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Abstract. The axial vibration of cracked nanorods (carbon nanotubes) with arbitrary boundary
conditions is studied. The nonlocal elasticity theory is used, and the crack severity is modeled by
an axial spring representing the discontinuity in the axial displacement. The present model is set
up by dividing the nanorod into two segments connected by an axial spring located at the cracked
section. The axial displacement functions are sought as the combination of two Fourier sine series
and Stokes’ transformation. Vibration frequencies of a nanorod for variant crack positions under
different boundary conditions are calculated by means of the proposed method. The purpose of
this study is mainly to present a general analytical method for the dynamical analysis of cracked
nanorods with arbitrary boundary conditions (rigid or restrained) rather than to investigate a
specific problem.

Keywords: Stokes’ transformation, Fourier sine series, nonlocal elasticity theory, cracked
nanorods, axial vibration.

1. Introduction

Carbon nanotubes (CNTs) are acknowledged to have superior physical, chemical, mechanical
and electronic properties for wide potential applications [1, 2], such as graphene transistors, gas
detection, solar cells, ultracapacitors, diagnosis devices and ultrastrength composite materials. In
addition, the CNTs are ultralight and are highly sensitive to its environment changes [3]. Classical
continuum theories are often employed in order to understand the mechanical properties of CNTs
[4-9]. However, atomistic simulations [10, 11] and experimental findings [12] have proved a
significant size effect in the mechanical performance of material at micro and nano scale. The
application of classical continuum theories may be questionable in the theoretical analysis of
CNTs, since these theories lack the accountability of the small-scale effects. The different formats
of size-dependent elasticity theories such as micro-polar elasticity theory [13-15], strain gradient
elasticity theory [16], nonlocal elasticity theory [17], couple stress theory [18] and modified
couple stress theory [19, 20], have received increasing attention in modeling small sized
structures.

The nonlocal elasticity theory is widely recognized as one of the most powerful and reliable
method in the study of CNTs. Several studies have been conducted in the last years aimed at the
identification of mechanical properties in CNTs. Wave propagation in CNTs has been investigated
by Lu et al [21] and Wang [22]. Static analysis of micro and nano structures has been explored by
Wang and Liew [23]. Buckling, bending and vibration of nonhomogeneous nanotubes have been
studied by Pradhan and Phadikar [24] using differential quadrature method. Reddy [25] has
presented Timoshenko and the Euler-Bernoulli beam theories using the nonlocal differential
constitutive relations of Eringen [26]. Free axial vibration of the CNTs has been considered by
Aydogdu [27]. A single nonlocal beam model has been proposed by Pradhan and Murmu [28] to
investigate the bending and vibration characteristics of a nanocantilever beam. Torsional buckling
problem of carbon nanotubes has been solved by Khademolhosseini et al. [29]. Mechanical
behavior of carbon nanotubes embedded in polymer or metal matrix has been investigated by
several researchers [30-35]. The nonlocal elasticity theory has been also used in the nonlinear
vibration analysis of carbon nanotubes [36]. However, fewer researches have been so far

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2015, VOLUME 17, ISSUE 6. ISSN 1392-8716 2907



1725. AXIAL VIBRATION ANALY SIS OF CRACKED NANORODS WITH ARBITRARY BOUNDARY CONDITIONS.
MUSTAFA OZGUR YAYLI, ALI ERDEM CERCEVIK

conducted on the vibration behavior of cracked CNTs using nonlocal elasticity theory [37, 38].

The mechanical properties of cracked nanorods play an important role in process such as ZnO
nanorods and nanowires. Due to different causes, the transverse open or breath cracks are often
found in the nano-sized structures. Any cracks or defects in a nanorod reduce its vibration
frequencies since it becomes more flexible. This fact has been used to detect the location of cracks
in a nano structural component like nanorods. The computation of these vibration frequencies may
also be used to detect the severity of cracks in a nano sized structure. Recently, a nonlocal rod
model has been adopted for the axial vibration analysis of cracked rods with rigid boundary
conditions [39].

It is well known that in real supporting situations, idealized boundary conditions
(clamped-clamped, clamped-free, simply supported) never occur and therefore there exist axial or
rotational restraint or both. It is often a difficult step prediction of a modal displacement function
capable of satisfying any arbitrary restrained boundary conditions. Ansari and Darvizeh [40] have
investigated vibrations of functionally graded shells under various edge conditions. By using
Fourier sine series and Stokes’ transformation, vibration analysis of a beam on elastic foundation
with elastically restrained ends has been investigated by Yayli et al. [41]. Kim and Kim [42] have
studied the vibration of an Euler-Bernoulli beam with generally restrained boundary conditions
by the same approach. A compact analytical method has been proposed to calculate vibrational
frequencies of of single-walled carbon nanotubes with restrained boundary conditions by Yayli
[43]. As far as authors’ knowledge however, there has been no study concerning the longitudinal
vibration of a cracked nanorod with restrained boundary conditions.

The models of cracked nanorods may be divided into two groups: “lumped flexibility” models
and “continuous” models. In this work, we utilize the technique of “lumped flexibility models”,
whose main characteristic is that the presence of a crack is modeled via change of the stiffness of
nanorods at the place of the crack, which is equivalent to the stiffness of an inserted massless axial
spring. In this work, an attempt is made to present a new analytic method for vibration analysis of
a cracked nanorod with deformable boundary conditions. Both Fourier sine series and Stokes’
transformation are employed to construct the simultaneous equations for eigenvalue analysis.
Using the coefficient matrix developed in this study, longitudinal vibration frequencies of a
cracked nanorod with arbitrary boundary conditions can be easily computed. The obtained
coefficient matrix can be useful in theoretical investigation that leads to determinant calculation
of a 4x4 matrix. The present procedure for the free vibration analysis of a nanorod with a crack is
found to be effective regardless of the boundary conditions. Influences of different parameters on
vibration frequencies are studied and discussed. The proposed analytical method can efficiently
be used in detecting crack severity and location in nanostructures (carbon nanotubes,
nanoparticles, nanorods, and nanoelectromechanical systems or microelectromechanical systems)
with arbitrary boundaries. Furthermore it can be used to predict the critical load of damaged
nanostructures based on eigenfrequency measurements.

2. Axial vibration of nanorod with nonlocal rod theory

A cracked nanorod with deformable boundary conditions as shown in Fig. 1 has length L and
longitudinal uniform circular cross section with one traversed crack located at [;. The following
nonlocal differential equation is often used [17]:

ot — (eoa)*V2a]}! = C:¢, (1)
where € and C are the fourth order strain and elasticity tensors, respectively.  is an internal

characteristic length and e, is a constant. Eq. (1) can be written in the following one dimensional
form:
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nl 2 820';% 2
ot — (eya) Tz = Egyy, (2)

where E is the modulus of elasticity. The equation of motion for the axial vibration can be obtained
as:

ON'  0%u(x,t)

oax " otz 3)

where m is the mass per unit length, u(x, t) is the axial displacement and N' is the axial force for
local elasticity. N! can be defined by:

Nl = J- OrxdA, “)
A

where A is the cross-sectional area of the nanorod. Using Egs. (2)-(4) the following equation can
be found in terms of axial force:

aZan
N™ — (epa)? preae Nt (5)

By substituting Eq. (5) into Eq. (3), the equation of the motion of the nonlocal nanorod model
in terms of the axial displacement as follows [27]:

£A 0%u(x, t) 1 , 07 0*u(x, t) 0 ©
————11-(epa) 5 im——=
0x? (@0a) 522 at2
Due to the fact that the crack separates the nanorod into two parts, the axial displacements
cannot be defined by a single function, therefore, two axial displacement functions are required.
The nanorod is assumed to be divided into two parts by the crack. Consequently, the above
differential equation can be rewritten as:

02w, (x, t 0r ) du(xt
4 ng )_{1_(600)2W}m%=0' O<x<h @
9%u, (x,t 0% ) %up(x¢
A%_{l - (e"a)zaxZ}m%: 0 h<x<lL. ®

In order to solve the Eqgs. (7), (8) investigators preferred the separation of variables method
like reference [39]. However, with the separation of variables method the above coupled
differential equations cannot be related to the restrained boundary conditions. Therefore, another
type of transformation should be employed to solve this non classical boundary value problem.

3. Dynamic analysis of cracked nanorods with deformable boundary conditions

The researchers have introduced experimentally one type of vacancy defect in nanorods known
as a slit defect. In fact, the absence of one or more atoms in the structural of nanorods causes the
additional strain energy which is modeled as a crack in the continuum model. In this section, the
cracked nanorod with deformable boundary conditions for a longitudinal vibration is explored
based on the nonlocal elasticity theory. The cracked nanorod is represented by two rod segments
connected with a axial spring of stiffness k, where the right segment is after the crack section and
the left segment is before the crack section (Fig. 1). This model promotes a discontinuity in axial
deflection. Both nanorod segments have the same material properties: cross-section area A,
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Young’s modulus E and the nonlocal parameter eya.
3.1. Modal displacement functions

A spring is used to substitute the effect of crack on the vibration. The axial displacements over
the two elements are denoted by u, (x, t) and u,(x, t). Assuming harmonic vibrations, u, (x, t)
and u,(x, t) can be written in the following form:

uq(x, t) = &(x)cos(wt), )
U, (x, t) = {(x)cos(wt), (10)

where &(x) and {(x) are the modal displacement functions and w is the natural frequency. The
modal displacement functions both £ (x) and {(x) are described in three separate regions, two for
boundary points and the other for the intermediate region between the boundary points:

fo, X = 0,
Sy x =1,
Ex) =4 (11)
Z Apsin(apx), 0<x<l,,
krL:l
o) x =1,
flzi X = L!
() =4 (12)
Z Bpsin(fpx), L <x <L,
U=t
where:
nmwx
o, =" (13)
Ly
nmx
Pn=—7— (14)
2

The modal displacement functions in Egs. (11) and (12) may be chosen either as a Fourier
cosine series or as a sine series. In the present work, we consider two Fourier sine series.

<sog M E
B HIRTRYI
N ATRTAT
4 S ARl
%
-t

b) Model of the cracked nanorod with elastically restrained ends
Fig. 1. A cracked nanorod with deformable boundary conditions

3.2. Stokes’ transformation

The Fourier coefficients (4,) in Eq. (11) can be conveniently written as:
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L
A, = 2 &(x)sin(a,x)dx. (15)

Termwise differentiation of Eq. (11) yields:

[oe]

E(x) = Z apAncos(a,x). (16)

n=1

Above equation can be represented by a Fourier cosine series as follows:

£ =10 Z facos(@n). (17

The coefficients are given by:

I
f=1 f £ = £~ 0] (18)
fn _IE &' (x)cos(apx)dx, (n=1,2,..), (19)

the f, coefficient is obtained by integrating by parts of using Eq. (19):

ly
fa= 12 [f(x)cos(anx) [anf &(x)sin(a,x)dx|, 20)
fo = Z [(D™¢() — §(0)] + a4y, 1)

The above procedure is known as Stokes’ transformation. To compute the exact series
expressions for the first and higher order derivatives of a Fourier sine series, Stokes’
transformation must be utilized. The first and second derivatives of £(x) can be separately
determined by employing Stokes’ transformation as follows:

dZSC) fll + Z COS(anx) ( (( 1) lfh - 60) anAn>' (22)
2 = -
ddfx(zx) = — nZl ansin(anx) (2(( 1) lfll EO) + an“‘n)- (23)

The first two derivatives of Eq. (12) can be obtained with the use of the similar procedure:

d — —

Z(X) (zz +Z cos(B,x) ( ( n" flz €O)+,8an>, (24)
d2 n _

0= Z s n(ﬁnX)< (0% =0), 45, @s)

Substituting Eqgs. (9), (10), (23) and (25) into Egs. (7) and (8), the Fourier coefficients A, and
By, can be written in terms of &, &;,, {o and j, as follows:
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_ 2~ @f (ep@)*)an(§o — (=1)"§y,)

26
"TL o+ G- wieadal 20
B — 3(1% - wzz(eoa)z)ﬁn({o - (_1)n(lz) 27)
"L @5 + (5 — @ (e0a)?) B2 '
where:
2 mwzl% 28
wl - Ele 21 ( )
, _ MW l5 29
w3 EA (29)
The explicit expressions of the axial displacements become:
2 Man(§o — (=17 :
u(x, t) = Z L ! n—(zz;)lz T A ) cos(wt)sin(a,x), (30)
2 8B (40 — (=D"G,,)

,t) = — t)si , 31
u(x, 1) 2., —of + 5P cos(wt)sin(Bnx) (31
where:

Ay =1 — @ (e0a)?, (32)
A, = 12 — wi(eya)?. (33)

The inclusion of the scale parameter (eya)? in the above two equations takes into account the
nonlocal effects.

4. Nonlocal boundary and jump conditions

A nanorod of length L and with one crack is considered as in Fig. (1). It is assumed that the
crack is located at point [;. The entire nanorod has been divided into two segments with lengths
14, L5, respectively. Using Egs. (3) and (5), the nonlocal axial force N can be expressed as:

du(x,t)

34
atz 0x 34

N = [EA + (epa)’m

Based on Eq. (34) it is then seen that the following boundary conditions at the spring locations
can be written as:

Juy(x, t)
Sofo == [EA + (eoa)z atzjlaaix(, )x = O, (35)
uy(x, t
s, = [EA + (eoa)zmat2 o X7 L, (36)

where s, and s;, are the stiffnesses of the springs at the ends of the nanorod. Finally, the jump
conditions are given as [45]:

aul (ll' t)

. - 37
ol e T %)

k(& — 3) = [EA + (epa)?m->
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uy (13, 8) _ 0u, (0, 1)
ox ox '

x =1, (3%)

where k is the crack flexibility constant. After some mathematical manipulations, the substitution
of Egs. (9), (10), (22) and (24) into Egs. (35)-(38) leads to the four simultaneous homogeneous
equations:

26222 — 2y2822*
“hSo YA -1+ Z =672 — m2y?22n? 4+ m2n? o

P 252,14( 1" — 28222(—1)" (39%)
1-y22% + Z 4 3 §,, =0,
_61 AZ - VZAZnZ + n-znz 1
2 252/14 —1" = 28222(—1)"
1-y22 + Yy 6;4°(—1) 3A°(=1) %
Z82X2 — n2y2X2n? + m2n?
(39b)
26222 — 2y2622*
U Z —672% — m2y?A?n? 4 m2n? G =0
- Z /12 _2p2522 ;
—52/12 — m2y222n% + 2n? | °°
51 2y282 24 (=)™ — 28222 (=)™ 61 (35¢)
4,272 = _— =
+< VAR gt +; —820% — 2y222n? + 2n? >€ll K{O 0,
_l+§ 28, 12(—1)" ;
5, ] —82)2 — w2y212n2 + w2n2 ) °°
n=
1 - 28,12
5~ Z 292 20,2322 2,2 Shy
6, =674 —m?y2A*n? + ?n
= (39d)
N 1 z 26,72
6 & —6222 — m2y?2?n? + m?n? %
1 < 28,2(~1)"
Y Z _ 2A7(—1) . =0,
5, 4 8222 — n2y2)?n? + nin? ) '
where
Sk 40
=— 41
K Ild‘, (41)
=1 42
61 lLJ ( )
=2 43
8, L,L (43)
So
= St 44
So E/lll (44)
SL
= 45
SL EAJ ( )
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2]2
A= [ (46)

and the frequencies of a cracked nanorod with different boundary conditions can be obtained by
the following eigenvalue equation:

Y11 Y1z Y1z Y 50
Va1 Va2 Yoz Pou S‘rl1
Ya1 Y2 Yaz Paa|| o
Va1 VYaz Vaz Yua Clz

=0, 47

where:
- 26202 — 2282
Yry = 6,8y + Y222 — 1+ Z e B e (48)
n=
o 228204 (—1)" — 28222(=1)"
Y =1-y?2 + Z —6202 — 2y222n? + m2n? (49)

Yis =0, Yu=0, Yoy =0, Y =0, (50)

2y26204(—1)" — 26222(=1)"

Yoa = 1720+ Z —8202 -1 y2/12n2 +m2n2 "’ S
5222 — 225224

You =V =8 — 1+ Z —52/12 —m2y2)2n2 + g2n? (52)

25 22 _ 22524
hay = Y24 _1+Z —82)2 — m2y2A2n2 + w2n?’ (53)

2y26224(—1)" — 26272(=1)"
— 292 _1 1 1
Voo =y A gt 1 nz_l —6722 — w?y2A?n? + n?n? ' 9
o)
1/’33—_— Y3, =0, (55)
K
28,22(=1)"
) 56
+ Z _52/12 — m2y2)2n? + g2n? (56)
1 Z 268,22 57
b =75 L 6722 — m?y2a%n? + min? ©7)
1 i 26,1 53
Va5 = 8, —~ —822% — w2y22n? + n2n? (58)
! i 28,22 (—1)" o
Vaa = 8, =822 — m2y212n2 + 2n?’ (59)

Eq. (47) defines a classical eigenvalue problem. The eigenvalues (4,) are computed by setting
the determinant of the coefficient matrix in Eq. (47) to zero:

lwij| =0, (i, j=1,234). (60)

It can be seen quite readily that there are only six parameters, y, 81, 85, K, Sy and Sy, in the
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expression of |I[Jl- jl = 0. The characteristic equation of Eq. (60) can be solved by assigning the
proper values of Sy and S; corresponding to any specified boundary conditions. This procedure
can be generalized to general nanorod systems as segments connected by elastic massless axial
springs illustrating cross-sectional flexibilities. Afterward, jump conditions in Egs. (37), (38) for
free vibrations are established for each segment. The characteristic equation is then calculated as
a nth-order determinant, equated to zero. As a result the eigenvalues of the problem may be
explicitly obtained analytically.

Omitting the Eqgs. (37), (38) and setting &;,, { equal to zero one obtains two homogeneous
algebraic equations for uncracked case including &, and ;,. The eigenvalue equation can be
established by setting the §, and J, equal to one:

[1/211 1?12] fo] _ 61)

Va1 Yo Sy

where:

B 222 = 2y%2%

Pu=—SotyiA -1+ Z -2 — 22 2n? + n?n? (62)
2y2,14( D" — 222(=1)"

Yo =1-7y"4 + Z —A2 —m2y222n2 + m2n?’ (63)
2224 (= 1) — 222 (=1)"

e Z -2 — m2y2)2n2 + n2n?’ (64)

_ 2]/214-
Por = v22° _SL_1+Z—/12—T[ 2y2)2n2 4 2n? (65)

5. Numerical results and discussion

In this section, several numerical examples are detailed to demonstrate the validity of the
presented modelling and solution, also quantifying and highlighting the effects of the crack
parameter K and nonlocal parameter y on the dynamic response of the nanorods. The calculated
values are computed using 60 terms in Eq. (60).

5.1. Verification studies

Prior to presentation of analytical results of the vibration frequencies, let us explore the
accuracy and validity of the method proposed here. In order to validate the derived expressions,
as well as to demonstrate their implementation, a cracked nanorod with hard axial springs is
considered. The axial spring parameters are (For the large spring parameters, this problem
essentially turns into the clamped-clamped case), the crack is located at any distance from the left.
The crack parameter taken as for non-cracked nanorod. The comparison results for the vibration
frequencies of the non-cracked nanorod for different modes are listed in Table 1. It can be seen
that the present results are in good agreement with the previous studies.

In the second validation study, and parameters are similar to first example and the other spring
parameter is taken as zero means that there is no axial spring at this boundary, namely, the nanorod
is free at this end. The comparison results are listed in Table 2. The results are good agreement
with those obtained from previous studies. In addition, the comparison of the results calculated by
using the proposed method and that computed by Hsu et al. [39] and Singh [45] are listed in
Table 3. The following parameters are used: y = 0, §; = 0.202 and K = 0.1144. It is clear that the
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accuracy of solution is responsive to the number of terms from the infinite Fourier sine series. In
the present study, a good convergence is seen for the first terms.

Table 1. Comparison of the first three frequency parameters of nanorod with clamped ends

Clamped-Clamped So = S, = 10000
Ref. [27] Ref. [44] Present
Mode A A A,
1 3.141 3.141 3.14259
6.284 6.283 6.28095
3 9.425 9.424 9.42368

Table 2. Comparison of the first three frequency parameters of nanorod with clamped-free ends

Clamped-Free So = 10000, S, =0
Ref. [27] Ref. [44] Present
Mode A A 1,
1 1.571 1.570 1.57539
2 4.712 4.712 4.73481
3 7.854 7.853 7.85398

Table 3. Comparison of the first three frequency parameters of cracked nanorod with clamped-free ends

Clamped-Free So = 10000, S, =0
Ref. [39] Ref. [45] Present
Mode A A 1,
1 1.4278 1.4278 1.42668
2 4.5576 4.5579 4.51172
3 7.8540 7.8540 7.85595

5.2. Parameter studies

In this section, the axial vibration of the considered nanorod is investigated and some results
are compared with the results available in the literature. First frequency parameter of the cracked
nanorod is presented in Table 4 for various values of spring (S,, S;), crack K and nonlocal
parameters y. The results in this table are obtained by using Eq. (60) for the constant value of
6; = 0.35. It may be noted that for the results given under the S, = S; = 10000 and S, = 10000,
S; =0 columns in Table 4 corresponding to the rigid boundary conditions (clamped-clamped,
clamped-free). Since there is no reported work for the vibration of cracked nanorods with elastic
restraints as far as the authors know, it is believed that the listed results in Tables 4 and 5 will be
a reference with which other researchers can compare their studies.

Table 4. Variation of the first frequency parameter (4;) for various values of S;, Sy and K

Clamped-Free Present
y K=0 K=0 K=0 K=0
Ref. [27] So =10000,5;, =0 | S =10,5, =30 | So =10,5, =5
0 1.570 1.576 2.3958 2.0289
0.02 1.570 1.576 2.3934 2.0280
0.04 1.567 1.573 2.3867 2.0255
0.06 1.563 1.569 2.3755 2.0214
0.08 1.558 1.564 2.3600 2.0155
0.10 1.551 1.557 2.3487 2.0080

Fig. 2 shows the variation of first vibration parameter of cracked nanorod with the location of
crack. The crack severity and left spring parameter are assumed to be constant, K = 1, S, = 5.
The nonlocal results are given for S; = 1.0, S, = 1.2, S; = 1.3 and S;, = 1.5, respectively. In this
example, the location of crack varies from §; = 0.01 to §; = 0.5. It can be concluded from the
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figure that the influence of a crack on the dynamic behavior of the nanorod is sensitive to its
location. One can observe that the first vibration parameter increases and the spring parameter S;
increases as the §; increases. This is due to the fact that the elastic strain energy decreases as the
crack location is closer to the hard boundary condition.

Table 5. Variation of the first frequency parameter (4;) for various values of, S;, Sy and K

Clamped-Free Present
Y K=0 K=0 K =0.5 K=1.0
Ref. [27] So=S5,=10000 | So =S, =1 S,=5,=2
0 3.141 3.140 1.2750 1.6088
0.02 3.135 3.134 1.2748 1.6086
0.04 3.117 3.116 1.2746 1.6080
0.06 3.087 3.086 1.2743 1.6069
0.08 3.046 3.046 1.2738 1.6053
0.10 2.997 2.997 1.2733 1.6033
vaf I I ]
; Sp=1.5 e
3 16l S,-1.3 ]
g —e— 51-1.2 pe =
E 1.5 —®— S, =-1.0 /,-’// 4
& A
1.af o 1
m o13f o - ]
1.2k . . ! ! =
0.0 0.1 0.2 0.3 0.4 0.5

Location of crack, &;

Fig. 2. Effect of the crack position on dynamic behavior for different boundary conditions

The changes of the first frequency parameter in the case that a crack located at its middle
section §; = 0.5 with same values of nonlocal parameter y = 0.1 and different values of crack
parameter K are presented in Fig. 3. A cracked nanorod is considered with the boundary
conditions S, =1, 1.5,2.0 at leftend and S, = 1, 1.5, 2.0 at right end as a symmetric boundaries.
It is seen that crack reduces the vibration frequencies because the nanorod stiffness decreases.
This is as expected since a crack represents a loss of material. This will be used to detect the
location of the crack in a nanostructure.

1.6 T T B
- a —8— Sp=5.-1
-2 \ o =B 5 1
o “
o FaN
g =] —— Sp=Sp-2
O 1.4- & - | B
o ._
=1 - -
& -]
g 1 - ]
o o
g .
i o o
- 1.2+ o
o
o
H -~
el
= 8

1.1F —— ]

T o
! I I ! FBRES ...
0 5 10 15 20

Crack parameter, K

Fig. 3. First vibration frequencies as a function of crack severity K located at its middle section
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The effect of the nonlocal parameter on the dynamic behaviour of cracked nanorod is
demonstrated in Fig. 3. This figure displays the first normalized natural frequency ratios, as a
function of nonlocal parameter for selected spring parameter S, = 1000, crack severity K = 0.5,
and crack position §; = 0.4. The most important observations are as follows. The differences
between the nonlocal theory and those of the local theory increase, as the nonlocal parameter y
increases, especially for the higher spring parameters (S; ). The frequency ratios decrease rapidly
at higher values of the spring parameters. The effects of different boundary conditions and
nonlocal parameter on the frequencies of cracked nanorod are also presented in Fig. 3. The left
spring parameter S, and crack severity K are assumed to be 1.5 and 5, respectively. Fixing the
crack position at §; = 0.1 and varying the nonlocal parameter y results in a significant change in
the frequency parameter ratios. One can note as the nonlocality parameter y increases, the
frequency parameter ratios decreases, which highlights the significance of the small scale effect.
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Fig. 4. First vibration frequencies as a function of nonlocal parameter

The first frequency parameter of the cracked nanorod with crack severity (K = 0.1144) is
shown in Fig. 5. The following parameters are used: §; = 0.2002, y = 0.1. The effect of
deformable boundary conditions (S, S;) is investigated in this example. All frequencies decrease
with an increase of the nonlocal parameter. In addition, the effect of the nonlocal parameter on the
frequencies is significant for the higher values of the spring stiffnesses Sy, S;, especially, for the
clamped-clamped case. The small scale effect is taken into consideration in the vibration analysis
that makes the nanorod stiffer. Therefore, a higher small scale parameter y leads to a decrease of
the crack effect on the vibration frequency.
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Fig. 5. First vibration frequencies as a function of nonlocal parameter for a cracked nanorod
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6. Conclusions

On the basis of the nonlocal elasticity theory, the longitudinal vibration behavior of cracked
nanorods with deformable boundary conditions was studied by implementing Stokes’
transformation. Crack was modeled by an axial spring representing the discontinuity in the axial
displacement. The nanorod was assumed to be divided into two parts by the crack. Using two
Fourier sine series, frequency determinant was derived and the vibration frequencies were
determined by the characteristic equation. Presented results were confirmed by the results via
using a cracked nanorod with rigid boundary conditions. The conclusions are itemized below:

1) By using this method, the eigenvalue equation for a cracked nanorod with any kinds of
boundary conditions can be conveniently determined from a fourth order determinant. It is not
necessary to sellect a new set of displacement functions for each change in supporting conditions.

2) Influence of a crack on the dynamic behavior of the nanorod is sensitive to its location.

3) The vibration frequency of nanorods is shown to be dependent on the crack position and the
end conditions.

4) It is observed that the influences of crack severity, nonlocal parameter and location of crack
on the vibration frequency of the cracked nanorod are significant.

5) The small scale effects are more prominent for hard springs compared to the soft ones.

6) The frequency parameter decreases with an increase of the crack severity for the nanorod
with any boundary conditions.

7) A larger small scale parameter leads to a decrease of the crack effect on the vibration
frequency.
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