1728. Identification of open crack of beam using model
based method
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Abstract. This research aims at identifying the position and depth of the open transverse crack of
the beam using the model based method. The stiffness matrix of the cracked beam element and
the basic principle of the model based method are introduced. It is discussed to estimate the
generalized displacement of all nodes of the beam by the measured displacements of a few degrees
of freedom. The relative change rate of the equivalent external load between the intact and cracked
elements is compared with that of mode shape, nature frequency and displacement amplitude
between the intact and cracked beam. The position and depth of the crack are identified by the
model based method in two cases. In first case, the measured displacement is assumed not to
include noise. The identification results based on the actual displacement and rotation of all nodes
are compared with the results using the estimated generalized displacement. In second case, the
measured displacement includes noise and the generalized displacement of all nodes is estimated
by the displacement of two measurement points. The simulation results shown there is no error to
identify the position, the relative depth identification error of the crack with 1 um depth is 2.34 %
without noise, and the relative depth identification error of the crack with 200 um depth could be
down to about 5 % with the energy signal to noise ratio being about 7.00 before denoising.

Keywords: crack, beam, model based diagnosis, equivalent external load.
1. Introduction

The beam is the common structural element of the building or civil and the mechanical
engineering. It could withstand the bending moment and the shear force primarily. If the beam
failure occurs during service, it should leads to the huge economic lost or the casualties. The failure
due to crack might be the common one. Therefore, it is very important to identify the position and
depth of cracks existing in the beam as early as possible for avoiding the failure appearance.

There have been a lot of reported methods for the identification of the position and depth of
cracks of the beam. One of those methods was based on the difference of natural frequencies
between the cracked and intact beam. The type method has been widely used to identify the
transverse cracks of the beam or shaft [1-6] and it was also employed to detect longitudinal cracks
of the beam [7]. The method based on experimental natural frequencies, characteristic equation
and local flexibility expression of the cracked element was reported by Chen et al. [8, 9]. A contour
line of the normalized frequency or FRF (frequency response function) amplitude change resulting
from a combination of different crack depths and locations was employed to detect the cracks of
a beam by Owolabi et al. [10]. The second type method by analyzing mode shapes has been
reported by some literatures, such as [11, 12]. The third type method was used for identifying
cracks by processing the forced vibration response. For example, the depth and position of cracks
were identified by minimizing the difference between the measured and calculated forced
vibration response [13]. In this method, the initial crack parameters were obtained from the
difference in mode shape curvature between the intact and the cracked beam. The method based
on the forced vibration response of the cracked beam was discussed by Law et al. to detect the
single or multiple cracks [14]. Another type method was the hybrid one where any two or multiple
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variables of natural frequency, mode shape, forced vibration response, FRF, mechanical
impedance, and so on were employed, such as [15, 16].

Model based method was firstly reported to identify the faults of rotating machinery by Diana
[17], Penny [18], Bachschmid [19] and Mayes [20] in the mid-nineties of the last century. This
method allows using a priori information of the system in identification process and can give more
precise and reliable information about the growing faults [21-22]. It has been proved that the
model based method can exactly identify the type, position and other information of many
common faults of the rotor system by a lot of articles which have been summarized by the author
[23]. Nowadays, the model based method has only been employed to identify the faults of the
rotor system. But, it is also suitable for a system whose dynamical behavior can be described by
the linear dynamics theory. To expand the application of the model based method, the simulation
analysis of identifying the position and depth of the open transverse crack of the beam using the
model based method is presented. The paper is organized as follows: the stiffness matrix of a
cracked beam element and the model based method are briefly recalled, the approach to estimating
the generalized displacement of all nodes of the beam is discussed, the outstanding crack
resolution of the model based method is demonstrated, and the position and depth of the crack are
identified by the model based method with and without noise respectively.

2. Model based identification method of cracks in beam
2.1. Stiffness matrix of a cracked beam element

A cracked cantilever beam subjected to shearing force and bending moment under the
conventional FEM co-ordinate system is shown in Fig. 1. Here, the total strain energy of the
cracked beam element is [24]:

W=wo 4w, (1)

where W (@ is the strain energy of an element without a crack and W is the additional strain
energy due to the crack. W@ can be calculated by:

b a
W =2 [ (K + K,y + K lda )
0

where E' = E for plane stress, E' = E /(1 — v?) for plane strain, E is the elastic modulus, v is the
Poisson ratio, K, and K; p are stress intensity factors for opening type due to bending moment M
and shearing force P respectively, and K,p is stress intensity factors for sliding type due to
shearing force P. K;y,, Kip and K,p are respectively expressed by [24, 25]:

6M

Kiy = Wﬁa (s), (3)
6PL

Kip = #ma (s), )
P

K,p = ﬁ\/EFZ (s). (5)

Fi(s) and F,(s) are formulated as following:

0.199 (1 — sin (%)4)

Fy(s) = <%)tan(§) 0.923 + o () , ©6)
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(3s — 252)(1.122 — 0.561s + 0.085s2 + 0.18s%)

F,(s) = (7
) Vi-s
The additional flexibility due to crack is:
b & 092
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Fig. 1. Cracked cantilever beam subjected to shearing force and bending moment under
the conventional FEM co-ordinate system

When the shearing strain energy is neglected, the strain energy and the flexibility of an element
without a crack are respectively:

L 2 2
(M + Px) 1 P
W("):f 7 dx=—(M2L+ MPLZ+—13), 9

o 2EI T 2E * "3 ©)

2117 (0
(0)_aw()

Cmn—m, (m,n=1,2, P1=M, P2=P).

(10)

The entry in the mth (m = 1, 2) row and nth (n = 1, 2) column of the total flexibility matrix
C of a beam element with a crack is:
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Cmn - cmn + cmn'
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Fig. 2. Cracked beam element subjected to shearing force and bending moment under
the conventional FEM co-ordinate system

The cracked beam clement subjected to shearing force and bending moment under the
conventional FEM co-ordinate system is shown in Fig. 2. The equilibrium condition is [24]:

[P, M; Piyq, Myq]" = T[Piy1, Myyq]”, (12)
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-1 10

whereTT:[_O1 10 1

]. According to the flexibility definition, there is:

[Xi1 =% — 0, 0141 —6; 1" =C[Piyy, Myyq]" (13)
Substituting Eq. (13) into Eq. (12), it is:

[P, My Py1, Miyq]" =TC'T [x;, 6y Xiy1, 6isa]" (14)
Therefore, the stiffness matrix of the cracked element is:

K. =TC'T". (15)

2.2. Model based identification method of cracks of beam

The linear differential equation of motion of the intact beam with N degrees of freedom excited
by the original external load F,(t) are described by [26]:

MX, + CX, + KX, = Fy(t), (16)

where M, C, K, X,, X, and X,, are the mass matrix, damping matrix, stiffness matrix, generalized
displacement, generalized velocity and generalized acceleration of the beam oscillation
respectively.

When one or multiple open cracks occur, the dynamical behavior of the considered beam will
change and it depends on the position and depth of cracks. The crack-induced change in the
dynamical behavior could be represented by the additional external load AF; (B, t) acting on the
intact beam. AF,(B, t) is named as the equivalent external load. The equivalent external load
depends on the crack parameters vector B which is composed of the position and depth of the
crack. Denote X, as generalized displacement of the beam oscillation after the crack occurs. Then,
the kinetic equation of the cracked beam is described as:

MX, + CX, + KX, = Fy(t) + AF,(B, t). (17)

The difference between displacement, velocity and acceleration of the cracked and intact beam
are named as residual generalized displacement, velocity and acceleration, respectively. These are
given by [27]:

AXt = Xt — X, (18)
A%, =X, =X, (19
AX, =X, — X,. (20)

Substitute Eq. (18), (19) and (20) into Eq. (17) and obtains:

M(X, + AX,) + C(X, + AX,) + K(X, + AX,) = Fy(t) + AF,(B, t). 21)
Subtract Eq. (16) and yields:

MAX, + CAX, + KAX, = AF,(B, t). (22)
According to Eq. (22), the equivalent external load AF;(B, t) could be calculated when the

displacement and rotation of all nodes for both the intact and cracked beam are obtained by the

sensors and the data acquisition system. It is named as the measured equivalent external load.
The increment of stiffness matrix due to cracks is denoted as AK. After the crack occurs, the
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kinetic equation of the crack beam is described as:

MX, + CX, + (K + AK)X, = F,(¢). (23)
Comparing Eq. (17) with Eq. (23), the theoretical equivalent external load AF_, (B, t) satisfies:

AF.(B,t) = —AK(B)X;. (24)

The least-squares method is employed to identify the position and depth of cracks by the
equation:

min J- |AF..(B,t) — AF.(B, t)|%dt,

s.t. B=1[a, pl,

25
0<a<h, (25)
1< <N 1
=p=- ,

where a and p are the depth and position (serial number of the cracked element) of cracks, h is
the height of the beam.

There is another way of the model based method to identify the depth and position of cracks
in a beam. Here, the measured equivalent external load AF,(B, t) is replaced by the theoretical
equivalent external load AF..(B, t) in Eq. (22). That is:

MAX ., + CAX,, + KAX, = AF..(B, t), (26)

where AX,, AX., and AX, are the theoretical residual generalized acceleration, velocity and
displacement respectively. Then, the depth and position of cracks can be identified by Eq. (25)
where AF,(B,t) and AF,.(B,t) are replaced by AX, and AX, AX, and AX., or AX, and AX,,
respectively [22]. If the only displacement of M nodes (M < N) is measured, the AX; is replaced
by the displacement of those nodes corresponding to the measured M nodes.

2.3. Estimation of displacements and rotations of all nodes

In model based method, it is very difficult to measure the rotation and displacement of all
nodes for obtaining the AF,(B,t) by Eq.(22) and AF.(B,t) by Eq.(24). Therefore, the
generalized displacement of all nodes must be estimated by the measured generalized
displacement of a few degrees of freedom. Generally, the measured displacements do not include
the rotations of any node. To solve this problem, Sekhar [25] presented an estimation expression
of the displacement and rotation of all nodes which was:

X~ {O[(CP)T (CP)]H(CP)}Xy, @7n

where X,;, C, ® are the measured displacement with M measurement positions (MPs), the
measurement matrix and the reduced modal matrix of the considered beam which was composed
of K mode shapes respectively. K is less or equal to M and X, = CX.

Two problems should be solved for estimating displacement and rotation of all nodes using
Eq. (27). One is how many MPs to be required in order to achieve the allowable estimation
accuracy. In general, the more the number of MPs is, the higher the estimation accuracy is. The
other is how to distribute the sensors in order to obtain the minimum displacement and rotation
estimation error of all nodes. For the first problem, the number of MPs is usually determined by
the experiment condition. If there are a large experiment space and length of the researched
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equipment, the enough sensors and input channels of the data acquisition system, the number of
MPs should be as many as possible. The second problem could be solved by:

N P —
DPRTE
min 2, X
m=1n=
s.t. (MP;,MP,,...,MP,) € C§, (28)
N
<-—-1
s < > ,

where N, P and s are the total degrees of freedom, the amount of the discrete time and the MP
number. Cy is the set of which elements are all combinations of the value s of the input choice
vector [1, 2, 3,..., N]. The optimal sensor distribution could be obtained by Eq. (28) using the
simulation test before the actual experiment.

A numerical example should be analyzed to discuss the generalized displacement estimation
error of all nodes using Eq. (27). Here, the cantilever beam is considered and its finite element
model is shown in Fig. 3. It is divided into 20 elements. The external load F(t) is applied to the
20th node. For the model based method, it is the most favorable for improving the fault
identification accuracy to collect the displacement signal but not acceleration or velocity signal.
The reason is that the velocity or acceleration can be precisely estimated by the displacement, but
the displacement cannot be precisely estimated by the velocity or acceleration because of the
unknown initial displacement in the integral operation. The non-contact eddy current sensor is
usually employed to detect the displacement. It must be fixed to the additional equipment before
the displacement signal acquisition. Therefore, it is difficult to install plenty of eddy current
displacement sensors. In the numerical example, the maximum number of the mounted
displacement sensors is assumed to be 4.

A F(1)
g \j
]2
123 1819 20 o
N ) b

Node number
Fig. 3. Finite element model of cantilever beam

Using Eq. (28), the optimal measurement point (OMP) combinations are (19), (5, 20), (3, 6, 7)
and (1, 3, 6, 7) for the number of the mounted displacement sensors being 1, 2, 3 and 4
respectively. Under the condition of OMP combination, the estimation errors of all nodes of Fig. 3
for four cases are shown in Fig. 4. From the upper sub-graph of Fig. 4, the maximum displacement
estimation error of all nodes during the considered time span (1 second) is almost less than £5 %
for four cases. The displacement estimation accuracy is higher and higher with the increase of the
number of the mounted displacement sensors. From the under sub-graph of Fig. 4, the maximum
rotation estimation error of all nodes during the considered time span (1 second) is almost less
than £12 % for four cases. The rotation estimation accuracy is only partly improved by increasing
the number of the mounted displacement sensors.

It might take a period of time to seek the OMP using Eq. (28) when the number of the mounted
displacement sensors is given. Therefore, it should be helpful to obtain a rule of distributing those
displacement sensors. The displacement and rotation estimation errors of all nodes under the
condition of evenly distributing MP (MP at free end for only one displacement sensor) are
compared with the OMP combination in Figs. 5 and 6 respectively. The maximum difference
between the displacement estimation errors of evenly distributing MP and OMP combination is
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less than 2 % except for only one displacement sensor case according to Fig. 5. In the only one
displacement sensor case, OMP is 19th node which is close to the free end. The rotation estimation
errors of evenly distributing MP are very close to the OMP combination from Fig. 6. Therefore,
the plan of evenly distributing displacement sensors (MP at free end for only one displacement
sensor) might be an acceptable rule.

Rotation estimation error (%) Displacement estimation error (%)

5
0 L
—+—1MP
75 -
- — —2MPs
5 15 20 ’
Node number
a) 3 MPs
of ;\:MM T
R iy L
] ﬁ*%HL
5 10 15 20
Node number
b)

Fig. 4. Displacement and rotation estimation error of all nodes of Fig. 3 under the condition of optimal
measurement point (OMP) for one, two, three and four MPs respectively. a) and b) are displacement and
rotation estimation error of all nodes respectively. Solid line is the mean error of each node and point (*)

above and below mean error are the maximal and the minimum error

1 MP

10

Ty e, <«—MPat20
5 T,
0 *N***
S Pyl
f
; MP at OP
e-10
Z 0 5 10 15 20
= a)
2 3 MPs
= 2
[}
g
9 0
=
5 2
MP at OP Ko
~4 MPat1,10,20 *{
-6
0 20

> Node 1n%mber1 2
°)

2 MPs
2
;’j‘
0¥
MP at OP
-2
—4 3
MP at 1, 20
—6
0 5 10 15 20
b)
4 MPs
5
0
MP at OP R O
-5 k2
MP at 1,7, 13, 20
-10
0 20

5 10 15
Node number
d)

Fig. 5. Compare displacement estimation error of all nodes of Fig. 2 in the case of OMP with evenly

distributing MP for one (MP at free end) a), two b), three c¢) and four MPs d) respectively
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10 5

0 -5 MP at OP
. (red solid)
s s MP at OP and 20 0 -
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£ 0 5 10 15 20 0 5 10 15 20
b= a) b)
=
Z s 5
=
S
g
3
[a4
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-10 | -10 g
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Fig. 6. Compare rotation estimation error of all nodes of Fig. 3 in the case of OMP with evenly distributing
MP for one (MP at free end) a), two b), three c¢) and four MPs d) respectively

2.4. Model based identification of cracks of beam without measurement noise

The depth and position of the crack of the cantilever beam should be identified using the model
based method in the numerical example. The cross section of the cantilever beam is quadrate. Its
height h and width b are equal to 0.04 m and 0.02 m respectively. The total number and length of
the element are 20 and 0.03 m. Fy(t) = 50sin(60¢t) is applied to the 20th element which is the
free end. The elastic modulus E = 2.0x10° (Pa) and the Poisson ratio v = 0.3. The density
p = 2551 (kg/m?) and the damping coefficient ¢ = 0.035.

The theoretical and measured equivalent shear force and bending moment are shown in Fig. 7
and Fig. 8 respectively. There are three cracks. They occur at the 3rd (depth 10 pm), 10th (depth
10 pm) and 18th (depth 15 pm) element respectively. According to Figs. 7 and Fig. 8, it could be
seen that the equivalent external load of the two end nodes of the crack element is nonzero and
that of other nodes are almost equal to zero. The measured equivalent external load (blue dashdot
line) is identical with the theoretical one (red solid line) of which the crack parameter vector B is
equal to the actual one. Here, the actual displacements and rotations of all nodes are used to
calculate the measured equivalent external load.

To demonstrate the outstanding crack resolution of the model based method, the relative
change rates of the nature frequency, displacement amplitude, mode shape and equivalent external
load of the cantilever beam with one or multiple cracks are listed in Table 1. The maximum relative
change rate of the nature frequency is calculated by:

PFr,, — CFr,
max(100M>,

=12, ..,40, 2
PFr, mn 29)
where PFr,, and CFr,, are the mth order nature frequency of the intact beam and that of the
cracked beam respectively. The maximum relative change rate of the mode shape is calculated by
Eq. (29) where PFr,, and CFr,, are respectively replaced by the mth order mode shape of the
intact beam and that of the beam with cracks. The maximum relative change rate of the
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displacement amplitude is:

PDA, — CDA
max (100 M),

=1,2,..,20, 30
PDA4,, m (30)

where PDA,, and CDA,, are the displacement amplitude of the mth node of the intact and cracked
beam respectively. Here, the mean of the relative change rate of amplitude of equivalent external
load is compared with the maximum of the relative change rate of nature frequency, displacement
amplitude and mode shape. It is:

EELCA,, — EELA
EELA

mean (100 ), m=12,.. 31

where EELCA,, is the amplitude of the equivalent external load of the node of the element with
the mth crack. EELA is the maximum of the equivalent external load of all nodes of all elements
without crack. From Table 1, the equivalent external load difference between the nodes of the
element with and without crack is far more than the change of the nature frequency, displacement
amplitude and mode shape. It means that the crack, especially micro crack might be more precisely
identified by the equivalent external load than the nature frequency, displacement amplitude or
mode shape.

Equivalent shearing force (N)
=1
2

Node Number

Fig. 7. Compare the measured equivalent shear force (blue point) with the theoretical one
(red solid line) where the actual displacement and rotation of all nodes are used
to calculate the measured equivalent external load

Equivalent bending moment (N.m)

Node Numpep

Fig. 8. Compare the measured equivalent bending moment (blue point) with the theoretical one
(red solid line) where the actual displacement and rotation of all nodes are used
to calculate the measured equivalent external load
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The identification results of the depth and position of single crack of the cantilever beam are
shown in Table 2. The generalized displacements of all nodes of the cracked and intact beam are
estimated by Eq. (27) with the measured displacement of the 1st and 20th nodes (evenly
distributing two MPs). From Table 1, the position of the crack was identified accurately in all

cases and the depth identification error of the 1 um crack is down to 2.34 %.

Table 1. Relative change rate of nature frequency, displacement amplitude, mode shape
and equivalent external load of cantilever beam with one or multiple cracks

Maximal Maximal Maximal | Mean relative change rate
Depth | relative change relative change relative | of amplitude of equivalent
Case | Position ( gl) rate of na turi rate of change rate external load (%)

K frequency (%) displacement of mode Shear for Bending
q y 7o amplitude (%) | shape (%) carioree | oment
2 100.00 2.36x10* -5.98x107° 4.19 9.31x10° 3.36x107
Single 5 10.00 4.21x107 —4.80x1077 0.16 2.32x10° 4.22x10°
crack 10 1.00 2.02x10° -8.79x10° 0.98x1072 1.69x10* 3.29x10°
13 1000.00 1.59x1072 -1.08x1073 1.48x103 4.95x10° 4.86x108
Two 3 100.00 4 5 8.38x10° 1.35x107
cracks |18 10.00 | >86x10 ~5-30x10 396 231x10° | 231x10°
Th 5 10.00 1.80x103 1.62x10%
eraoka |10 100.00 | 1.23x102 ~5.96x104 250.92 1.04x10° | 8.91x10°
15 1000.00 3.97x10° 3.41x107

Table 2. Identification results of the depth and position of the crack of the cantilever beam where the actual
displacement and rotation of all nodes are used to calculate the measured equivalent external load

Identified position Identified depth (um)
. Results Error (%) Results (um) Error (%)

=) E - ey - ey ey ey - ey
2 2 |_88|geg|_58|gef| 55 |giE| 28 |zpeé
Z2l £ |SEE|S5E|S5%| 55| 558 |555| =58 |25¢
= g |52c|EZ2c|58¢e|E8¢c| 58¢c |E2¢e| 588 | E8¢
S |<fz|Z5e|<5e|d5e| 5% |Z5z| “5: |Eit
ZE| L2 ZE |42 £% 42| ZE |4E%
100.00 2 2 0.00 0.00 100.00 99.99 1.29x103 | 1.52x107?
51 10.00 5 5 0.00 0.00 9.99 9.99 1.68x102 | 1.68x1072

10| 1.00 10 10 0.00 0.00 0.98 0.98 2.34 2.34
13| 1000.00 13 13 0.00 0.00 1000.00 999.88 0.00 1.22x1072

The measured equivalent external loads of multiple cracks can be calculated by Eq. (25). Due
to the linear dynamics system, the residual generalized displacements meet the following equation:

AX, = AX;q + AXyy + -, (32)
where:
MAX,,, + CAX,,,, + KAX,,,, = AF},,(B,t), (m=1,2,3,...), (33)

where AF{,, (B, t) are the measured equivalent external loads where the only one crack occurs.
The crack is in the identical element and it has the identical depth with the mth crack of multiple
cracks. Therefore, the measured equivalent external loads of multiple cracks:

AF,(B,t) = AF{, (B, t) + AF,(B,t) + AF5(B,t) + ---.

(34

The equivalent external load of the two end nodes of the cracked element is nonzero and that
of other nodes are almost equal to zero. Then:

2956
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AF,,,(B,t) = AF/,,(B,t), (35)

where AF,,, (B, t) is the measured equivalent external load of two nodes which are the end nodes
of the nth element with the mth crack of multiple cracks. AF;,,,(B, t) is the measured equivalent
external load of two nodes of the cracked element in AF/,, (B, t).

The multiple cracks could be identified by:

min f |AF e (B, t) — AF, (B, t)[2dt, (m=1,2,3,...),

s.t. B=1[a, p],

0<a<h, (36)

1< <N 1
sps<5-1

where AF.;,, (a, t) is the theoretical equivalent external load of two nodes of the cracked element
where the only one crack occurs in the nth element of the same dynamical model. Therefore, the
identification accuracy of the multiple cracks is almost identical with single crack.

2.5. Model based identification of cracks of beam with measurement noise

The measured equivalent shearing force and bending moment are shown in upper sub-graphs
of Fig. 9 and Fig. 10 before denoising. There is only one crack (depth 300 um) which occurs at
the 10rd element. The generalized displacement of all nodes of the cracked and intact beam are
estimated by Eq. (27) where the displacement of the 1st and 20th nodes (evenly distributing two
MPs) are measured by the displacement sensors and the data acquisition system. Before denoising,
the energy signal to noise ratios of the 1st and 20th nodes of the cracked and intact beam are
respectively 7.22, 6.95, 7.47 and 7.03 dB. From the upper sub-graphs of Fig. 9 and Fig. 10, it
could be seen that the measured equivalent shearing force and bending moment of the cracked
element are completely covered up because of the noise.

0

Node number

Equivalent shearing force (N) Equivalent shearing force (N)

a)
5 // 1
¢ 05 &
5]
7 §
20 15 10 5 0 0
Node number

b)
Fig. 9. Compare the measured equivalent shear force before denoising a) with that after denoising b)
where the estimated displacement and rotation of all nodes are used to calculate
the measured equivalent external load
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2 Node number

m b)

Fig. 10. Compare the measured equivalent bending moment before denoising a) with that after denoising b)
where the estimated displacement and rotation of all nodes are used to calculate
the measured equivalent external load

It is necessary to reduce the noise of the measured displacement for identifying cracks by the
model based method. According to Eq. (16), it might be difficult to reduce the noise of the
measured displacement because the original external load F(t) and its characteristic frequency
are unknown. Therefore, a method is proposed in this work. F(t) is the known additional external
load and is applied to the considered system. The following equations can be obtained:

MX,, + CX,; + KXy, = Fy(t) + F(¢), (37)
MX,, + CX,, + KX,, = F(t), (38)
MX,, + CX, + KX,; = Fy(t) + AF,(B,t) + F(t), (39)
MX,, + CX,, + KX, = AF,(B,t) + F(t). (40)

Then, the generalized displacement X, and X, of the model based method are replaced by X,
and X;,. X2 = X1 — X and X;, = X;; — X, where X meets Eq. (16). If the known additional
external load is applied to only one node and it fellows the harmonic function with the frequency
w, the frequency of X, and X;, is identical with w which is known and can be adjusted according
to the experiment requirement. When the measured displacement includes the noise, the band-pass
filter with the center frequency w is employed to reduce the noise of the measured point
displacement of X, and X;, before using the model based method.

After denoising by the proposed method, the energy signal to noise ratios of the 1st and 20th
nodes of the cracked and intact beam are 76.72, 65.97, 105.44 and 84.23 respectively. The
measured equivalent shearing force and bending moment are shown in under sub-graphs of Fig. 9
and Fig. 10. It could be seen that the measured equivalent shearing force and bending moment of
the cracked element, especially bending moment, are different from that of the intact element
again. The identification results of the depth and position of single crack of the cantilever beam
are shown in Table 3 in all kinds of energy signal to noise ratios. According to Table 3, the position
of the crack was identified accurately in all cases. The depth identification accuracy is enormously
lower than those without noise and is relative to the position of the crack with noise. However, if
the energy signal to noise ratio of the measured displacement is about 40.00 before denoising, the
relative errors of the depth identification for the 100 um crack are down to 2.05 % and 5.47 %
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when the crack occurs in the 2nd and 10th element respectively. For 200 pm depth crack of the
2nd and 10th element, the relative errors of the depth identification are down to 1.49 % and 5.27 %
when the energy signal to noise ratio of the measured displacement is about 7.00 before denoising.

Table 3. Identification results of the depth and position of the crack with
the different energy signal to noise ratios

Identified Identified depth

E ignal to noise rati iti
nergy signal to noise ratio position (um)

]?Sg)h Before denoising After denoising Error | Results | Error
Crack Perfect Crack Perfect Results (%) (um) (%)

1 |20 1 |20 1 20 1 20
10.00 7.07]6.42|6.77|7.62|82.69 |84.46| 74.82 | 73.97 2 0.00 20.51 | 105.08
"7 139.63/40.31{38.70[39.19|118.40[84.52| 115.88 | 82.96 2 0.00 7.81 21.88
2 3.50(2.92]3.56|3.08 [83.14 |84.14| 62.94 | 84.81 2 0.00 85.94 | 14.06
2
2

Position|

100.00 39.36/38.71{39.36/38.47] 98.3784.03]129.81 | 84.80 0.00 102.05 | 2.05
200.00]1.05]0.39/0.080.7354.39|78.34| 64.86 | 70.35 0.00 197.02 | 1.49
10.00 [38.48]39.5639.46/39.42)99.46 |83.84|115.66| 83.64 | 10 0.00 29.78 | 197.85
100.00 6.9916.98(6.84|7.05|65.56|71.70| 81.87 | 55.25 | 10 0.00 151.86 | 51.86
10 39.10[39.84/40.16/39.82]127.08]84.66[119.27| 84.71 | 10 0.00 105.47 | 5.47
200.00|7.12]7.41|7.45]7.04[116.27/66.77| 80.83 | 63.25 | 10 0.00 189.45 | 5.27
300.00]6.02|6.88|6.83]7.14|88.6463.81|130.19| 76.46 | 10 0.00 | 304.69 | 1.56
6.686.15[7.12]6.73 |115.80/79.25| 94.94 | 61.67 | 18 0.00 7.81 92.19

100.00 52.58/53.10/52.56|52.97|109.77|84.82|110.50| 84.54 | 18 0.00 125.00 | 25.00
200.00 5.92)17.2316.88]7.09|64.01|60.33{112.68| 64.89 | 18 0.00 15.62 | 92.19
53.44(52.64|53.30|53.13|108.33|84.89| 111.86 | 84.51 18 0.00 | 250.00 | 25.00

18 1500.00 7.8716.66(6.90|6.60|77.8175.06{129.99| 77.11 18 0.00 62.5 87.50
52.9152.67|53.23|53.23[141.30{84.86|115.40| 84.78 | 18 0.00 | 437.50 | 12.50

1000.00 6.36|7.45]7.09|6.44[75.31|71.24|104.12| 44.63 | 18 0.00 | 765.62 | 23.44
40.24/40.10[38.8438.97|116.41|84.83| 98.30 | 84.87 | 18 0.00 [1093.75] 9.38

000,00 7.36|7.44(7.04|6.55|78.47|80.36| 77.34 | 77.52 | 18 0.00 [1687.50| 15.62

38.22139.06[38.92)39.15| 99.70184.52119.98 | 84.41 18 0.00 [1949.22| 2.54

3. Conclusions

This work discussed the model based identification method of the depth and position of the
open transverse crack of the beam. The crack resolution of the model based method is higher than
those methods based on natural frequency, mode shape or forced vibration response. That is, the
crack, especially micro crack of the beam might be more precisely identified by model based
method. It is acceptable to evenly distribute a few displacement sensors along the beam to estimate
the generated displacement. The multiple crack of the beam can be identified by the single crack
identification procedure in the model based method. The simulation results show that there is no
error to identify the position, the relative depth identification error of the crack with 1 um depth
is 2.34 % without noise and the relative depth identification error of the crack with 200 um depth
is down to about 5 % with the energy signal to noise ratio being about 7.00 before denoising.
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