1782. Ground motion of a semi-cylindrical hill with a
subsurface linear crack under SH wave

Lv Xiaotang
Civil Engineering Department, Hefei University, Hefei, China
E-mail: lvxiaotang@sina.com

(Received 1 April 2015; received in revised form 23 July 2015, accepted 5 August 2015)

Abstract. An analytical method is provided for ground motion of a semi-cylindrical hill with a
subsurface linear crack under SH -wave. A suitable Green’s function for the problem discussed in
this paper is constructed by complex function and multi-polar coordinate systems. It is the
fundamental solution of the displacement field for an elastic half space with a semi-cylindrical hill
under an out-plane harmonic line source which is loading at an arbitrary point in the basal body.
According to the displacement field solution of scattering of SH wave by a semi-cylindrical hill,
the Green’s function of this paper is used to construct a subsurface linear crack. With the boundary
condition, a series of infinite algebraic for the problem can be set up. And the displacement field
of a semi-cylindrical hill with a subsurface linear crack impacted by SH wave is expressed. The
numerical example shows the influence of wave numbers, the length of crack, the incident angle
and the ratio of hill on the hill’s displacement.

Keywords: linear crack, Green’s function, semi-cylindrical hill, wave passage effect.
1. Introduction

It is an important subject in earthquake engineering to study the influence of irregular
topography on the ground motion and provide the reasonable parameters for the seismic design
[1-5]. In the nature, because of the difference of geological structure, the geological defects such
as the cracks and inclusions are often found near the irregular topography. Therefore, the
researches on the influence of the geological defects in basal body on the irregular topography
have an important significance in both theory and practice of engineering. Liu and Wang present
the solution of the scattering of SH-wave by a semi-cylindrical hill above a subsurface cavity in
2006 [6]. And then, the ground motion of multiple semi-cylindrical hills above a subsurface elastic
cylindrical inclusion under SH-wave is solved by Lv [7]. For the subject of scattering of elastic
waves by the crack, there are a number of publications, but most of them are concerned with the
problems that scattering of waves by the interface cracks or the defects containing in the cracks
[8-13]. In 2006, Yang and other researchers presented the solution of dynamics of a mode III crack
impacted by elastic wave in half space with a removable rigid cylindrical inclusion [14]. By using
of Green’s function, Liu investigated the scattering of SH wave by a semi-cylindrical canyon and
a crack in 2007 [15]. Compared with the case of canyon, it is more difficult to research the
scattering of SH wave by a semi-cylindrical hill and a crack. Although the numerical methods can
solve this kind of complex problems, people are still trying to find an analytical solution to reveal
the fundamental law and characteristics of interaction of irregular topography, inclusions and
cracks. Obviously, the study on which will provide a more comprehensive theoretical support for
the theoretical research on topography.

This paper presents a mathematical model and a method of solution for the response of a
semi-cylindrical hill above a subsurface linear crack to incident SH wave by the Green’s function
and the complex variable function. The idea of using Green’s function to study the crack comes
from [9-15]. Firstly, assuming that the crack does not exist, in the basal body of half space with a
semi-cylindrical hill, the stress of an arbitrary point (tg,) can be solved [6]; then the stress —7g,
which has the same magnitude as 74, but in the opposite direction is applied to the same point,
the total stresses of this point is zero, namely, the point is broken. If the stress of each point in a
linear region is zero, the linear region can be considered as a linear crack. Therefore, the Green’s
function in this paper is the solution of displacement field for an elastic half space with a
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semi-cylindrical hill under an out-plane harmonic line source loading at an arbitrary point in the
basal body. In references [9-14], the Green’s functions are the fundamental solutions of the
displacement fields for an elastic whole space (or half space) with a hole (or a cavity, an inclusion)
impacted by an out-plane harmonic line source loading at the interface (or horizontal surface).
While in reference [15], the Green’s function is the fundamental solution of the displacement field
for a half space with a semi-cylindrical canyon under an out-plane harmonic line source loading
at an arbitrary point in the matrix. Compared with reference [9-15], it is more difficult to solve the
Green’s function in this paper due to the existence of the hill. Obviously, the study on which will
provide a more comprehensive support for the theoretical research on topography.

As shown in Fig. 1, the whole solution model is divided into two parts [6]. If an out-plane
harmonic line source loading is applied to an arbitrary point in the basal body, the disturbance
impacted by the line source loading can be considered as the incident wave, and the corresponding
scattered wave fields are generated in two parts respectively. According to the boundary
conditions of these two parts, the Green’s function discussed in this paper can be obtained, which
is the solution of displacement field for an elastic half space with a semi-cylindrical hill under an
out-plane harmonic line source loading at an arbitrary point in the basal body. In a similar way,
under the SH wave, the stress Ty, of each point in the matrix can be solved, which is the stress
result of scattering of SH wave by the semi-cylindrical hill. Then, the anti-plane force —t4, (which
has the same magnitude as 74, of each point but in the opposite direction) is loaded on each point
of the linear region where the crack will happen, therefore, the total stresses along the linear region
are zero, and the crack is constructed.

2. Model

The 2D model consists of a semi-cylindrical hill and a subsurface crack in an elastic half-space
is shown in Fig. 1. All the media are linear, elastic, homogeneous and isotropic. Fig. 2 shows the
division of the model under an anti-plane harmonic linear source loading. Domain I consists of
boundary S and S; domain 11 is a circular domain, including the boundary C and C. Obviously, C
and S are the common boundary of two parts, which means the displacements and stresses at the
common boundary should be continual.

2@
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Fig. 1. The model of a semi-cylindrical hill Fig. 2. The division of the solution domain

above a subsurface linear crack
3. Green’s function
3.1. Governing equation

The Green’s function discussed in this paper is the fundamental displacement solution for an
elastic half space which contains a semi-cylindrical hill impacted by an anti-plane harmonic linear
source loading at any point in domain I. The relationship between the Green’s function and time
factor is e "'t (and will be omitted). In complex plane (z, Z), the displacementfunction G satisfies
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the governing equation:

0°G 9°G
ﬁ+a—)]2+k2G=0, (1)

where k = w/c,, w is the circular frequency of W (x, y, t); cs = /1t/p is the shear wave velocity
of the medium; p and p are mass density and shear modulus of medium respectively.
In the polar coordinate system, the corresponding stresses can be written as:

G .. 9G G .. G .
— ___pif —i6 ] 0 _ —-i6 2
trz ”(aze tz¢ ) toz ”‘(aze 9z ° ) @

3.2. Derivation of Green’s function

3.2.1. Incident wave, reflected wave and scattered wave in domain I

As shown in Fig. 2, in the whole elastic space, the disturbance impacted by the anti-plane line
source loading § (# — 7,) will be considered as the incident wave G and expressed as follows:

. i

GO :aHgl)(klr—rol). 3)
In complex plane (z, 2), the Eq. (3) will be written as:
. i

GO =EH(§1)(k|z—ZOI). (4)

Because of the horizontal boundary, a reflected wave G ™ is constructed, and the sum of G®
and G should satisfy the stress free at the horizontal boundary. In complex plane (z,Z), G™
takes the form:

_ i _
(;@_EH0 (k|z — Z,]). (5)

The stresses due to G and G will be expressed as:

) ik 1) |Z - ZOl i0 Z — Zy _ig
T =——H""(klz—2z e + e ', 6
D6 = - H (k] 0|)(Z_ZO Ty (©)
@ _ ko n(12=%l| 5, 22 4
T =——H"(klz—-Z e + e . 7
rz,G 38 1 ( | Ol) Z_Z—O |Z_Z—0| ( )

In domain I, the scattered wave GSSS) from the canyon S is constructed to satisfy the stress free

at horizontal surface S, G}S) takes the form:

& =W, i AnHSD (K|2]) [(é)m + (ﬁ)m] (8)
m=0

where A, are unknown coefficients.
The corresponding stress is:
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T = ”kWOZAm[Hml("'Z') H(l)l("'z')]{hzd [éd_m}- ©

3.2.2. Standing wave in domain II

As shown in Fig. 2, the anti-plane line source loading in domain I can be considered as the
incident wave G, so there will be a standing wave in domain II, which should satisfy the
conditions that stress free at the hill edge and arbitrary at other point, and the conditions can be
expressed as:

0, z€C,

KW, m _
2 D Enlinea () = Ja 2D 5] 2 €T, (10

m=—oo

TTZ,G =

where E,,, are unknown coefficients
In domain II, the standing wave function corresponds to the Eq. (2) and satisfies the motion
equation takes the form:

60 =, 3 Bunhla) =] (an

where B, are arbitrary constants; from Eq. (11), the stress as follows:

kW,
‘[1(::(); u 0 Z P []n l(klzl) ]n+1(k|Z|) [l |] (12)

n=-—co

Expanding Eq. (10) by Fourier series in region (1, —m):

t kW, m-1 ka) — m+1 k n
L0 _ HWo Z Z Jm-1(ka) = Jm+1(ka) By U1 (k1 2]) = Jps1 (| 2])] [|Z7I] . (13)

fra6 = = " Jue1(ka) = Jpiq (ka)
In which:
(% m =n,
bin = iei(m—n) -1 0%
m, m¥n

Comparing Eq. (12) with Eq. (13) at |z| = a:

Pn — Z E ]m—l(ka)_]m+1(ka)b (15)

m Jn-1(ka) = Jp41(ka) e

m=—oo

Substituting Eq. (15) into Eq. (11), a standing wave function will be obtained:

O O Jme1 (k@) = o (k) Z
(st) — -
P = WO Z Z Em ]n—1(ka) —]n+1(ka) bmn]n(klZD [|Z|] ' (16)

N=—00 M=—00
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The stress from Eq. (16) is:

ol = e Z“’ Z g I k) = sy (k)

zn
Trz6 = ]n 1(ka) ]n+1(k ) ann—1(k|Z|)_]n+1(k|Z|)] [m] . (17)

n=-—oo0 m=-oo

In domain II, Eq. (16) is the constructed standing wave which satisfies stress free at boundary
C and arbitrary at boundary € and subject to Eq. (1) under the line source loading.

3.2.3. Boundary conditions and derivation of Green’s function

In complex plane (z, Z), domain I and domain II are assembled together, which means that the
displacements and stresses at the common boundary should be continual. The conditions are:

{G(“) =6P+6M+6P, on5,

_ 18)
(st) _ (D (s) (
'r;(); SzG"’Tg)G"'TrzG' on §.

Substituting the expressions of displacements and stresses (Eq. (4)-Eq. (9), Eq. (16)-Eq. (17))
into Eq. (18), and multiplying both sides of it by e =% and integrating over the interval (-, ),
a series of infinite algebraic equations for solving the unknown coefficients E,,, 4,, will be
obtained.

So the special Green’s function discussed in this paper can be given by:

{(;I GO +6M+6Y, in domain I, 1)

Gy = GGY, in domain IL
4. Scattering of SH-wave by a semi-cylindrical hill above a subsurface crack
4.1. Scattering of SH-wave by a semi- cylindrical hill

To study the motion of semi-cylindrical hill to incident SH-wave, as shown in Fig. 2, the
solution domain is divided into two parts. In circular domain II, the disturbance impacted by SH
wave will be represented as a standing wave, which satisfies the conditions that stress free at the
edge of the hill and arbitrary at other part. Such standing wave can be obtained by the same way
as Eq. (16) [6]:

Z B, Jm-1(ka) = Jpi1(ka)

(st) —
v (k@) — Jnen (k)

bdn 2D [ ] 0)

N=—00 Mm=—0

The stresses due to Eq. (20) are:

(St) nukWO Z Z B ]m—l(ka)_]m+1(ka)

Z n
T ey = ke brn U1 (k12D oy (el [ﬁ] , Q@

Nn=—00 Mm=—00

where b,,,, takes the same form with Eq. (14).
In complex plane (z, Z), incident wave W ® and reflected wave W will be given:

w® = Wye? [ze”"+ze “’] (22)
w® = We 2[ _m’fzem]_ (23)
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The stresses due to W ® and W™ will be expressed as:

9 = iukWycos(6 + a)eiklzlcos@+a), (24)
(T) = iukWycos(8 — a)eklzlcos(0-a) (25)
ng) = —iukWysin(6 + a)e"‘|z|°°s(9+“), (26)
‘r(grz) = —iukW,sin(6 — a)ekl?lcos@-a), 27

The scattered wave from the semi-cylindrical canyon takes the form as Eq. (28), which satisfies
the stress free condition on the horizontal surface:

W = w, Z E,HD (k) 2]) [(I |>m+(|z7|)_m], (28)

where F,, are unknown coefficients, and the corresponding stresses are given by:

PR e C
:© = ”‘kW" Z Fu[HS, (klz]) + Hﬁil(kIZI)]{[%]m - [ﬁ]_m} 30

At the contact boundary S (C), the displacements and stresses should be continual, namely:

WED =w® 4+ w® + W, on 5,
{ (s6) _ () 4 () 4 () < (€1Y)
Try = Tpy +Tp, + 70, on S.

Substituting the expressions of displacements (Eq. (20), Egs. (23)-(24), Eq. (29)) and stresses
(Eq. (21), Egs. (25)-(26), Eq. (30)) into Eq. (31), and multiplying both sides of it by e~ and
integrating over the interval (—7, ), a series infinite algebraic equations solving the unknown
coefficients F,,, By, will be obtained.

Under SH wave, the displacement and stress field in these two domains can be expressed
respectively as:

{Wl(z) =wWO+Ww® + WS, indomain I, )
Wy = weo, in domain I,
T(g )1 =19,9 + 19, + 14,9, in domain I, )
ngzz)n = 7,7, in domain II.

4.2. Displacement functions with the crack

The displacement and stress field for scattering of SH wave by the semi-cylindrical hill has
been solved (Eq. (33)-(34)), that is the stress of an arbitrary point Tazl in domain I is known. Then
a linear crack with arbitrary position and direction can be constructed in domaln I by “cut”. That
is to say, under the SH—Wave, the stress of an arbitrary point in domain I is TBZI If a force equal
and opposite with ngl is applied to the same point, the total stress of the point is zero. Such forces

are applied to each point of the region where the crack will happen, therefore the total stress of
this region is zero, and the region can be thought as a crack, as shown in Fig. 3.
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By using of the constructed special Green’s function (Eq. (19), the final displacement fields
with the coexistence of semi-cylindrical hill and crack in two domains respectively will be
obtained as follows:

(oo _ [ @ - -
| W =W — (Tez,l X G)dzy,  indomain],
(L,h1)
(L+24,hy) (34)
Wy ® = wy @ — J (Tézz)yl X Gy)dzy, in domain II.
(L,h1)
C
s | :a R
S — 0 x (z)
= >
= P> ™
\V e 8
\ | i’ 1 |
) = [ a—
v N A
SHwave N SHwavei 4—>‘
Y 1 a
I 4 Y y
Fig. 3. Model of constructed linear crack Fig. 4. The solving model
5. Results and analysis
The results presented in terms of the following dimensionless parameters:
i wa
a=—.
- (35)
ka: The dimensionless wave number, can be expressed by the wave length A:
2ma
ka = —, 36
1 (36)
and can be written as:
2a
n=— (37)

The presented results are calculated based on the model shown in Fig. 4: the excitation is a
plane SH-wave with angle of incidence a; the length and the buried depth of linear crack are 24
and h; the hill with radius a, f is the angle between linear crack and x axis; C represents the hill’s
boundary and S is the horizontal surface. Fig. 5 to Fig. 8 show the influence of A/a, § and h/a
on displacement amplitudes |W |of the points on Cand Simpacted by SH-wave with different a
and 1. x/a = %1 represent the intersections of the hill‘s boundary C and horizontal surface S,
while |x/a| < 1 and |x/a| > 1 represent the points on C and S.

Fig. 5 illustrates the variation of surface displacement amplitudes |W| with different 1, & and
A/a when h/a = 2.0 and § = 0°. For the case of A/a = 0, namely, the length of crack is zero,
the solving model shown in Fig. 4 can be considered as a semi-cylindrical hill in half space and
the crack does not exist, as shown in Fig. 5, when A/a = 0, the variation of surface displacement
amplitudes |W| is identical to the results in the reference [6].
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5 0=90° n=0.25
h/a=2.0
4} B0°

5. a=60° 1=0.25
h/a=2.0
p=0”

5. @=90° n=1.25

h/a=2.0 - A/a=0.5
h/a=2.0 p=0"
p=0" 4r

-0o=0° n=1.25
h/a=2.0
| p=0°

Fig. 5. Variation of surface displacement amplitudes with x/a when § = 0°

When n = 0.25, the influences of the length of crack 24 on the surface displacement
amplitudes of the hill [W| depend on incident angle a largely. For a = 90°, 60°, as shown in
Fig. 5(a), (b), the displacement amplitudes of the hill |W| decreased with increasing of the length
of crack. Take the case of @ =90°, A/a = 2.0, A/a = 1.0 and A/a = 0.5 for example, compared
with the case of A/a = 0, there are respectively 30 %, 9 % and 3 % decreases in the displacement
amplitudes of the hill peak. While with the reduced «, the result is contrary. As shown in Fig. 5(c),

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2015, VOLUME 17, IssUE 7. ISSN 1392-8716 3615



1782. GROUND MOTION OF A SEMI-CYLINDRICAL HILL WITH A SUBSURFACE LINEAR CRACK UNDER SH WAVE.
Lv XIAOTANG

(d), |W| increased with the increasing of A. For @ = 0°, compared with the case of A/a = 0, the
displacement amplitudes of the hill peak increased by 45 %, 15 % and 4 % when A/a = 2.0,
A/a=1.0 and A/a = 0.5. For high frequency n = 1.25, dynamic characteristics are exhibited,
and the fluctuation of the displacement amplitudes |W| can be seen in Fig. 5(¢) to (h).

In Fig. 6, the response spectrum of the amplitude |W| at the peak point of the hill are shown
with different A/a when & = 90° and § = 0°. For n = 0.1, compared with without the crack,
except for the embedded depth of the crack is h/a = 3.0, the existence of crack has different
amplification effects on the displacement amplitude of the hill peak when h/a = 1.5 and
h/a = 2.0 in the rang of A/a = 0-6 and A/a = 0-5 respectively.

When h/a = 3.0, there is a constant decrease in the amplitude at the peak point of the hill with
the increase of A/a, and the amplitudes are smaller than those in the crack-absence case, which
means that the presence of the crack has some earthquake damping function.

When n = 0.25, the amplitudes at the peak point of the hill |IW| show fluctuating changes with
the increase of A/a when h/a = 1.5 and h/a = 2.0, and always less than that of crack-absence
case. For the deeper embedded depth of the crack, take the case of h/a = 3.0 for example, the
crack has some amplification effects to the displacement amplitude of the hill peak within the
range A/a < 6.0.

When 1 = 0.75, the existence of crack has a energy absorbing effect on |W| in all three
different embedded depth. While for = 1.25, when h/a = 1.5 and h/a = 3.0, |W| manifest
themselves as a curve with periodic change, and the curve flattens out gradually towards
A/a > 8.0 and a whisker away from the case of without crack. When h/a = 2.0, the curve of |W|
still shows the periodic change and the amplitudes are smaller than those in the crack-absence
case.

35r n=gq1 e without crack Sr n=025 without crack
—90° — h/a=1.5 —-90° —— h/a=1.5
=90 =90
30L an0 ———-— h/a=2.0 ) == h/a=2.0
B=0 ---- h/a=3.0 4r b0 e =X N,
25
= e
— 20} el TNID
15} el
10f o
0 2 4 6 8 10
Aa
a)
40F n=075 e without crack 45 n=125 o without crack
a=90° —— h/a=1.5 0=90° —— h/a=1.5
351 g - h/a=2.0 ) = h/a=2.0
p=0 o h/as3.0 40f B0 ---- h/a=3.0
,\\ /A\
__ 35k AN NN T
i N/ AN
T30f N AN
\. / \-\ A L e
AW
250 A R v
S ~
1.0 s L s L y . N
0 2 4 6 8 10 2'00 2 4 6 8 10
A/a A/a
¢) d)

Fig. 6. Variation of displacement amplitudes of the hill peak with the length of the crack when f = 0°

Fig. 7 illustrates the influence of 8 on the surface displacement amplitudes |W| of the half
space when @ = 90°, h/a = 1.5 and A/a = 1.0. It will be seen that except for n = 0.1, the
displacement amplitudes of the hill surface will decrease because of the crack. For high-frequency
band n = 0.75, 1.25, compared with the horizontal crack § = 0°, the oblique crack f = 45° has
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obvious decreasing effect on the displacement amplitudes of the hill surface. As forn = 1.25,
compared with the just one hill case, the displacement amplitudes of the hill peak have 15 % and
4 % decreases when f§ = 45° and f§ = 0° respectively. At the same time, the displacement
amplitudes decrease on the left side of the hill (x/a < —1.0) and increase on the right side due to
the existence of oblique crack f = 45°.

25, 1=0.1 - without crack 4~ n=0.25
«=90° — p=0°
h/a=1.5 R =45
A/a=1.0

without crack

=
20
n n n n n s 0 . L . N . .
3 2 A 0 1 2 3 3 2 A 0 1 2 3
x/a x/a
a) b)
35 n=075 e without crack 5 N=125 - without crack —— p=0°
0=90" — p=0° 90" N 450
3.0 R0 p=15
p=45 :
25
—20
= .
—15F
1.0
05
0.0 L L L 4 L )
-3 -2 -1 0 1 2 3
x/a x/a
c) d)
Fig. 7. Variation of surface displacement amplitudes with different direction of crack when & = 90°
250 n=0.1 wit(l)iout crack 350~ n=0.25 - ithout crack
o=90" — B=0 a=90° — p=0°
Aa=1.0 - p=45" A/a=1.0 —meee p=45°
325}

Wl
e
[l
<

N 3.00} Vi
2251
. . . \ A , 275 . . . . . )
0 5 10 15 20 25 30 0 5 10 15 20 25 30
h/a h/a
a) b)
. =90° = - without crack
_ n=0.75 without crack ~a 90° n=1.25 wi
- a=90° — p=0’ 401 pras1.0 — p=0"
- —, 0
A/a=1.0 = B=45

30} 35F Meppphfaihgor
— AN -
= I IAVaVan SR veyava
= b UV \/ AVava%s =

25¢ 3.0} i

20 L L . . . , 25 . . . . . ,

0 5 10 15 20 25 30 0 5 10 15 20 25 30
h/a h/a
c) d)

Fig. 8. Variation of displacement amplitudes of the hill peak with the length of the crack when § = 0°
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In Fig. 8(a) to (d), the displacement amplitude of the hill peak |W| are compared with the
variation of embedded depth of crack h/a when A/a = 1.0. For n = 0.1, namely the quasi-static
case, the magnifying effects of the crack to the [W| can be seen in both the case of § = 45° and
B =0° when h/a < 2.8. While in the range 2.8 < h/a < 20, the displacement amplitude of the
hill peak |W| shows periodical change and the values of them always less than those of
crack-absence case, which means that the presence of the crack has some earthquake damping
function under certain condition. When h/a > 30, the effect of the crack can be ignored. For
n = 0.25, both of the horizontal crack and the oblique crack show remarkable damping action.
And in the range of 1.5 < h/a < 3.5and 5.0 < h/a < 7.5, the damping actions caused by the
oblique crack f = 45° are more obvious than those by the horizontal crack f = 0°.

For the high frequency n = 0.75, 1.25, the periodical changes still can be seen in the varying
curve of the displacement amplitudes of the hill peak |W|, while with the increase of 17, the
amplitudes increase and the vibration become severe, namely the variation of the curve display
the dynamic characteristics gradually. Moreover, when § = 45°, the amplitudes of curve are
obvious less than the case of § = 0°. In particular, for n = 0.75 and n = 1.25, amplitude increase
can be seen in the range 10 < h/a < 15and 6 < h/a < 10 respectively.

6. Conclusions

1) The displacement amplitudes of the hill peak show the periodical decrease with the increase
of h/a. When h/a = 30, the influence of crack tends to stabilization and can be ignored.

2) Obviously that the subsurface crack has no effect on the displacement amplitudes of the hill
surface. Under the vertical incident SH wave, both of the horizontal and the oblique crack illustrate
some damping effects on the displacement amplitudes of the hill peak, and the damping actions
caused by the oblique crack are more obvious than those by the horizontal crack.

3) The analysis method presented in this paper is just used to the case that the crack outside of
the domain II. In the dividing of solution domain, when the common boundary and the crack
contact or intersect with each other, a special analysis will be applied.
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