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configuration determines the effect of the secondary suspension on the bogie pitch motion. If the 
secondary vertical suspension components are longitudinally symmetric about the center-line of 
the bogie, body bounce above the bogie does not generate significant bogie pitch motion. 

3. Mix-filtering approach for bogie mounted pitch rate 

From Eq. (2) the vertical track irregularities can be estimated by double integration of the 
signal with respect to space domain. During the process of observation, the gyroscope output 
contains two types of errors which will influence irregularity estimation. One is Gaussian noise 
caused by environment vibration or electromagnetic radiation. The other is installation error 
caused by the sensitive axis of sensor not completely perpendicular to the plane of the train running 
line. Installation error is a constant proportion. Taking the bogie pitch observation error and the 
sensor signal characteristics into account, a mix-filtering approach for processing gyro signal in 
time domain is proposed to estimate track irregularities as shown in Fig. 3. This mix-filtering 
approach use bogie pitch gyro signal and vehicle speed signal as input. It contains 4 steps including 
time space domain transformation, double integration, baseline correction and RLS adaptive 
compensation filter. 

 
Fig. 3. Mix-filtering approach 

Step1: Time-space domain transformation 
The output ߱(ݐ) of bogie mounted pitch rate gyro in time domain is obtained while vehicle is 

online operation. The relationship between ߱(ݏ) and ߱(ݐ) is as follows: ݀ݏ݀ߠ = ݐ݀/ݏ݀ݐ݀/ߠ݀ = (3) ,(ݐ)ݒ(ݐ)߱

where ݐ is the sampling time; ݏ is the spatial interval. Thus, the time-space domain transformation 
by the use of vehicle speed along track (ݐ)ݒ is ߱(ݐ) ↔௩  .(ݏ)߱

Step 2: Double integration filter 
There are methods, such as immediate integration, frequency conversion method and filter 

method etc, to realize signal integration. The immediate integration and frequency conversion 
method cannot realize continuous calculation. Therefore, the filter method is used. Transfer 
function of double integral filter derived by the rectangular integration as below [17]: 

(ݖ)ܪ = Δݏ௡Δݏ௡ିଵିݖଶ1 − ቀ1 + Δݏ௡Δݏ௡ିଵቁ ଵିݖ + ቀ Δݏ௡Δݏ௡ିଵቁ ,ଶିݖ (4)

where Δݏ௡ିଵ  and Δݏ௡  are spatial interval of ݊ − 2 th, ݊ − 1th and ݊ th sampling points,  
respectively. 

Step 3: Baseline correction 
Although integration filter process seems to be straightforward, some difficulties must be 

corrected to avoid results distortion. These difficulties come from reduction of high-frequency 
contents of the waveform, amplification of low frequencies and signal phase shift. The signal of 
pitch rate gyro contains observation noise ߪ, so that the numerical integration will produce a 
constant term (zero frequency term) and a linear term (second integration time), these trends items 
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must be eliminated. 
There are different methods used to improve velocity and displacement calculated diagrams 

such as high-pass filter method and wavelet transform method [18]. A widely used technique is 
the so-called ‘baseline correction’ [11]. This procedure consists of defining a baseline function 
that fits the data of the diagram by least squares method. Initial condition -zero velocity at initial 
instant- must be satisfied.  

Chosen baseline function is a sixth degree polynomial. The recursive computation is as  
follows [19]: 

۔ۖۖەۖۖ
ேାଵݐۓ = [1, (ܰ + 1)ℎ, ((ܰ + 1)ℎ)ଶ, ⋯ , ൫(ܰ + 1)ℎ)௞൧,

ேܲାଵ = ቆܫ௞ାଵ − ேܲ ேାଵ்ݐ ேାଵ1ݐ + ேାଵݐ ேܲ ேܶାଵ் ቇ ேܲ,ܭேାଵ = 11 + ேାଵݐ ேܲݐேାଵ் ேܲݐேାଵ் ,߶ேାଵ = ߶ே + ேାଵݔ)ேାଵܭ − ,(ேାଵ߶ேݐ
 (5)

where ݇ is the polynomial order degree, ܰ is the number of observations, ݔே is the observation 
data. According to Eq. (5), before knowning ܰ number of observation data sequence ݔே, the ேܲ 
and ߮ே can be obtained, and then ேܲାଵ, ܭேାଵ, ߮ேାଵ and ݐேାଵ can be derived as well. Finally, the 
baseline corrected observations can be obtained using equation ݔොேାଵ = ேାଵݔ −  .ேାଵ߶ேାଵݐ

Step 4: RLS adaptive compensation filter 
It is well known that the relationship between bogie pitch rate and vertical track irregularities 

is dependent on the sensor installation error, rail elasticity change, wheel-rail contact relationship 
and suspension characteristics. In addition, a signal takes a certain amount of time to pass through 
a filter, which leads to a change in the transmission phase angle with respect to the frequency, 
called the phase delay. 

A compensation filter that uses a FIR (Finite Impulse Response, FIR) filter with ܯ adjustable 
parameters is proposed. It is described as follows: ܻ(ݖ) = (6) ,(ݖ)ܺ(ݖ)ܪ

where (ݖ)ܪ is the transfer function of the compensation filter. It is very difficult to identify these 
parameters by analytical methods because several different kinds of mechanisms are 
simultaneously involved. Instead of using analytic methods, an adaptive filtering method based 
on an RLS algorithm with the measured data is proposed. 

The recursive computation of the filter parameters is as follows [20]: 

۔ۖەۖ
݊|݊)݁ۓ − 1) = (݊)ݖ − ݊)ݓ − (݊)݇,(݊)ݑ(1 = ܲ(݊ − λ(݊)ݑ(1 + ݊)ܲ(݊)ுݑ − (݊)ݑ(1 (݊)ݓ, = ݊)ݓ − 1) + ݇(݊)݁(݊|݊ − 1),ܲ(݊) = λିଵܲ(݊ − 1) − λିଵ݇(݊)ݑு(݊)݌(݊ − 1), (7)

where ݑ(݊)  is input irregularities after baseline corrected, ݖ(݊)  is the actual measured 
irregularities, ݓ(݊)  is the filter parameter vector, ߣ  is a forgetting factor in the range of  
0 ≤ ߣ ≤ 1. In Eq. (6), ݓ(݊) and ܲ(݊) are initialized by setting (1−)ݓ = 0 and ܲ(−1) = 0. RLS 
algorithm is superior to LMS algorithm in convergence speed, stability and practicality of 
non-stationary signals. RLS’s shortcoming is a larger computational cost. 
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4. Numerical simulation model 

A coupling dynamics model of vertical vehicle-track interactions is developed to obtain 
simulation data of bogie pitch rate. The model uses the actual measured long wavelength 
irregularities as excitation. 

Coupling dynamics model of vertical vehicle-track interactions developed by Zhai [21] is a 
theoretical tool to research vertically vehicle-track discrete point dynamic interaction. Fig. 4 
illustrates the various components of the vehicle–track model in which subsystems describing the 
vehicle and the track are spatially coupled by the wheel-rail interface. 

By using the system of coordinates moving along the track with vehicle speed, the equations 
of motion of the vehicle subsystem can be derived according to D’Alembert’s principle, which 
can be described in the form of second-order differential equations in the time domain: ܠۻሷ + ሶܠ۱ + ܠ۹ = (8) ,۾

where ۻ is the mass matrix of the vehicle; ۱ and ۹ are the damping and the stiffness matrices 
which can depend on the current state of the vehicle subsystem to describe nonlinearities within 
the suspension; ܠሷ ሶܠ ,  and ܠ are the vectors of accelerations, velocities and displacements of the 
vehicle subsystem, respectively; ۾ is the system load vector representing the non- linear wheel-rail 
contact forces determined by the wheel-rail coupling model. The specific parameters see  
literature [21]. 

 
Fig. 4. Coupling dynamics model of vertical vehicle-track interactions 

The rail is treated as continuous Bernoulli-Euler beams which are discretely supported 
atrial-sleeper junctions by springs and dampers, representing the elasticity anddamping of the 
sleeper, respectively. The differential equation of vibration is: 

(ݐ)ഺ௞ݍ + ෍ ௣௜ேܥ
௜ାଵ ௞ܻ( ௜ܺ) ෍ ௛ܻேெ

௛ାଵ (ݐ)ሶ௛ݍ(௜ݔ) + ௥ܫ݉ܧ ൬݈݇ߨ൰ସ (ݐ)௞ݍ
     + ෍ ௣௜ேܭ

௜ୀଵ ௞ܻ(ݔ௜) ෍ ௛ܻேெ
௛ୀଵ (ݐ)௛ݍ(௜ݔ) = ෍ ௝ସ݌

௝ୀଵ (ݐ) ௞ܻ൫ݔ௪௝൯, (9)

where ݌௝(ݐ)  represents contact forces at the ݆ th wheel-contacting point; ܥ௣௜  and ܭ௣௜  are the 
elasticity anddamping of the sleeper, respectively; ܰ is the number of discrete support; ܰܯ is the 
modal order of the rail; ݍ௛(ݐ) is normalized coordinate of modal shape of the rail; ܧ is the elastic 
modulus of rail; ܫ is the cross-sectional rotational inertia of rail; ݈ is the length of rail; ݉௥ is the 
rail mass per unit length; ௛ܻ(ݔ௜) is vibration mode function of rail which is: 
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௛ܻ(ݔ௜) = ඨ 2݉௥݈ sin ൬݈݇ݔߨ ൰. (10)

The solution of Eq. (6) is the vertical track displacement: 

ܼ௥(ݔ, (ݐ = ෍ ௞ܻேெ
௞ୀଵ ,(ݐ)௞ݍ(ݔ) (11)

௝ܼ(ݔ,  :is the displacement of the ݆th wheel/rail vertical compression (ݐ

௝ܼ(ݔ, (ݐ = ܼ௪௝(ݐ) − ܼ௥௝(ݐ) − ܼ଴(ݔ, ,(ݐ (12)

where ܼ௪௝(ݐ) is vertical displacement of the wheel; ܼ௥௝(ݐ) is vertical displacement of the rail; ܼ଴(ݔ,  .ݐ th place at timeݔ is the vertical irregularity of rail in (ݐ
The nonlinear Hertz elastic contact theory is used to calculate the wheel-rail normal contact 

forces which depends on the displacements of wheels and rails: 

௝ܲ(ݐ) = ቐ൤1ܩ ௝ܼ(ݔ, ൨ଵ.ହ(ݐ , ௝ܼ(ݔ, (ݐ > 0,0,                ௝ܼ(ݔ, (ݐ ≤ 0, (13)

where ܩ =3.86ܴ-0.115×10-8 is the Hertz spring stiffness; ܴ is the radius of wheel. 
In order to enhance the computational speed for dynamic system, a simple fast explicit 

integration method previously developed by Zhai is employed [21]. The main solution procedure 
for the vehicle–track coupled dynamics consists of the following four steps: estimating the 
displacement ܺ݌(݊ + 1) and the velocity ܸ݌(݊ + 1) of the system; calculating the acceleration ݌ܣ(݊ + 1);  computing the displacement ܺ(݊ + 1)  and the velocity ܸ(݊ + 1)  by using  
Newmark-ߚ equation; calculating the final acceleration ܣ(݊ + 1). 

5. Experiment 

In this section, the coupling dynamics model is excited by a segment of actual measured 
irregularities from high-speed rail in china. The obtained bogie pitch rate was filtered with 
mix-filtering approach and the result has been compared with the actual measured irregularities. 

5.1. Data preparation 

The track irregularities data is measured as a discrete sample sequence with 0.5 m intervals 
and the length of the data is 2 km. Fig. 5 plots the space waveform (a) and power spectra (b) of 
the measured data. The space waveform shows the amplitude of this segment irregularity data is 
less than 5 mm. Fig. 5(b) also plots the high interference German track spectrum line. By 
comparing with each other, this segment data contains irregularities of 6-300 m wavelength. 

Coupling dynamics model has been numerically solved to obtain bogie pitch rate response by 
using actual measured long wavelength track irregularities as model excitation. Since the actual 
measured irregularities are discrete sample sequence with 0.5 m intervals, cubic spline 
interpolation has used for the data to obtain data with space step 0.001 m. During the process of 
simulation, the speed of train was set in 20 m/s, the size of space step Δݏ = 0.001 m, the iteration 
time Δݐ = 0.05 ms. 

Fig. 6 shows the obtained bogie pitch rate ߚ௧ଵ. In this figure, bogie pitch rate ߚ௧ଵ responds in 
a range of ±1°/s when detecting long wavelength irregularities. Comparing with 0.03°/s excited 
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by broad gauge joint as shown in Fig. 5, the ߚ௧ଵ pitch rate only have one order of higher magnitude. 
Therefore, when detecting long wavelength irregularities, the bogie pitch rate is slightly affected 
by local irregularity. Nowadays, the resolution of fiber optic gyroscope is less than 10°/h, which 
can up to (1-5)°/h, so that it is able to meet the detecting requirements. This method can be 
implemented and has a good engineering applicability. 

 
a) 

 
b) 

Fig. 5. Actual measured long wavelength track irregularities: a) space waveform;  
b) power spectrum compared with high interference Germany track spectrum 

 
Fig. 6. Bogie pitch rate ߚ௧ଵ response of actual measured long wavelength track irregularities 

The condition of simulation process is usually ideal, so the obtained bogie pitch rate data as 
shown in Fig. 7 has been multiplied by the coefficient ߝ = 0.9 and added with a gauss noise 
sequence which variance ߪ = 0.001 rad/s to simulate installation error and observation noise, 
respectively. 

5.2. The mix-filtering of bogie pitch rate  

To numerically evaluate the closeness of estimation between the filtered result and the actual 
displacement, we calculate SD (Standard Deviation) and NMSE (Normalized Mean Square Error) 
as follows: 
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ܦܵ = ඩ1ܰ ෍(݁(݊) − ଶே(ߤ
௜ୀଵ , (14)

where, ݁(݊) is the error sequence of the filtered result and the actual measured displacement; ߤ is 
the mean value of ݁(݊): 

ܧܵܯܰ = 10logଵ଴ ൭෍ (݊)ݖ| −ே
௡ୀଵ ଶ|(݊)ݖ̂ ෍ ଶே|(݊)ݖ|

௡ୀଵ൙ ൱, (15)

where, ݖ(݊) is the actual measured displacement; ̂ݖ(݊) is the filtered result. 
Firstly, to convert into spatial domain, bogie pitch angular velocity was divided by the vehicle 

speed ܸ = 20 m/s. Secondly, double integration filter (ݖ)ܪ = 0.001ଶିݖଶ/(1 − ଵିݖ2 +  ଶ) wasିݖ
applied to obtain vertical track displacement. Then six degree of polynomial baseline correction 
iteration was applied to eliminate trends. In the processing of baseline correction, the number of 
calculating data ܰ = 1000. 

 
a) 

 
b) 

Fig. 7. a) Results after double integral filter and trends extracted by 6 degree polynomial correction;  
b) the spatial irregularity waveform after double integral filter and six degree polynomial baseline 

correction compared with actual measured irregularities waveform 

Results after the double integration filter and trends extracted by 6 degree polynomial 
correction are shown in Fig. 7(a). Results after trends eliminated and the actual measured 
irregularities are shown in Fig. 7(b). Fig. 7 (a) shows polynomial baseline correction method 
eliminates most of the trends. Fig. 7(b) shows the spatial waveform of the filtered result and the 
actual measured displacement. After double integration filter and six degree polynomial baseline 
correction, the ܵܦ = 0.856 mm, the ܰܧܵܯ = –0.8013. The filtered result has been close to the 
actual waveform, but still need compensated by compensation filter processing. 

Spatial step of track irregularity data is 0.001 m and the actual effective wavelengths are longer 
than 3 m. Therefore, the built compensation filter has low-pass characteristic. In the processing of 
compensation, due to the filter length will affect the calculation speed of RLS adaptive algorithm, 
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the number of adjustable parameters of the FIR filter model is set at 40. The parameter values are 
determined via recursive computation. The parameters are obtained from the RLS algorithm at the 
end of the front 1 km iteration and validated using last 1 km irregularity. 

Results of the front 1km during the iterative process and the actual waveform are shown in 
Fig. 8(a). The filtered results of last 1 km by compensation filter and the actual waveform are 
shown in Fig. 8(b). After compensation filter, the ܵܦ = 0.327 mm, the ܰܧܵܯ = –9.1495. The 
filtered waveform in spatial domain is perfectly close to the actual waveform. The error between 
irregularity after baseline correction and the actual measured irregularities has been improved. 
Therefore, the irregularity obtained by filtering bogie pitch angular velocity with the mix-filtering 
approach reproduces the actual measured long wavelength track irregularities accurately and 
effectively. 

 
a) 

 
b) 

Fig. 8. Results compared with actual measured irregularities a) front 1 km during the iterative process;  
b) last 1 km after compensation filter 

 
Fig. 9. Results compared with actual measured irregularities in power spectrum 

Power spectrum waveform of the actual measured 1 km data and data after the compensation 
filter in Fig. 8(b) is shown in Fig. 9 by welch method. When the wavelength is larger than 6 m 
(1/10-0.8), the reproduced harmonic components by bogie pitch rate method are consistent with the 
actual data. When the wavelength changing from 6 m to 2.5 m (1/10-0.4), harmonic components 
decreased approximately 2 dB. When the wavelength is between 2.5 m and 1 m (1/100) that means 
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it is closed to the wheelbase, the harmonic components were dropped by 2 dB. Furthermore, when 
the wavelength is 1.6 m (1/10-0.2), there is no significant resonance occurring on the 12 Hz 
resonance point of first suspension while the speed of vehicle is 20 m/s. 

In summary, after mix-filtering approach for bogie mounted pitch rate, the estimated track 
irregularities reproduce the long wavelength track irregularities accurately and effectively. 

6. Conclusions 

The use of a bogie-mounted pitch-rate gyro for detecting vertical long wavelength track 
irregularities was proposed. Using this sensor alone provides a large amount of advantages such 
as low cost and a good engineering applicability. A mix-filtering approach for bogie pitch rate 
was proposed. Coupling dynamics model of vertical vehicle-track interactions was developed to 
obtain simulation data of bogie pitch rate. The model uses actual measured irregularities as 
excitation. The obtained bogie pitch rate was filtered with mix-filtering approach. By comparing 
with the actual irregularities, the result shows the proposed bogie pitch rate based method and 
mix-filtering approach are capable of monitoring long wavelength track irregularities accurately 
and effectively. This method and mix-filtering approach are worth popularizing in engineering. 
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