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Abstract. A dynamical model of a thin rectangular plate under in-plate parametrical narrow band
noise excitation was proposed based on the elastic theory and the Galerkin’s method. Firstly, the
model was perturbed applying the multiple scale method, subsequently the averaged equation in
Ito form was obtained. Subsequently, the stochastic moment stability of the steady state responses
was studied by Floquet theory and the moment method. Finally, the second order moment of the
system was calculated. The moments can be used to estimate the statistical characters such as
mean and variance of the responses. The numerical simulation was carried out and the results are
consistent with the theatrical analysis.

Keywords: thin rectangular plate, narrow band noise, moment method.
1. Introduction

Much attention has been drawn to the nonlinear oscillation of thin plates in the past three
decades. Numerous nonlinear phenomena such as bifurcations and chaos have been observed.
Among these studies, the response of simply supported thin rectangular laminated plates subjected
to harmonic excitation is analyzed [1]; the bifurcations and chaos of a rectangular thin plate with
1:1 internal resonance have been investigated [2]; both the local and global bifurcation of
rectangular thin plate excited parametrically and externally have been calculated respectively
[3, 4]; the bifurcations of a thin plate due to flow-induced vibrations are considered and a
finite-dimensional analysis were given [5-7]. However, these studies about the vibration of the
thin plate induced by stochastic excitations are few. The first-mode approximate response of thin
rectangular plate subject to the Gauss white noise excitation with frictional boundaries has been
analyzed [8]. The response of shape memory alloy thin plate subjected to Gauss white noise is
detailed in reference [9]. Anyway, the studies on the thin plates subjected to narrow band noise
excitation are few. As we know, the narrow band noise is a kind of more reasonable mathematical
model than harmonic excitations to simulate the real condition. Thus, there remains a need for
exploring the responses of the thin plate under narrow band noise excitation.

In this paper, we focused on a rectangular thin plate under narrow band noise excitation. In
Section 2, the von Karman equation and the Galerkin method were used to obtain the ordinary
differential equation governing the motions of the frictionally-bounded rectangular thin plate.
Then the multiple scale method was applied to get the stationary state response. Furthermore, the
Ito-type stochastic differential equation was obtained by linearization, and the responses and
stability of the noise included system were studied applying the moment method. Finally, the
numerical simulation was carried out to verify the theoretical analysis. The results quite agree with
the analysis.

2. Modeling of the plate

The length and width of the rectangular thin plate are a and b, the thickness is h. The plate is
simply supported and x = 0 and x = a. The coordinate system is establish, as shown in Fig. 1. It
is assumed that u, v, w represent the displacement of a middle plane point of the thin plate in the
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x, y and z directions. The in-plane narrow band noise excitation is imposed at y = 0 edge which
has the expression that: p(t) = p, + p;cos[Qt + SW (t)], where p, denotes the steady pressure,
Q means the fundamental frequency of the excitation, § denotes the strength of the noise, and
W (t) is unit Wiener process. The friction force [10] is imposed at y = b edge, which is in the

formof F = k— < f (‘;—‘;/) dy), where k is the coefficient of boundary friction.

Py — P, cos(Qr + W (1))

I a |

Fig. 1. Model of a rectangular thin plate and the coordinate system

The transverse vibration function can be given by the von Karman equation for the thin plate:

’w  ow  0%¢o*w 0%¢p 9*w  0%¢ 9*w
4 79w _ 7w 1
DViw t ph G oy = ayzaxz " 2 axayaxay | axZ 2 M
Vi — ER 2w \> 9w ad*w o
¢= d0x dy ox2 0y2 | )

where V4= 0%/ dx* + 20*/ 9x? 0y? + 0*/ dy* is the multiple harmonic operators, p is the
density of thin plate, p is the damping coefficient, d is the bending rigidity, D = EhR3/12(1 — v?),
E is Young’s modulus, v is Possion’s ratio, and ¢ is the stress function:

G R) 0%¢ 0%
—X =N, —— =N, ——=_N 3
dy? ' ox? Y’ 9x oy v ®)

where Ny, N, N, are the components of the in-plane stress resultant. The boundary conditions
are assumed to be:

_ 0w ¢ *w 3 3 B
W—a f [ ( >~ axz) (Wﬂdx—o, x=0 x=a. 4

The boundary condition of y = b edge can be expressed as:

a
f (0%¢/ 0x?) dx = —[py — pycos(Qt + SW(1))]a. (5)
0
The transverse deflection w of the first order modular is expressed as:

w(t,x,y) = q(t)sm( )sm (72}]) (6)

Substituting Eq. (6) into Eq. (2), and considering the boundary condition Egs. (4), (5), the
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stress function can be solved, then applying Eq. (3) the internal force can be obtained:

_ m*f?Eh (1 Zﬂy) [

= 8%2 2 cos b v[p
n*f“Eh 21X

N, = —%COST = [po — prcos(Qt + W (1))] + F,

Ny

— plcos(ﬂt + 6W(t))],
(7

Substituting Eq. (6) into Eq. (2), and by applying the Galerkin approach, the nonlinear
vibration equation is given:

"+[,l'+RTL'4(1+1 jJ JTX LTy
q mq m \a? b2 a+ abm sm asm b (8)

N 2nx | 2w
— 2;2 sstm—y] dydx = 0.

Considering the Eq. (7), the Eq. (9) can be rewritten as:

i+ w?q+ 2c + Bq?)gq + aq® = fqcos[Qt + SW (1)), )
where:

_H 2_Dn2(1+1)2 ﬂz(v+1)
“Tom Y T @ e Pot\@2 " pz)

3 3km? _n4Eh<3 1) B nz(v+1>

_8a2bm'a_ 4m f_plm az  b%)

Considering, t* = wt, x = u/Vab, §* = Jwé, a* = aab/w, u* = u/(mw), f* = fab/w,
ff=f/w, Q" =Q/w, then substitute the above no dimensional variables into Eq. (9) and
dropping the over star yields the dimensionless function as following:

¥+x+eQu+ px?)x + cax® = efxcos[Qt + SW (1)), (10)
where the € denotes the mark for small perturbation terms.
3. Modeling of the plate
The uniformly approximate solution of Eq. (10) is expressed in the following form:
x(t, &) = xo(Ty, Ty) + €x1 (T, Ty) +-+, an

where Ty = t, T; = et are fast and slow time scale respectively.

In this study only the first-order uniform expansion of the solution x4 (T, T;) is calculated.
Denoting D, = d/ dT,, D; = d/ dT,, the ordinary-time derivatives can be transformed into partial
derivatives as:

2

ks D¢ + £2DyD; +--. (12)

a:DO—}_SDl—}_

Substituting Egs. (11), (12) into Eq. (10), and comparing coefficients of € with equal powers,
one obtains:
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Dgxo + xo = 0,
Déx, + x; = —2DyD1xy — ax3 — (2u + Bx3)Dyxy + fxoc0S (QTO + SW(t)). (13)

The general solution of Eq. (13) can be expressed as:
xo(To, T1) = A(Ty)exp(iTy) + cc, (14)

where the cc is the complex conjugate of its preceding terms, and A(T;) is the slowly varying
amplitude of the response. Substituting Eq. (12) and Eq. (14) into Eq. (13), yields:

Déx; + x; = —2D; Aie'™ — q(A3e3To + 342 4eiT0) — 2uidelT

—B(iA3eB3T0 + A2 AeiTo) + %fei(To+5W(T1)) +cc, (15)

where the over bar stands for the complex conjugate, § = §/v/e. For Wiener process W (t),
E[W(t)] =0, E[W?(t)] = t, one has:

SW(t) = %W(et) = W (T). (16)

We focus on the primary resonances of the system Eq. (1). Introducing the detuning parameter
o as follows, Q = 2 4+ £0. One has:

Ot = 2T, + oT,. (17)

Using the above Eq. (17) and eliminating the secular terms of Eq. (15) yields:

1. _ _
E,aleIWT‘?’f"fT1 f —3A%Aa — 2iD,A — iA?AB — 2iAu = 0. (18)

Expressing A(T;) into the polar form:
A(Ty) = a(Ty)explip(Ty)]. (19)

Substituting Eq. (19) into Eq. (18) and separating the real and imaginary parts of Eq. (18)
yields:

da 1 .1 ) dn +3 ; 1 Saw'(T,) 20
ar, - ua 8,Ba 4fasmr], adTl_ oa 4aa chosn a 1), (20)

where n = 2¢ — oT; — SW'(T,), Eq. (11) is the first-order equation governing the modulation of
the amplitude and phase.
The steady state response da/dT; = dn/dT, = 0 is decided by:

1 1 3 1
—ua — 5353 = Zfdsinﬁ, —oa+ Zac‘ﬁ —saw’'(T) = Efdcosﬁ, (21)
where @ and 7] denote the steady amplitude and phase.

4. Stability

Different definitions of stochastic stability have been reported: the almost certain stability and
the moment stability. Subsequently, we discuss the almost certain stability of the trivial solution
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a = 0 by the linearizing Eq. (20) at (0, 0):

da 1 ) dn
T, = ua 4fasm77, adT1

1
=—oa— Efcosn — SaW'(Ty). (22)
Let v = Ina, Eq. (22) can be written as the following Ito equations:

dv = (—y - gsinn) dTy, dn = (—U - gcosn) dTy — W' (T). (23)

The largest Lyapunov exponent A, of the corresponding solution is given by [11]:

1 (n

A = lim —
max 1_)00 Tl

1 |a(T1)
a(Ty)

The almost certain stability of the trivial solution can be determined by the largest Lyapunov
exponent Ay, when A, < 0 the trivial solution is almost certainly stable. Otherwise the trivial
one is almost certainly unstable. In the deterministic case when f = 0, as known that the Lyapunov
exponent of system Eq. (10) is Apax = —H. Such that the trivial solution of Eq. (10) is stable if
and only if u > 0. When u =0.3, § = 0.1, the variation of A, with ¢ and f are illustrated in
Fig. 2(a), and the corresponding level lines are observed in Fig. 2(b). From Fig. 2(a) and (b), it
can be seen that A, is a decreasing function of parameter |o|. On the other hand A, is an
increasing function of parameter f. If the exciting frequency is located near the parametrical
resonance frequency £ = 2: the Lyapunov exponent rises up. In short, trivial solution stability of
Eq. (10) is as same as the linear system. Hence there remains a demand that the nontrivial solutions
steady state response caused by the nonlinearity should be studied.

<—u — gsinn) dT, = —u— £E[sinn]. (24)

T1—>oo T1

N

\ ‘\ \\‘{\ {

0.5-

e

: 6
a) b)
Fig. 2. a) The Lyapunov exponent, b) the corresponding level lines
The Floquet theory is applied to investigate the stability of the nontrivial steady state response
a # 0 by linearization [12].
Assuming a = a + Aan =1 + An, where Aa, An are the small perturbation terms,

substituting the above equations into Eq. (11) and ignoring the high order terms, the linearization
is expressed as:

dAa A 3 2, 1. A 1 A

ar., = pula Sﬁa a 4fsmr] a 4fcosn n,

dAn (3 1 @9
ar, = (E aa — W (t)) Aa + EfsmnAn.

Substituting Eq. (21) into Eq. (25) yields the Ito type stochastic equation:
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2
3a 1
din = [7 ala + (2/1 - Zﬁaz) AT}] dTy — 6dW(t),

dAa = [(— %,862> Aa + (1 oa — gac_ﬁ) An] dTy, 6

where dW (t) is the standard unit Gauss white noise.

It is significant to explore the stable conditions for the steady state solutions. The moment
method is an effective tool [12] to estimate the steady state solutions statistically. Firstly, we take
expectations on both sides of Eq. (27), considering the expectation of the Gauss white noise
dW (t) equals to zero, one obtains:

dE[Aa] dE[An] :
ar, ~ dr, '

which yields:

[(—%ﬁdz) E[Aa] + Gaa - %acf') E[An] =0,

30 1 @7)
7aE[Aa] + (2u — Z,Baz)E[An] =0.

The Jacoby matrix is a frequently applied approach to judge the stability of the moment, which
is expressed as follows:

1 1 3
—Zﬁaz—/l Eaa—gacﬁ
det| %5, - = 0. (28)
70. —(2u+ZBa2)—/1

The characteristic equation is in the form:

A2 —P1+Q =0, (29)
where:

p—_> 1, B 9a? + B2 Y <,u,8+3 )_2 30
=-2u->pa*, Q= )@ > T790)@ (30)

The roots of the Eq. (29) are:

P+./P2—4Q G1)

2

/11,2 =

Obviously, the stable condition of the system Eq.(11) without noise is P <0, @ >0
(condition 1), which demonstrates that the solution is realizable by numerical simulation. And the
condition for existing complex roots is P? — 4Q < 0 (condition 2), which means there exists
periodical vibration. We can observe the bifurcation from Fig. 3.

Then we consider the second order moment of the steady state solutions since the first two
order moments are of the most importance. Similarly, one has:

dE[Aa®] dE[An?*] dE[AaAn]

= = =0. 32
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Applying the Ito’s rule of stochastic differentiation [13], one obtains:

{E Ag?] = 5%(40 — 3aa?)?

A = @ + pad)[(9a% + 5 — (12a0 — 88w’
ElAgAn] = pé%a(3aa® — 40) 13
[Aahn] = = @ ¥ BaD)[(9az + BB — (12a0 — 8Fw)] 33)
_ 6%(a*(9a? + 2% — 4(3ac — 2Bu))

\F18n*] = Gt @ [0a® + %) = (12ao — 8801
Considering Egs. (14) and (32), one obtains:

Ela] = @,E[a?] = @ + E[Aa?], E[y] = 7,E[n?] = 7 + E[An?]. (34)

Form Eq. (33) it is easy to see that, for E[Aa®] =0, E[An?] =0, there must exit
4p — a%B < 0and (9a? + B2) — (12ac + 8Bu) = 0. One finds that the existing condition for
second order moment is the same as the stability condition for the first order moment. Then we
can get the approximate probability density function of the amplitude with the form of normal
distribution N(a, E[Aa?]) by Eq. (36), where @ denotes the mean and E[Aa?] denotes the
variance.

1.5
-1

. 0.5 o 5 05 1 1.5
Fig. 3. Bifurcation of the nontrivial solution with Fig. 4. The amplitude frequency responses of the
detuning frequency system (the solid line: theoretical solution, red circle:

responses of noise free system, black square:
responses of § = 0.05 noise, solid black dots:
responses of § = 0.1 noise)

5. Numerical simulation

Letting f =4, u =03, § =0.2, a = 0.4, £ = 0.1, and applying the method proposed in
reference [14], the numerical results of the first and second moment of Eq. (10) with o are given
in Fig. 4. For comparison, the deterministic solutions are also given.

As shown in Fig. 4, it is clear that the numerical results verify the theoretical analysis quite
well if the density of noise is small. Now, we study the effect of the noise.

The noise free system has a stable periodical solution which is shown as a limit cycle in the
Fig. 5(a), while the limit cycle is diffused by the noise as shown in Fig. 5(b)-(c). The noise changes
the periodical vibration into a quasi-periodical motion. The stronger the strength of noise is, the
wider the width of the limit cycle will be.

Eventually, we discuss the probability density of the steady amplitude influenced by the
strength of the noise. All 1000 sets of narrow band noise with same fundamental frequency and
strength are imposed to the system. The statistical results and the approximate normal distribution
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are both given in Fig. 6. From the simulation results, it is clear that large noise strength results in
large variance.

3 3

2 2

1 1

25 2 15 4 05 0 05 1 15 2 25 ] ¥ 0 T 7 3 I o 1 2 3

) xr
b) § =0.05 c)d =0.1
Fig. 5. The phase plot of the system

45

0 i i H H H H
22 225 23 235 24 245 25 255 26 2 21 22 2‘3 24 2'5 26 27 28

a) § =0.05, E[a?] =0.04> b) § =0.1, E[a?] =0.09*
Fig. 6. The probability density of the response
(circles: numerical simulation, lines: approximate normal distribution)

6. Conclusions

In this present paper, a rectangular thin plate excited by in-plane narrow band noise is studied.
Some results are obtained as follows:

1) The stochastic stability of the trivial solution is determined by the system’s linear damping
coefficient and the exciting amplitude.

2) The noise will diffuse the limit cycle of the noise free system. The width of the limit cycle
is determined by the noise density. The stronger the noise strength is, the wider it will be.

3) Appling the moment method, the approximate probability density of the steady amplitude
is obtained. With small enough noise density, the response is in form of the Gauss distribution.
The results of the digital solution agree with the analysis.

This paper enriches the studies on the thin palate vibration problems due to the new exciting
form. The nonlinear vibration research has been extended to stochastic vibrating field which has
many potential applications in manufacturing, aerospace engineering and civil engineering.
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