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Fig. 10. Compare the measured equivalent bending moment before denoising a) with that after denoising b) 

where the estimated displacement and rotation of all nodes are used to calculate  
the measured equivalent external load 

It is necessary to reduce the noise of the measured displacement for identifying cracks by the 
model based method. According to Eq. (16), it might be difficult to reduce the noise of the 
measured displacement because the original external load �ô�4�:�P�; and its characteristic frequency 
are unknown. Therefore, a method is proposed in this work. �ô�:�P�; is the known additional external 
load and is applied to the considered system. The following equations can be obtained: 

�û���7�4�5 E � ñ� ��6�4�5 E � ù� ��4�5 L � ô�4�:�P�;  E � ô�:�P�;�á (37)
�û���7�4�6 E � ñ� ��6�4�6 E � ù� ��4�6 L � ô�:�P�;�á (38)
�û���7�ç�5 E � ñ� ��6�ç�5 E � ù� ��ç�5 L � ô�4�:�P�;  E � �� ô�ç�:�ð�á �P�;  E � ô�:�P�;�á (39)
�û���7�ç�6 E � ñ� ��6�ç�6 E � ù� ��ç�6 L � �� ô�ç�:�ð�á �P�;  E � ô�:�P�;�ä (40)

Then, the generalized displacement �� �4 and �� �ç of the model based method are replaced by �� �4�6 
and �� �ç�6. �� �4�6 L � ��4�5 F � ��4 and �� �ç�6 L � ��ç�5 F � ��4 where �� �4 meets Eq. (16). If the known additional 
external load is applied to only one node and it fellows the harmonic function with the frequency 
�ñ, the frequency of �� �4�6 and �� �ç�6 is identical with �ñ which is known and can be adjusted according 
to the experiment requirement. When the measured displacement includes the noise, the band-pass 
filter with the center frequency �ñ  is employed to reduce the noise of the measured point 
displacement of �� �4�6 and �� �ç�6 before using the model based method.  

After denoising by the proposed method, the energy signal to noise ratios of the 1st and 20th 
nodes of the cracked and intact beam are 76.72, 65.97, 105.44 and 84.23 respectively. The 
measured equivalent shearing force and bending moment are shown in under sub-graphs of Fig. 9 
and Fig. 10. It could be seen that the measured equivalent shearing force and bending moment of 
the cracked element, especially bending moment, are different from that of the intact element 
again. The identification results of the depth and position of single crack of the cantilever beam 
are shown in Table 3 in all kinds of energy signal to noise ratios. According to Table 3, the position 
of the crack was identified accurately in all cases. The depth identification accuracy is enormously 
lower than those without noise and is relative to the position of the crack with noise. However, if 
the energy signal to noise ratio of the measured displacement is about 40.00 before denoising, the 
relative errors of the depth identification for the 100 μm crack are down to 2.05 % and 5.47 % 
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when the crack occurs in the 2nd and 10th element respectively. For 200 μm depth crack of the 
2nd and 10th element, the relative errors of the depth identification are down to 1.49 % and 5.27 % 
when the energy signal to noise ratio of the measured displacement is about 7.00 before denoising.  

Table 3. Identification results of the depth and position of the crack with  
the different energy signal to noise ratios 

Position Depth 
(μm) 

Energy signal to noise ratio Identified 
position 

Identified depth 
(μm) 

Before denoising After denoising 
Results Error 

(%) 
Results  
(μm) 

Error 
(%) Crack Perfect Crack Perfect 

1 20 1 20 1 20 1 20 

2 

10.00 7.07 6.42 6.77 7.62 82.69 84.46 74.82 73.97 2 0.00 20.51 105.08 
39.6340.3138.7039.19 118.40 84.52 115.88 82.96 2 0.00 7.81 21.88 

100.00 3.50 2.92 3.56 3.08 83.14 84.14 62.94 84.81 2 0.00 85.94 14.06 
39.3638.7139.3638.47 98.37 84.03 129.81 84.80 2 0.00 102.05 2.05 

200.00 1.05 0.39 0.08 0.73 54.39 78.34 64.86 70.35 2 0.00 197.02 1.49 

10 

10.00 38.4839.5639.4639.42 99.46 83.84 115.66 83.64 10 0.00 29.78 197.85 

100.00 6.99 6.98 6.84 7.05 65.56 71.70 81.87 55.25 10 0.00 151.86 51.86 
39.1039.8440.1639.82127.08 84.66 119.27 84.71 10 0.00 105.47 5.47 

200.00 7.12 7.41 7.45 7.04 116.27 66.77 80.83 63.25 10 0.00 189.45 5.27 
300.00 6.02 6.88 6.83 7.14 88.64 63.81 130.19 76.46 10 0.00 304.69 1.56 

18 

100.00 6.68 6.15 7.12 6.73 115.80 79.25 94.94 61.67 18 0.00 7.81 92.19 
52.5853.1052.5652.97109.77 84.82 110.50 84.54 18 0.00 125.00 25.00 

200.00 5.92 7.23 6.88 7.09 64.01 60.33 112.68 64.89 18 0.00 15.62 92.19 
53.4452.6453.3053.13108.33 84.89 111.86 84.51 18 0.00 250.00 25.00 

500.00 7.87 6.66 6.90 6.60 77.81 75.06 129.99 77.11 18 0.00 62.5 87.50 
52.9152.6753.2353.23141.30 84.86 115.40 84.78 18 0.00 437.50 12.50 

1000.00 6.36 7.45 7.09 6.44 75.31 71.24 104.12 44.63 18 0.00 765.62 23.44 
40.2440.1038.8438.97 116.41 84.83 98.30 84.87 18 0.00 1093.75 9.38 

2000.00 7.36 7.44 7.04 6.55 78.47 80.36 77.34 77.52 18 0.00 1687.50 15.62 
38.2239.0638.9239.15 99.70 84.52 119.98 84.41 18 0.00 1949.22 2.54 

3. Conclusions 

This work discussed the model based identification method of the depth and position of the 
open transverse crack of the beam. The crack resolution of the model based method is higher than 
those methods based on natural frequency, mode shape or forced vibration response. That is, the 
crack, especially micro crack of the beam might be more precisely identified by model based 
method. It is acceptable to evenly distribute a few displacement sensors along the beam to estimate 
the generated displacement. The multiple crack of the beam can be identified by the single crack 
identification procedure in the model based method. The simulation results show that there is no 
error to identify the position, the relative depth identification error of the crack with 1 μm depth 
is 2.34 % without noise and the relative depth identification error of the crack with 200 μm depth 
is down to about 5 % with the energy signal to noise ratio being about 7.00 before denoising. 
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