete bridge, as shown in Fig. 1, before operation of the method, the initial FE model consists
only of Q; (grey domain with the coarsest grid). The damage evolution can be divided into three
stages based on the damage level, namely (0, D;.), (D1, Dy.) and (D,., 1), which respectively
are described using (1, 0, and £;. Under seismic loading, when the damage value of one element
in (), reaches the preset D, with damage evolution, the element can be adaptively refined into 8
elements which belong to (), (blue grid). When the damage value of one element in (0, reaches
the preset D, with damage evolution, the element can be adaptively refined into 8 elements which
belong to Q3 (green grid). After the operation of the method for the structure under seismic
loading, the initial computational domain ( = ), can be adaptively decomposed into three
sub-domains Q = Q; + Q, + Q3 based on the split criterion coupled in the method.

In the adaptive FE mesh refinement process, the multi-grid domains are automatically
implemented into the improved variational principle coupling damage. The sum of functionals of
all sub-domains and interfaces Il can be expressed as:

3
H(El’]’,ui,lij, [,li,D) = Z Hk(Sij,ui,Ai]’,‘Lli,D) + le + H23 + H13, (14)
k=1

where IIj is the functional of sub-domain Q, (k =1, 2, 3), I1;, is the functional of interface
between the boundary of Q; and the boundary of Q, (3Q; N dQ,), 1,5 is the functional of
interface between the boundary of (), and the boundary of Q5 (3Q, N 0€3), I1;5 is the functional
of interface between the boundary of Q; and the boundary of Q; (0, N 0Q3). A weak form of
the interface displacement continuity is incorporated by using Lagrange multipliers on the
interfaces.

Based on Eq. (12), Eq. (14) can be rewritten as:
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where V,, is the volume of the sub-domain Q;, S, N 3Q, delineates the interface between
boundary surface subjected to the action of external surface force and the boundary of €,
S. N 08y, delineates the interface between boundary surface where displacement is given, and the
boundary of Qy, u;;, u;, and u;3 are respectively displacement components of elements on the
boundary of Q;, Q, and Qg, A;, is Lagrange multiplier.

The new functional in Eq. (15) is established by absorbing damage and sub-domains with
different grid sizes into the original Hu-Washizu functional. Based on variational principle
6I1(&5, uyy Ayjy i, D) = 0 and carrying out the variation of Eq. (15), we can obtain:
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And all FE equations and governing equations can be obtained from the variational equality
Eq. (16).

Initial FE model consists only of
coarse grid before the operation

FE model consists of multi-grid
after the operation of the approach

of the approach
P
Run the approach for
the structure under HHHHE HEEE - ©,
seismic loading ARES SESE NRNMENN Gi5 T
| > -
s # =
% f - Q
=Q Q=0,+Q,+Q,

Fig. 1. Adaptive split criterion
3. Adaptive multi-grid FEM for damage evolution and failure in concrete structures

As discussed in Section 1, the failure of structure involves many coupled processes, from
material damage in concrete of stress concentration zone to local failure in vulnerable component
and eventually to structural failure. In order to study the failure mechanism of structures, the three
major patterns, which respectively are material damage evolution, initiation and growth of local
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failure in macro-scale and structural global failure, should be described in the method.
3.1. Description on material damage evolution in the method

The degradation of the properties of materials is due to the growth and coalescence of
micro-cracks or micro-voids [11]. Using a damage variable to delineate the degradation behavior
of material had widely accepted since the early time of Kachanov for its convenience of
calculation. As shown in Fig. 2 captured by computerized tomography, the micro-cracks and
micro-voids give rise to a reduction of macroscopic stiffness or strength which is described using
a continuous damage based on the concept of continuum damage mechanics (CDM) herein:

p=2 (17)

where S is the overall sectional area of representative volume element (RVE), Sj, is the total area
of the micro-cracks and micro-voids. The effective stress ¢ is deduced from the Cauchy stress o
by taking into account the effective section due to the micro-cracks and micro-voids. This is
written as:

G= o. (18)

S_SD

Di Sl .

;o Area of an arbitrary micro-void

- Area of an arbitrarv micro-crack

The scale of micro-cracks
and cavities is 10°-10° m

SD :Z Sle als Z SzDz

Fig. 2. Concrete RVE with micro-cracks and voids

The effective stress concept is based on the measured macroscopic behavior of the damaged
medium. Based on the concept, many concrete damage models have been developed. In this paper,
the concrete damage model proposed by Mazars [20] is adopted to describe the macroscopic effect
of degradation on the mechanical behavior of concrete using a damage variable D:

0, £ g,
= — A
b=1_80=40 2 . (19)
£ exp[B(e — &)]
where &, is the strain threshold of damage, A,B are model parameters, & = Y3 (&)

(&) = (l&;] + €)/2, €; is the principal strain).
3.2. Description on initiation and growth of local failure in structure in the method

When the damage of element D = 1, the element is considered to be failure. In order to obtain

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEB 2016, VOL. 18, ISSUE 1. ISSN 1392-8716 281



1890. ADAPTIVE MULTI-GRID FE SIMULATION ON DYNAMIC DAMAGE AND SEISMIC FAILURE OF CONCRETE STRUCTURES.
BIN SUN, ZHAOXIA L1

the relatively accurate position and growth path of local failure area, FE meshes consisting of a
lot of elements are necessary when using traditional method in single scale. This often leads to
consume a lot of computation time and even make the analysis impossible. Therefore, in this paper
a 3D adaptive mesh refinement procedure is developed and implemented in the method to describe
the process from small-scale local failure area to large-scale local failure area until the structural
failure with sufficient precision and lower cost. By using the method coupled with the procedure,
the elements can be refined to smaller scales adaptively without user intervention in the
computation, once their damage values reach preset value.

3.3. The criteria for structural failure in the method

When structure under the given loads loses bearing capacity, it is considered to be failure. For
example, when the structure is failure with accumulation of the material damage and local failure
area, the loading direction force of the load point F is close to 0 even if the displacement loading
[ acting on the load point is very large, while the loading direction displacement of the load point
l is very large even if the force loading F acting on the load point.

To quantify the global seismic damage state of structure, a global damage index of structures
Dgiobar is developed based on the load-displacement curve, which reflects the degradation of the
mechanical behavior:

Fy

Aly
Dglobal =1- N/FO , (20)
Al,

where Fy, Aly are respectively the load and displacement of the load point of the structure at Nth
loading, F,,, Al, are respectively the initial load and displacement of the load point, when the
global structure is in elastic stage, as shown in Fig. 3. And a procedure for monitoring Dg;pq; 18
implemented in the method. Once the Dy,,p4; Teaches 1, the concrete column is considered to be
failure, while the method saves the failure time and exits automatically.

Al,
Fy—b

F 3
(A)
By =
|
: (B)
Fyr——F-r——————=
| I
| |
| I
|
: | (A) Initial elastic stage (B) Damage stage at  Nth loading
|
o) >
Aly Aly ! —— = BN Damage
0 4 .8

2 .6 1
Fig. 3. Schematic diagram of global damage index

3.4. The main procedure of the method
The main flow chart of the method is given in Fig. 4. In the developed adaptive multi-grid

method, the trans-scale process of evolving damage to structural failure can be delineated. And
FE elements can be refined to smaller scales adaptively with accumulation of damage.
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Fig. 4. Main flow chart of the

whole adaptive multi-grid FEM

4. Numerical analysis on failure of a concrete column under dynamic cyclic loading

4.1. Numerical e

xample

In order to study the seismic failure mechanism of concrete structures, collapse experiments
of concrete frame structure and its key columns under cyclic loading were carried out by Tsinghua
University [21]. As an example, since the behavior of columns in earthquakes is very important
[22], the key large-scale concrete column is chosen in this paper to simulate its failure process
under the specified experiment condition in Ref. [21] using the developed method, as shown in
Fig. 5. The dimension of the concrete column is 200 mm x 200 mm x 850 mm.

Fig. 5. Test setup of concrete co

e -

lumn under dynamic loading [21

]
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And the load spectrum is shown in Fig. 6. As shown in Fig. 6, the total cycle number of loading
is 38. And after the 38th cyclic loading, the concrete column is failure [21]. In the first six cycles,
the loads are controlled with horizontal force loading. And all levels of the horizontal force loading
are in the following order: 10, 20, 30 KN, which are recycled twice. While in the last thirty-two
cycles, the load is controlled with horizontal displacement loading. And all levels of horizontal
displacement loading are in the following order: 10, 15, 20, 25, 30, 37.5, 45, 55 mm, which are
recycled four times [21].

The initial FE model is shown in Fig. 7(a). And N is the cycle number of loading, N is the
failure number of loading cycles, Ny = 38 for the concrete column under the cyclic loading. And
the adaptive FE mesh refinement process with the cycle ratio based on the adaptive split criterion
coupled in the developed method is shown in Fig. 7.

KN
30
20
10
g 10 .@
‘a =
T =
-30
0 0.‘02 0.54 c.lue 0.1)8 u:w u.l-lz u.‘m 0.165 %9165 D‘:! Dj4 0‘5 D'G 0'7 Dfs 0‘9 1'
N/N, N/N,
a) Horizontal force loading b) Horizontal displacement loading
Fig. 6. Load spectrum
T e T
RNANENN = u
ERENEN [HENRRNE b
CH EYENERE
0 EEERENH!
H NN NN
siiteed
ENARNAY fy ‘\ ‘} j
AEERE ERiNR N\ RRARY
: o o B
T Q
N EEEEN s
- : ]
ERZEEE S
0, 0=010,+0
Element in column base FOHO, O, FOHHY
a) Initial FE model consists only b) FE model consists of multi-grid  ¢) FE model consists of multi-grid
of coarse grid at the cycle ratio  at the cycle ratio N /Ny = 29/38 at the cycle ratio N/Ny =1

Fig. 7. Adaptive finite element mesh refinement process with the cycle ratio
4.2. Numerical simulation of the dynamic damage process and experimental validation

As shown in Fig. 8, for studying the seismic failure mechanism of concrete structures, the
failure evolution pattern of the concrete column under cyclic loading is simulated by using the
developed method. The results of simulation agree well with the experimental results, which imply
that the method is reliable in simulation on dynamic evolving seismic damage and failure in
concrete structures. The location of the initiation and growth of local failure area within the
concrete column predicted by simulation is verified through experiment.

284 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEB 2016, VOL. 18, ISSUE 1. ISSN 1392-8716



1890. ADAPTIVE MULTI-GRID FE SIMULATION ON DYNAMIC DAMAGE AND SEISMIC FAILURE OF CONCRETE STRUCTURES.
BIN SUN, ZHAOXIA LI

M Damage

S -8
2 6 1

a) Calculation result at the cycle ratio: N /Ny =29/38, N /Ny =33/38, N/N; = 1

o
&= X
z i
¥

sadl v B8 | N R |
b) Experimental result at the cycle ratio N/Ny = 29/38, N/N; =33/38, N/N; =1
Fig. 8. Comparison between calculation and experimental results

The horizontal force and displacement of the load point predicted by simulation and
experiment are respectively given in Fig. 9 and Fig. 10. For the numerical example, before
N/Ng = 3/19, the loads are controlled with horizontal force loading, while the loads are
controlled with horizontal displacement loading after N/N; = 3/19. So the horizontal force of the
load point before N/Ny = 3/19 and displacement of the load point after N/N; = 3/19 for
simulation are the same as the experimental results, which are known before the simulation. And
therefore, Fig. 9 is provided to verify the predicted the horizontal force of the load point by the
method after N/Ny = 3/19, and Fig. 10 is provided to verify the predicted the horizontal
displacement of the load point by the method before N/N; = 3/19. As shown in Fig. 10, the
predicted the horizontal displacement of the load point agrees well with the experimental results.
As shown in Fig. 9, with increasing load, the horizontal force of the load point continues to
decrease after N /Ny = 13/19 with the accumulation of the material damage and local failure area.
The horizontal force of the load point is close to 0 when N/N; = 1. This is verified through
experiment. So the trend of the horizontal force of the load point with cycle ratio predicted by the
method is similar to the experimental result, although there are disparities on the result of the
horizontal force of the load point obtained from simulation and experiment. There are many causes
of error. For example, the highly complex trans-scale failure mechanism cannot be completely
contained in the method. And the damage model cannot completely reflect the behavior of
material damage. Similarly, it may also be due to the measuring error under the limitation of the
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experimental condition, or the real constraints for experimental condition cannot be completely
reflected in simulation.

Although there are somewhat disparities due to the complexity of trans-scale failure
mechanism and some objective factors, the predicted results can fit well with experimental results.
It insinuates that the proposed method is reliable.

KN
200
------- Experimental result
150 Calculation result

100

50 1

Horizontal force

-100 +

-150 +

200 S S
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
TN
NI/N,

Fig. 9. Comparison between calculation and experimental results of the horizontal force of the load point

mm

Experimental result
40+ - Calculation result

Displacement

amamiTIT

60 I I i 1 1 I I L I ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

N/N,
Fig. 10. Comparison between calculation and experimental results of displacement of the load point

10

097 _.& - Calculation result

08l Calculation result
) —-©- - Experimental result

0.7F Experimental result
0.6
0.5+

0.4+

Dg]obal

0.3

0.2+

0 0.1 0.2 03 04 05 06 07 08 09 1
NIN,

Fig. 11. Global damage index of the concrete column under the cyclic loading
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The global damage index of the concrete column under the cyclic loading can be calculated
based on monitoring data respectively obtained from the method and experiment using Eq. (20),
as shown in Fig. 11. When the global damage index reaches 1, the concrete column is considered
to be failure.

5. Conclusions

The following specific conclusions can be obtained from the present study:

1) This work proposed a new method for simulating damage evolution up to failure in concrete
structures under seismic loading. The unique feature of the method is the numerical description
on the dynamic coupling process from material damage in concrete of stress concentration zone
to local failure in vulnerable component and eventually to structural failure.

2) Another feature of the proposed multi-grid FEM method is that the FE elements can be
refine adaptively with the increase of damage values, so that the elements in each sub-domain with
different grid sizes are under the different state of damage. The adaptive capability enables the
mesh of the computational domain to be refined automatically more precisely while the damage
in the area is more severe, without user intervention.

3) The developed method has been successfully applied to simulate the dynamic process of
evolving damage to failure of a concrete column under cyclic loading. And the simulated results
fit well with the experimental data even though a little error exists due to the complexity of failure
mechanism. It is shown that the developed method can be used to reveal the failure mechanism of
concrete structures by considering the dynamic coupling process from material damage in
concrete of stress concentration zone to local failure in vulnerable component and eventually to
structural failure.

4) The results suggest that, the developed method is reliable in simulation on dynamic evolving
damage and failure in concrete structures under seismic loading with the adaptive capability as
well as better computational efficiency, so that may be applied to analysis on seismic damage and
failure of large concrete structures.
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