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Abstract. A dynamical model of a thin rectangular plate under in-plate parametrical narrow band 
noise excitation was proposed based on the elastic theory and the Galerkin’s method. Firstly, the 
model was perturbed applying the multiple scale method, subsequently the averaged equation in 
Ito form was obtained. Subsequently, the stochastic moment stability of the steady state responses 
was studied by Floquet theory and the moment method. Finally, the second order moment of the 
system was calculated. The moments can be used to estimate the statistical characters such as 
mean and variance of the responses. The numerical simulation was carried out and the results are 
consistent with the theatrical analysis.  
Keywords: thin rectangular plate, narrow band noise, moment method. 

1. Introduction 

Much attention has been drawn to the nonlinear oscillation of thin plates in the past three 
decades. Numerous nonlinear phenomena such as bifurcations and chaos have been observed. 
Among these studies, the response of simply supported thin rectangular laminated plates subjected 
to harmonic excitation is analyzed [1]; the bifurcations and chaos of a rectangular thin plate with 
1:1 internal resonance have been investigated [2]; both the local and global bifurcation of 
rectangular thin plate excited parametrically and externally have been calculated respectively 
[3, 4]; the bifurcations of a thin plate due to flow-induced vibrations are considered and a 
finite-dimensional analysis were given [5-7]. However, these studies about the vibration of the 
thin plate induced by stochastic excitations are few. The first-mode approximate response of thin 
rectangular plate subject to the Gauss white noise excitation with frictional boundaries has been 
analyzed [8]. The response of shape memory alloy thin plate subjected to Gauss white noise is 
detailed in reference [9]. Anyway, the studies on the thin plates subjected to narrow band noise 
excitation are few. As we know, the narrow band noise is a kind of more reasonable mathematical 
model than harmonic excitations to simulate the real condition. Thus, there remains a need for 
exploring the responses of the thin plate under narrow band noise excitation. 

In this paper, we focused on a rectangular thin plate under narrow band noise excitation. In 
Section 2, the von Kármán equation and the Galerkin method were used to obtain the ordinary 
differential equation governing the motions of the frictionally-bounded rectangular thin plate. 
Then the multiple scale method was applied to get the stationary state response. Furthermore, the 
Ito-type stochastic differential equation was obtained by linearization, and the responses and 
stability of the noise included system were studied applying the moment method. Finally, the 
numerical simulation was carried out to verify the theoretical analysis. The results quite agree with 
the analysis. 

2. Modeling of the plate 

The length and width of the rectangular thin plate are ܽ and ܾ, the thickness is ℎ. The plate is 
simply supported and ݔ = 0 and ݔ = ܽ. The coordinate system is establish, as shown in Fig. 1. It 
is assumed that ݓ ,ݒ ,ݑ represent the displacement of a middle plane point of the thin plate in the 
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ݕ directions. The in-plane narrow band noise excitation is imposed at ݖ and ݕ ,ݔ = 0 edge which 
has the expression that: (ݐ)݌ = ଴݌ + ݐଵcos[Ω݌ + ݕ is unit Wiener process. The friction force [10] is imposed at (ݐ)ܹ denotes the strength of the noise, and ߜ ,଴ denotes the steady pressure, Ω means the fundamental frequency of the excitation݌ where ,[(ݐ)ܹߜ = ܾ edge, which is in the 

form of ܨ = ݇ பப௧ ൬ଵଶ ׬ ቀப௪ப௬ቁଶ௕଴  .൰, where ݇ is the coefficient of boundary frictionݕ݀

 
Fig. 1. Model of a rectangular thin plate and the coordinate system 

The transverse vibration function can be given by the von Kármán equation for the thin plate: 

ݓସ∇ܦ + ℎߩ ∂ଶݐ∂ݓଶ + ߤ ݐ∂ݓ∂ = ∂ଶ߶∂ݕଶ ∂ଶݔ∂ݓଶ − 2 ∂ଶ߶∂ݔ ݕ∂ ∂ଶݔ∂ݓ ݕ∂ + ∂ଶ߶∂ݔଶ ∂ଶݕ∂ݓଶ , (1)

∇ସ߶ = ℎܧ ൥ቆ ∂ଶݔ∂ݓ ቇଶݕ∂ − ∂ଶݔ∂ݓଶ ∂ଶݕ∂ݓଶ ൩, (2)

where ∇ସ= ∂ସ/ ସݔ∂ + 2 ∂ସ/ ଶݔ∂ ଶݕ∂ + ∂ସ/ ସݕ∂  is the multiple harmonic operators, ߩ  is the 
density of thin plate, ߤ is the damping coefficient, ݀ is the bending rigidity, ܦ = ℎଷ/12(1ܧ − ଶݕ∂߶is Possion’s ratio, and ߶ is the stress function: ∂ଶ ߥ ,is Young’s modulus ܧ ,(ଶߥ = ௫ܰ ,   ∂ଶ߶∂ݔଶ = ௬ܰ , ∂ଶ߶∂ݔ ݕ∂ = − ௫ܰ௬, (3)

where ௫ܰ, ௬ܰ, ௫ܰ௬ are the components of the in-plane stress resultant. The boundary conditions 
are assumed to be: 

ݓ = ∂ଶݔ∂ݓଶ = ݑ，0 = න ቈ1ܧ ቆ∂ଶ߶∂ݕଶ − ߥ ∂ଶ߶∂ݔଶ ቇ − 12 ቆ∂ଶݔ∂ݓଶ ቇ቉ ௔ݔ݀
଴ = ݔ，0 = 0, ݔ = ܽ. (4)

The boundary condition of ݕ = ܾ edge can be expressed as: 

න (∂ଶ߶/ ଶ)௔ݔ∂
଴ ݔ݀ = ଴݌ൣ− − ݐଵcos൫Ω݌ + ൯൧ܽ. (5)(ݐ)ܹߜ

The transverse deflection ݓ of the first order modular is expressed as: ݐ)ݓ, ,ݔ (ݕ = sin(ݐ)ݍ ቀݔܽߨቁ sin ቀݕܾߨቁ. (6)

Substituting Eq. (6) into Eq. (2), and considering the boundary condition Eqs. (4), (5), the 
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stress function can be solved, then applying Eq. (3) the internal force can be obtained: 

௫ܰ = ℎ8ܽଶܧଶ݂ଶߨ ൬1 − cos ܾݕߨ2 ൰ − ଴݌ൣݒ − ݐଵcos൫Ω݌ + ,൯൧(ݐ)ܹߜ
௬ܰ = − ℎ8ܾଶܧଶ݂ଶߨ cos ܽݔߨ2 − ଴݌ൣ − ݐଵcos൫Ω݌ + ൯൧(ݐ)ܹߜ + ௫ܰ௬,ܨ = 0. (7)

Substituting Eq. (6) into Eq. (2), and by applying the Galerkin approach, the nonlinear 
vibration equation is given: 

ሷݍ + ߤ݉ ሶݍ + ସ݉ߨܴ ൬ 1ܽଶ + 1ܾଶ൰ଶ ݍ + ଶܾܽ݉ߨ4 ݍ න න ൤൬ ௫ܰܽଶ + ௬ܾܰଶ ൰௕
଴

௔
଴ sinଶ ݔܽߨ sinଶ ݕܾߨ

      − ௫ܰ௬2ܾܽ sin ܽݔߨ2 sin ܾݕߨ2 ൨ ݔ݀ݕ݀ = 0. (8)

Considering the Eq. (7), the Eq. (9) can be rewritten as: ݍሷ + ߱ଶݍ + (2ܿ + ሶݍ(ଶݍߚ + ଷݍߙ = ݐcos[Ωݍ݂ + ,[(ݐ)ܹߜ (9)

where: 

ܿ = ଶ߱   ,2݉ߤ = ଶ݉ߨܦ ൬ 1ܽଶ + 1ܾଶ൰ଶ − ଴݌ ଶ݉ߨ ൬ ଶߥܽ + 1ܾଶ൰,ߚ = ଶ8ܽଶܾ݉ߨ3݇ ߙ   , = ℎ4݉ܧସߨ ൬ 3ܽସ + 1ܾସ൰ , ݂ = ଵ݌ ଶ݉ߨ ൬ ଶߥܽ + 1ܾଶ൰.
Considering, ݐ∗ = ݐ߱ ݔ , = ܾܽ√/ݑ ∗ߜ , = ߜ߱√ ∗ߙ , = ߱/ܾܽߙ ∗ߤ , = ∗ߚ ,(߱݉)/ߤ = ߱/ܾܽߚ , ݂∗ = ݂/߱ , Ω∗ = Ω/߱ , then substitute the above no dimensional variables into Eq. (9) and 

dropping the over star yields the dimensionless function as following: ݔሷ + ݔ + ߤ2)ߝ + ሶݔ(ଶݔߚ + ଷݔߙߝ = ݐcos[Ωݔ݂ߝ + ,[(ݐ)ܹߜ (10)

where the ߝ denotes the mark for small perturbation terms. 

3. Modeling of the plate 

The uniformly approximate solution of Eq. (10) is expressed in the following form: ݐ)ݔ, (ߝ = )଴ݔ ଴ܶ, ଵܶ) + )ଵݔߝ ଴ܶ, ଵܶ) +⋅⋅⋅, (11)

where ଴ܶ = ଵܶ ,ݐ =  .are fast and slow time scale respectively ݐߝ
In this study only the first-order uniform expansion of the solution ݔ଴( ଴ܶ, ଵܶ) is calculated. 

Denoting ܦ଴ = ∂/ ∂ ଴ܶ, ܦଵ = ∂/ ∂ ଵܶ, the ordinary-time derivatives can be transformed into partial 
derivatives as: ݀݀ݐ = ଴ܦ + ଵܦߝ +⋅⋅⋅ ݀ଶ݀ݐଶ = ଴ଶܦ + ଵܦ଴ܦଶߝ +⋅⋅. (12)

Substituting Eqs. (11), (12) into Eq. (10), and comparing coefficients of ߝ with equal powers, 
one obtains: 
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଴ݔ଴ଶܦ + ଴ݔ = ଵݔ଴ଶܦ ,0 + ଵݔ = ଴ݔଵܦ଴ܦ2− − ଴ଷݔߙ − ߤ2) + ଴ݔ଴ܦ(଴ଶݔߚ + ଴cosݔ݂ ቀΩ ଴ܶ + .ቁ(ݐ)ܹ̅ߜ (13)

The general solution of Eq. (13) can be expressed as: ݔ଴( ଴ܶ, ଵܶ) = )ܣ ଵܶ)exp(݅ ଴ܶ) + ܿܿ, (14)

where the ܿܿ is the complex conjugate of its preceding terms, and ܣ( ଵܶ) is the slowly varying 
amplitude of the response. Substituting Eq. (12) and Eq. (14) into Eq. (13), yields: ܦ଴ଶݔଵ + ଵݔ = e௜݅ܣଵܦ2− బ் − ଷe௜ଷܣ)ߙ బ் + e௜ܣଶ̅ܣ3 బ்) − e௜ܣ݅ߤ2 బ்       −ܣ݅)ߚଷe௜ଷ బ் + e௜ܣଶ̅ܣ݅ బ்) + 12 ݂e௜൫ బ்ାఋௐ( భ்)൯ + ܿܿ, (15)

where the over bar stands for the complex conjugate, ߜ = ߝ√/̅ߜ . For Wiener process ܹ(ݐ), [(ݐ)ܹ]ܧ = [(ݐ)ଶܹ]ܧ ,0 =  :one has ,ݐ

(ݐ)ܹ̅ߜ = ߝ√̅ߜ (ݐߝ)ܹ = )ܹߜ ଵܶ). (16)

We focus on the primary resonances of the system Eq. (1). Introducing the detuning parameter ߪ as follows, Ω = 2 + ݐOne has: Ω .ߪߝ = 2 ଴ܶ + ߪ ଵܶ. (17)

Using the above Eq. (17) and eliminating the secular terms of Eq. (15) yields: 12 e୧ௐ்ఋା୧ఙܣ̅ భ்݂ − ߙܣଶ̅ܣ3 − 2iܦଵܣ − ߚܣଶ̅ܣ݅ − ߤܣ2݅ = 0. (18)

Expressing ܣ( ଵܶ) into the polar form: ܣ( ଵܶ) = ܽ( ଵܶ)exp[݅߮( ଵܶ)]. (19)

Substituting Eq. (19) into Eq. (18) and separating the real and imaginary parts of Eq. (18) 
yields: ݀ܽ݀ ଵܶ = ܽߤ− − 18 ଷܽߚ − 14 ݂ܽsinߟ, ܽ ݀ߟ݀ ଵܶ = ܽߪ− + 34 ଷܽߙ − 12 ݂cosߟ − )ᇱܹܽߜ ଵܶ), (20)

where ߟ = 2߮ − ߪ ଵܶ − )′ܹߜ ଵܶ), Eq. (11) is the first-order equation governing the modulation of 
the amplitude and phase.  

The steady state response ݀ܽ/݀ ଵܶ = ݀/ߟ݀ ଵܶ = 0 is decided by: 

ߤ− തܽ − 18 ߚ തܽଷ = 14 ݂ തܽsin̅ߟ , − ߪ തܽ + 34 ߙ തܽଷ − ߜ തܹܽᇱ(ܶ) = 12 ݂ തܽcos̅ߟ, (21)

where തܽ and ̅ߟ denote the steady amplitude and phase. 

4. Stability 

Different definitions of stochastic stability have been reported: the almost certain stability and 
the moment stability. Subsequently, we discuss the almost certain stability of the trivial solution 
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തܽ = 0 by the linearizing Eq. (20) at (0, 0): ݀ܽ݀ ଵܶ = ܽߤ − 14 ݂ܽsinߟ, ܽ ݀ߟ݀ ଵܶ = ܽߪ− − 12 ݂cosߟ − )ᇱܹܽߜ ଵܶ). (22)

Let ݒ = lnܽ, Eq. (22) can be written as the following Ito equations: 

ݒ݀ = ൬−ߤ − 4݂ sinߟ൰ ݀ ଵܶ, ߟ݀ = ൬−ߪ − 2݂ cosߟ൰ ݀ ଵܶ − )ᇱܹߜ ଵܶ). (23)

The largest Lyapunov exponent ߣ୫ୟ୶ of the corresponding solution is given by [11]: 

୫ୟ୶ߣ = limభ்→ஶ 1ܶଵ ln ฬܽ( ଵܶ)ܽ( ଴ܶ)ฬ = limభ்→ஶ 1ܶଵ න ൬−ߤ − 4݂ sinߟ൰భ்଴ ݀ ଵܶ = ߤ− − 4݂ .[ߟsin]ܧ (24)

The almost certain stability of the trivial solution can be determined by the largest Lyapunov 
exponent ߣ୫ୟ୶, when ߣ୫ୟ୶ < 0 the trivial solution is almost certainly stable. Otherwise the trivial 
one is almost certainly unstable. In the deterministic case when ݂ = 0, as known that the Lyapunov 
exponent of system Eq. (10) is ߣ୫ୟ୶ =  Such that the trivial solution of Eq. (10) is stable if .ߤ−
and only if ߤ > 0. When ߤ ߜ ,0.3= = 0.1, the variation of ߣ୫ୟ୶ with ߪ and ݂ are illustrated in 
Fig. 2(a), and the corresponding level lines are observed in Fig. 2(b). From Fig. 2(a) and (b), it 
can be seen that ߣ୫ୟ୶ is a decreasing function of parameter |ߪ|. On the other hand ߣ୫ୟ୶ is an 
increasing function of parameter ݂. If the exciting frequency is located near the parametrical 
resonance frequency Ω ≈ 2: the Lyapunov exponent rises up. In short, trivial solution stability of 
Eq. (10) is as same as the linear system. Hence there remains a demand that the nontrivial solutions 
steady state response caused by the nonlinearity should be studied. 

 
a) 

 
b) 

Fig. 2. a) The Lyapunov exponent, b) the corresponding level lines 

The Floquet theory is applied to investigate the stability of the nontrivial steady state response തܽ ≠ 0 by linearization [12]. 
Assuming ܽ = തܽ + Δܽߟ = ߟ̅ + Δߟ,  where Δܽ,  Δߟ  are the small perturbation terms, 

substituting the above equations into Eq. (11) and ignoring the high order terms, the linearization 
is expressed as: ݀Δܽ݀ ଵܶ = Δܽߤ − 38 ߚ തܽଶΔܽ − 14 ݂sin̅ߟΔܽ − 14 ݂cos̅ߟΔߟ,݀Δ݀ߟ ଵܶ = ቆ32 ߙ തܽ − ቇ(ݐ)ᇱܹߜ Δܽ + 12 ݂sin̅ߟΔߟ. (25)

Substituting Eq. (21) into Eq. (25) yields the Ito type stochastic equation: 
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݀Δܽ = ൤൬− 14 ߚ തܽଶ൰ Δܽ + ൬12 ߪ തܽ − 38 ߙ തܽଷ൰ Δߟ൨ ݀ ଵܶ,݀Δߟ = ൤32ߙ തܽΔܽ + ൬2ߤ − 14 ߚ തܽଶ൰ Δߟ൨ ݀ ଵܶ − (26) ,(ݐ)ܹ݀ߜ

where ܹ݀(ݐ) is the standard unit Gauss white noise. 
It is significant to explore the stable conditions for the steady state solutions. The moment 

method is an effective tool [12] to estimate the steady state solutions statistically. Firstly, we take 
expectations on both sides of Eq. (27), considering the expectation of the Gauss white noise ܹ݀(ݐ) equals to zero, one obtains: ݀ܧ[Δܽ]݀ ଵܶ = ݀[ߟΔ]ܧ݀ ଵܶ = 0,
which yields: 

[൬− 14 ߚ തܽଶ൰ [Δܽ]ܧ + ൬12 ߪ തܽ − 38 ߙ തܽଷ൰ [ߟΔ]ܧ = 2ߙ0,3 തܽܧ[Δܽ] + ߤ2) − 14 ߚ തܽଶ)ܧ[Δߟ] = 0. (27)

The Jacoby matrix is a frequently applied approach to judge the stability of the moment, which 
is expressed as follows: 

det ተ− 14 ߚ തܽଶ − ߣ 12 ߪ തܽ − 38 ߙ തܽଷ32ߙ തܽ ߤ2)− + 14 ߚ തܽଶ) − ተߣ = 0. (28)

The characteristic equation is in the form: ߣଶ − ߣܲ + ܳ = 0, (29)

where: 

ܲ = ߤ2− − 12 ߚ തܽଶ，ܳ = ቆ9ߙଶ + ଶ16ߚ ቇ തܽସ − ൬2ߚߤ + 34 ൰ߪߙ തܽଶ. (30)

The roots of the Eq. (29) are: 

ଵ,ଶߣ = ܲ ± ඥܲଶ − 4ܳ2 . (31)

Obviously, the stable condition of the system Eq. (11) without noise is ܲ < 0,  ܳ > 0 
(condition 1), which demonstrates that the solution is realizable by numerical simulation. And the 
condition for existing complex roots is ܲଶ − 4ܳ < 0 (condition 2), which means there exists 
periodical vibration. We can observe the bifurcation from Fig. 3. 

Then we consider the second order moment of the steady state solutions since the first two 
order moments are of the most importance. Similarly, one has: ݀ܧ[Δܽଶ]݀ ଵܶ = ݀[ଶߟΔ]ܧ݀ ଵܶ = ݀[ߟΔܽΔ]ܧ݀ ଵܶ = 0. (32)
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Applying the Ito’s rule of stochastic differentiation [13], one obtains: 

۔ۖۖەۖۖ
[Δܽଶ]ܧۓ = ߪଶ(4ߜ − ߙ3 തܽଶ)ଶ4(4ߤ + ߚ തܽଶ)[(9ߙଶ + (ଶߚ − ߪߙ12) − [(ߤߚ8 [ߟΔܽΔ]ܧ, = − ଶߜߚ തܽ(3ߙ തܽଶ − ߤ4)2(ߪ4 + ߚ തܽଶ)[(9ߙଶ + (ଶߚ − ߪߙ12) − [ଶߟΔ]ܧ[(ߤߚ8 = ଶ൫ߜ തܽଶ(9ߙଶ + (ଶߚ2 − ߪߙ3)4 − ߤ൯(4(ߤߚ2 + ߚ തܽଶ)[(9ߙଶ + (ଶߚ − ߪߙ12) − [(ߤߚ8 .

, (33)

Considering Eqs. (14) and (32), one obtains: ܧ[ܽ] = തܽ, [ଶܽ]ܧ = തܽଶ + ,[Δܽଶ]ܧ [ߟ]ܧ = ,ߟ̅ [ଶߟ]ܧ = ଶߟ̅ + .[ଶߟΔ]ܧ (34)

Form Eq. (33) it is easy to see that, for ܧ[Δܽଶ] ≥ 0, [ଶߟΔ]ܧ  ≥ 0,  there must exit  4ߤ − തܽଶߚ ≤ 0 and (9ߙଶ + (ଶߚ − ߪߙ12) + (ߤߚ8 ≥ 0. One finds that the existing condition for 
second order moment is the same as the stability condition for the first order moment. Then we 
can get the approximate probability density function of the amplitude with the form of normal 
distribution ܰ( തܽ, ([Δܽଶ]ܧ  by Eq. (36), where തܽ  denotes the mean and ܧ[Δܽଶ]  denotes the 
variance. 

Fig. 3. Bifurcation of the nontrivial solution with 
detuning frequency 

 
 
 

Fig. 4. The amplitude frequency responses of the 
system (the solid line: theoretical solution, red circle: 

responses of noise free system, black square: 
responses of ߜ = 0.05 noise, solid black dots: 

responses of ߜ = 0.1 noise) 

5. Numerical simulation 

Letting ݂ = ߤ ,4  = ߚ ,0.3  = ߙ ,0.2  = ߝ ,0.4  =  0.1, and applying the method proposed in 
reference [14], the numerical results of the first and second moment of Eq. (10) with ߪ are given 
in Fig. 4. For comparison, the deterministic solutions are also given. 

As shown in Fig. 4, it is clear that the numerical results verify the theoretical analysis quite 
well if the density of noise is small. Now, we study the effect of the noise. 

The noise free system has a stable periodical solution which is shown as a limit cycle in the 
Fig. 5(a), while the limit cycle is diffused by the noise as shown in Fig. 5(b)-(c). The noise changes 
the periodical vibration into a quasi-periodical motion. The stronger the strength of noise is, the 
wider the width of the limit cycle will be. 

Eventually, we discuss the probability density of the steady amplitude influenced by the 
strength of the noise. All 1000 sets of narrow band noise with same fundamental frequency and 
strength are imposed to the system. The statistical results and the approximate normal distribution 
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are both given in Fig. 6. From the simulation results, it is clear that large noise strength results in 
large variance.  

a) ߜ = 0 b) ߜ = 0.05   
 

c) ߜ = 0.1 
Fig. 5. The phase plot of the system 

 
a) ߜ ]ܧ ,0.05 = തܽଶ] =0.042 

 
b) ߜ ]ܧ ,0.1 = തܽଶ] =0.092 

Fig. 6. The probability density of the response  
(circles: numerical simulation, lines: approximate normal distribution) 

6. Conclusions 

In this present paper, a rectangular thin plate excited by in-plane narrow band noise is studied. 
Some results are obtained as follows: 

1) The stochastic stability of the trivial solution is determined by the system’s linear damping 
coefficient and the exciting amplitude. 

2) The noise will diffuse the limit cycle of the noise free system. The width of the limit cycle 
is determined by the noise density. The stronger the noise strength is, the wider it will be.  

3) Appling the moment method, the approximate probability density of the steady amplitude 
is obtained. With small enough noise density, the response is in form of the Gauss distribution. 
The results of the digital solution agree with the analysis. 

This paper enriches the studies on the thin palate vibration problems due to the new exciting 
form. The nonlinear vibration research has been extended to stochastic vibrating field which has 
many potential applications in manufacturing, aerospace engineering and civil engineering. 

Acknowledgements 

This work was supported by the National Natural Science Foundation of China (Grant 
No. 11402168, 11272229 and Grant No. 11302144) and Natural Science Foundation of Tianjin 
(Grant No. 14JCQNJC05600, 13JCYBJC17900) and the Science Foundation of Tianjin Education 
Committee (Grant No. 20120902). 



1581. THE MOMENT STABILITY OF RESPONSE ON A RECTANGULAR THIN PLATE UNDER IN-PLANE NARROW BAND RANDOM EXCITATION.  
GEN GE, ZHENG CHAO YUN, WEN DI ZHANG 

 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2015, VOLUME 17, ISSUE 3. ISSN 1392-8716 1141 

References 

[1] Abe A., Kobayashi Y., Yamada G. Two-mode response of simply supported, rectangular laminated 
plates. International Journal of Nonlinear Mechanics, Vol. 33, Issue 4, 1998, p. 675-690. 

[2] Chang S. L., Bajaj A. K., Krousgrill C. M. Nonlinear vibrations and chaos in harmonically excited 
rectangular plates with one-to-one internal resonance. Nonlinear Dynamics, Vol. 4 Issue 5, 1993, 
p. 433-460. 

[3] Zhang W., Liu Z. M. Global dynamics of a parametrically and externally excited thin plate. Nonlinear 
Dynamics, Vol. 24 Issue 3, 2001, p. 245-268. 

[4] Yu P., Zhang W., Bi Q. S. Vibration analysis on a thin plate with the aid of computation of normal 
forms. International Journal of Nonlinear Mechanics, Vol. 36 Issue 4, 2001, p. 597-627. 

[5] Holmes P. J. Bifurcations to divergence and flutter in flow-induced oscillations: a finite-dimensional 
analysis. Journal of Sound and Vibration, Vol. 53 Issue 4, 1977, p. 161-174. 

[6] Holmes P. J., Marsden J. E. Bifurcations to divergence and flutter in flow-induced oscillations: an 
infinite-dimensional analysis. Automatica, Vol. 14 Issue 4, 1978, p. 367-384. 

[7] Holmes P. J. Center manifolds, normal forms and bifurcations of vector fields with application to 
coupling between periodic and steady motion. Physica D, Vol. 2, 1981, p. 449-481. 

[8] Ge G., Wang H. L., Xu J. Stochastic bifurcation for a thin rectangular plate subject to in-plane 
stochastic parametrical excitation. Journal of Vibration and Shock, Vol. 28, Issue 9, 2009, p. 91-94, 
(in Chinese). 

[9] Zhu Z. Z., Zhang Q. X. Xu J. Nonlinear dynamic characteristics and optimal control of giant 
magnetostrictive laminated plate subjected to in-plane stochastic excitation. Journal of 
Superconductivity and Novel Magnetism, Vol. 26, Issue 4, 2013, p. 1343-1347. 

[10] Ye M., Xiao X. L. Analytical Mechanics. Tianjin University Publisher, Tianjin, 2001. 
[11] Li J. R., Xu W., Ren Z. Z., et al. Maximal Lyapunov exponent and almost-sure stability for stochastic 

Mathieu-Duffing systems. Journal of Sound and Vibration, Vol. 28, Issue 6, 2005, p. 395-402. 
[12] Rong H. W., Xu W., Tong F. Principal response of Duffing oscillator to combined deterministic and 

narrowband random parametric excitation. Journal of Sound and Vibration, Vol. 210 Issue 4, 1998, 
p. 483-515. 

[13] Zhu W. Q., Lu M. Q., Wu Q. T. Stochastic jump and bifurcation of a duffing oscillator under 
narrow-band excitation. Journal of Sound and Vibration, Vol. 165, Issue 2, 1993, p. 285-304. 

 

Gen Ge received Ph.D. degree in Mechanical Engineering from Tianjin University, 
Tianjin, China, in 2009. Now he works at Tianjin Polytechnic University. His current 
research interests include nonlinear dynamics and stochastic vibration. 

 

Zhengchao Yun is a Master Degree candidate in Tianjin Polytechnic University. His 
major is mechanical engineering. 

 

Wendi Zhang is a Master Degree candidate in Tianjin University. Her major is mechanical 
engineering. 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [612.000 792.000]
>> setpagedevice


