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Abstract. The electromechanical integrated magnetic gear (EIMG), in which the field modulated 
magnetic gear, drive and control are integrated, is proposed in this paper. The dynamic model of 
the EIMG system with four subsystems is founded and the model assumptions are given. Then, 
the electromagnetic coupling stiffnesses are calculated by the finite element method and the 
dynamic differential equations are deduced. On the basis of the modal analyses of the EIMG 
system, the changes of the natural frequencies with the system parameters are discussed. The 
results show that the electromagnetic coupling sitffnesses change periodically with the relative 
rotation angles. The EIMG system has five torsional modes and five transverse modes, which have 
entirely different modal characteristics. The natural frequencies of the EIMG system are affected 
greatly by the system parameters. 
Keywords: magnetic gear, electromechanical integrated, field modulated, dynamic model, free 
vibration. 

1. Introduction 

Magnetic gear is a kind of the magnetic transmission and offers multiple advantages, such as 
non-contact, non-wear, low vibration and noises, and so on. Magnetic gears overcome the 
mechanical fatigues and other disadvantages of the mechanical gears, and have significant 
advantages, such as little maintenance, improved reliability, no lubrication, inherent overload 
protection [1]. Field modulated magnetic gear (FMMG) proposed by K.Atallah adopts the coaxial 
topology and has a high utilization of the permanent magnets (PMs) [2]. So, FMMG can provide 
larger torque and higher torque density than the traditional magnetic gears, which adopt the 
parallel shaft topology. FMMG can be widely used in the medicine, chemical industry, vehicle, 
navigation and other fields [3]. 

FMMG has attracted the attentions of many scholars and extensive researches are carried out. 
Transmission mechanism [5], torque characteristics [6], structural optimization [7], transmission 
efficiency [8], rotor eccentricity [9] and dynamics [10] have been discussed. A variety of new 
transmissions [11, 12] have been proposed. FMMGs have been rapidly applied to many fields. 
However, FMMGs must be driven by the excellent-performance motors. The whole drive system 
will take up a bigger space and the transmission performance will be affected by the motor 
performance.  

In this paper, a new kind of an electromechanical integrated magnetic gear is presented by 
authors, in which FMMG, drive and control are integrated. It is named the electromechanical 
integrated magnetic gear (EIMG). Except for the advantages of FMMG, EIMG has a compact 
structure and makes the electromechanical system simplify drastically. It can provide larger torque 
at a lower speed and can be applied in robot control, aerospace, navigation, vehicle and other drive 
fields, in which high control precisions are required. 

In order to optimize the design parameters and improve dynamic characteristics, the dynamics 
of the EIMG system must be studied. Meanwhile, the dynamic model and the free vibration are 
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the bases of the forced vibration, parametric vibration and nonlinear vibration. In this paper, an 
electromagnetic coupling dynamic model of the EIMG system with four subsystems is presented. 
The modal characteristics and the influences of the main design parameters on the natural 
frequencies are discussed. 

2. Dynamic model and the dynamic differential equations of the EIMG system 

2.1. Model assumptions 

EIMG shown in Fig.1 is composed of the inner stator, the inner and outer ferromagnetic 
pole-pieces (FPs), the inner rotor, the outer stator and four air-gaps. Three-phase coils are arranged 
in the inner stator and generate a rotating magnetic field in order to provide power. PMs are 
arranged uniformly on the inner surface of the outer stator, the inner and outer surfaces of the 
inner rotor. The inner and outer FPs are composed of the permeability and non-permeability 
materials at regular intervals. The FPs takes charge of modulating the magnetic fields in two 
air-gaps beside them in order to make the number of pole pairs of the PMs on the inner and outer 
rotors agree with the number of pole pairs of the space harmonic flux density of the air-gaps. 

 
Fig. 1. Topology and prototype of the electromechanical integrated magnetic gear 

When the outer FPs is fixed, the dynamic model of the EIMG system shown in Fig. 2 contains 
four subsystems, namely, the inner stator/inner FPs subsystem, the inner FPs/inner rotor 
subsystem, the inner rotor/outer FPs subsystem and the outer FPs/outer stator subsystem. The 
electromagnetic coupling dynamic model employs following assumptions [13]: 

(1) Main components of the EIMG system are considered to be rigid, assuming that the elastic 
deformations of PMs, FPs, the rotor and the stator are negligible. 

(2) Magnetic interactions among all parts are modeled as the linear spring along tangential 
direction and normal to their axes. Supports of the inner rotor and the outer FPs can be equivalent 
to the transverse (i.e. radial) linear spring normal to their axes. Constraints between the inner stator, 
the inner FPs, the outer stator and the foundation are equivalent to the tangential linear spring and 
the transverse linear spring, respectively. 

(3) Frictional forces among parts are considered to be negligible. Time-varying components 
of the electromagnetic coupling stiffnesses due to the magnetic field modulating are negligible. 

(4) Although the EIMG system has the maximum output torque, out-of-step because of the 
overload doesn’t occur. Manufacturing and installation errors of all components are not included 
in this paper. 

(5) The effects of the inertias and load waves connected to the EIMG system at the input and 
output sides are excluded here, considering that these can only cause resonances at very low 
frequencies. 

(6) Amplitudes and frequencies of the electric currents in the inner stator are constants always. 
(7) All PMs on the inner and outer surfaces of the inner rotor are assumed to be identical with 

the same size, performance parameters, respectively. All PMs on the outer stator have the same 
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size, performance parameters too. Magnetic components and non-magnetic components in the 
inner and outer FPs have the same sizes and performance parameters, respectively. 

 
a) The inner stator/inner FPs subsystem 

 
b) The inner FPs/inner rotor subsystem 

 
c) The inner rotor/outer FPs subsystem 

 
d) The outer FPs/outer rotor subsystem 

Fig. 2. Dynamic model of the electromechanical integrated magnetic gear 

The dynamic model of the EIMG system allows each part translate in ݕ directions and rotate 
about their translation axes. Torsional displacements of the inner stator, the inner FPs, the inner 
rotor, the outer FPs and the outer stator, are ߠଵ, ߠଶ, ߠଷ, ߠସ, ߠହ, respectively. For convenience, the 
torsional angular displacements are all replaced by their corresponding translational displacements 
as: ݑ௜ = ܴ௜ߠ௜,   ݅ = 1, 2, 3, 4, 5,
where ܴ௜, are the equivalent radius of gyration of the inner stator, the inner FPs, the inner rotor, 
the outer FPs and the outer stator, respectively. 

Transverse vibration displacements of the inner stator, the inner FPs, the inner rotor, the outer 
FPs and the outer stator are ݕଵ, ݕଶ, ݕଷ, ݕସ, ݕହ, respectively. Then, the generalized displacement 
vector of the EIMG system can be written as: ܠ = ሾݑଵ ଵݕ ଶݑ ଶݕ ଷݑ ଷݕ ସݑ ସݕ ହݑ .ହሿ୘ݕ
2.2. Inner stator/inner FPs subsystem 

Fig. 2(a) illustrates the dynamic model of the inner stator/inner FPs subsystem. The undamped 
differential equations of 4 degrees of freedom (DOF) model of the inner stator/inner FPs 
subsystem are given as follows: 

۔ە
ሷݑଵܯۓ ଵ + ୍݇ୱݔଵଶcosߙଵଶ + ݇ଵݑଵ = 0,݉ଵݕሷଵ + ୍݇ୱݔଵଶsinߙଵଶ + ݇୷ଵݕଵ = ሷݑଶܯ,0 ଶ − ୍݇ୱݔଵଶcosߙଵଶ + ݇ଶݑଶ = 0,݉ଶݕሷଶ − ୍݇ୱݔଵଶsinߙଵଶ + ݇୷ଶݕଶ = 0, (1)
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where ݉ଵ and ݉ଶ are the masses of the inner stator and the inner FPs, respectively; ܯଵ and ܯଶ 
are the equivalent masses of the inner stator and the inner FPs along their torsional vibration 
direction, respectively, ܯଵ = ଵܬ ܴଵଶ⁄ ଶܯ , = ଶܬ ܴଶଶ⁄  ଶ the mass moments of inertia of theܬ ଵ andܬ ;
inner stator and the inner FPs, respectively, ܬଵ = ݉ଵ ⋅ ܴଵଶ 2⁄ ଶܬ , = ݉ଶ ⋅ ܴଶଶ 2⁄ ; ݇୷ଵ and ݇୷ଶ are the 
transverse supporting stiffnesses of the inner stator and the inner FPs, respectively; ݇ଵ and ݇ଶ are 
the torsional supporting stiffnesses of the inner stator and the inner FPs around their axes, 
respectively; ୍݇ୱ is the electromagnetic coupling stiffness between the inner stator and the inner 
FPs, ୍݇ୱ = ඥ୍݇ୱ୰ଶ + ୍݇ୱ୲ଶ ; ୍݇ୱ୰ and ୍݇ୱ୲ are the radial and tangential components of ୍݇ୱ, respectively; ݔଵଶ and ߙଵଶ are the relative displacement and the meshing angle between the inner stator and the 
inner FPs, respectively, ߙଵଶ = atanሺ୍݇ୱ୰ ୍݇ୱ୲⁄ ሻ. 

The relative displacement between the inner stator and the inner FPs ݔଵଶ can be calculated as: ݔଵଶ = ሺݑଵ − ଵଶߙଶሻcosݑ + ሺݕଵ − .ଵଶߙଶሻsinݕ (2)

By substituting Eq. (2) into Eq. (1), the undamped differential equations of the inner 
stator/inner FPs subsystem are gotten as follows: 

۔ۖەۖ
ሷݑଵܯۓ ଵ + ୍݇ୱሺݑଵ − ଵଶߙଶሻcosଶݑ + ݇ଵଶሺݕଵ − ଵଶߙଵଶcosߙଶሻsinݕ + ݇ଵݑଵ = 0,݉ଵݕሷଵ + ୍݇ୱሺݑଵ − ଵଶߙଵଶcosߙଶሻsinݑ + ୍݇ୱሺݕଵ − ଵଶߙଶሻsinଶݕ + ݇୷ଵݕଵ = ሷݑଶܯ,0 ଶ − ୍݇ୱሺݑଵ − ଵଶߙଶሻcosଶݑ − ݇ଵଶሺݕଵ − ଵଶߙଵଶcosߙଶሻsinݕ + ݇ଶݑଶ = 0,݉ଶݕሷଶ − ୍݇ୱሺݑଵ − ଵଶߙଵଶcosߙଶሻsinݑ − ୍݇ୱሺݕଵ − ଵଶߙଶሻsinଶݕ + ݇୷ଶݕଶ = 0. (3)

2.3. Inner FPs/inner rotor subsystem 

Fig. 2(b) shows the 4 DOF dynamic model of the inner FPs/inner rotor subsystem. The 
undamped differential equations of the subsystem can be expressed as follows: 

۔ە
ሷݑଶܯۓ ଶ − ଶଷߙଶଷcosݔ୍୍݇ + ݇ଶݑଶ = 0,݉ଶݕሷଶ − ଶଷߙଶଷsinݔ୍୍݇ + ݇୷ଶݕଶ = ሷݑଷܯ,0 ଷ + ଶଷߙଶଷcosݔ୍୍݇ = 0,݉ଷݕሷଷ + ଶଷߙଶଷsinݔ୍୍݇ + ݇୷ଷݕଷ = 0, (4)

where ݉ଷ  and ܯଷ  are the mass and the equivalent mass of the inner rotor, respectively,  ܯଷ = ଷܬ ܴଷଶ⁄ ଷܬ ;  is the mass moment of inertia of the inner rotor, ܬଷ = ݉ଷ ⋅ ܴଷଶ 2⁄ ; ୍୍݇  is the 
electromagnetic coupling stiffness between the inner FPs and the inner rotor, ୍୍݇ = ඥ୍୍݇୰ଶ + ୍୍݇୲ଶ ; ୍୍݇୰ and ୍୍݇୲ are the radial and tangential components of ୍୍݇, respectively; ݇୷ଷ is the transverse 
supporting stiffness of the inner rotor; ݔଶଷ and ߙଶଷ are the relative displacement and the meshing 
angle between the inner FPs and the inner rotor, respectively, ߙଶଷ = atanሺ୍୍݇୰ ୍୍݇୲⁄ ሻ. 

The relative displacement between the inner rotor and the inner FPs ݔଶଷ can be calculated as: ݔଶଷ = ሺݑଷ − ଶଷߙଶሻcosݑ + ሺݕଷ − .ଶଷߙଶሻsinݕ (5)

By substituting Eq. (5) into Eq. (4), the dynamic differential equations of the inner FPs/inner 
rotor subsystem are derived: 

۔ۖەۖ
ሷݑଶܯۓ ଶ − ୍୍݇ሺݑଷ − ଶଷߙଶሻcosଶݑ − ୍୍݇ሺݕଷ − ଶଷߙଶଷcosߙଶሻsinݕ + ݇ଶݑଶ = 0,݉ଶݕሷଶ − ୍୍݇ሺݑଷ − ଶଷߙଶଷcosߙଶሻsinݑ − ୍୍݇ሺݕଷ − ଶଷߙଶሻsinଶݕ + ݇୷ଶݕଶ = ሷݑଷܯ,0 ଷ + ୍୍݇ሺݑଷ − ଶଷߙଶሻcosଶݑ + ୍୍݇ሺݕଷ − ଶଷߙଶଷcosߙଶሻsinݕ = 0,݉ଷݕሷଷ + ୍୍݇ሺݑଷ − ଶଷߙଶଷcosߙଶሻsinݑ + ୍୍݇ሺݕଷ − ଶଷߙଶሻsinଶݕ + ݇୷ଷݕଷ = 0. (6)
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2.4. Inner rotor/outer FPs subsystem 

The 4 DOF dynamic model shown in Fig.2(c) is used to describe the coupling between the 
inner rotor and the outer FPs. The undamped differential equations of the subsystem can be got: 

۔ە
ሷݑଷܯۓ ଷ + ୍݇୭ݔଷସcosߙଷସ = 0,݉ଷݕሷଷ + ୍݇୭ݔଷସsinߙଷସ + ݇୷ଷݕଷ = ሷݑସܯ,0 ସ − ୍݇୭ݔଷସcosߙଷସ = T୭୤/ܴସ,݉ସݕሷସ − ୍݇୭ݔଷସsinߙଷସ + ݇୷ସݕସ = 0, (7)

where ݉ସ  and ܯସ  are the mass and the equivalent mass of the outer FPs, respectively,  ܯସ = ସܬ ܴସଶ⁄ ସܬ ;  is the mass moment of inertia of the outer FPs, ܬସ = ݉ସ ⋅ ܴସଶ 2⁄ ; ୍݇୭  is the 
electromagnetic coupling stiffness between the outer FPs and the inner rotor, ୍݇୭ = ඥ୍݇୭୰ଶ + ୍݇୭୲ଶ ; ୍݇୭୰  and ୍݇୭୲  are the transverse and tangential components of ୍݇୭ , respectively; ݇୷ସ  is the 
transverse supporting stiffness of the outer FPs; ݔଷସ and ߙଷସ are the relative displacement and the 
meshing angle between the outer FPs and the inner rotor, respectively, ߙଷସ = atanሺ୍݇୭୰ ୍݇୭୲⁄ ሻ; ୭ܶ 
and ୭ܶ୤ are the torque on the inner rotor and the outer FPs, respectively. 

The relative displacement between the inner rotor and the outer FPs ݔଷସ can be given as: ݔଷସ = ሺݑଷ − ଷସߙସሻcosݑ + ሺݕଷ − .ଷସߙସሻsinݕ (8)

By substituting Eq. (8) into Eq. (7), the dynamic differential equations of the inner rotor/outer 
FPs subsystem can be obtained: 

۔ۖەۖ
ሷݑଷܯۓ ଷ + ୍݇୭ሺݑଷ − ଷସߙସሻcosଶݑ + ୍݇୭ሺݕଷ − ଷସߙଷସcosߙସሻsinݕ = 0,݉ଷݕሷଷ + ୍݇୭ሺݑଷ − ଷସߙଷସcosߙସሻsinݑ + ୍݇୭ሺݕଷ − ଷସߙସሻsinଶݕ + ݇୷ଷݕଷ = ሷݑସܯ,0 ସ − ୍݇୭ሺݑଷ − ଷସߙସሻcosଶݑ − ୍݇୭ሺݕଷ − ଷସߙଷସcosߙସሻsinݕ = T୭୤/ܴସ,݉ସݕሷସ − ୍݇୭ሺݑଷ − ଷସߙଷସcosߙସሻsinݑ − ୍݇୭ሺݕଷ − ଷସߙସሻsinଶݕ + ݇୷ସݕଷ = 0. (9)

2.5. Outer FPs/outer stator subsystem 

The 4 DOF dynamic model shown in Fig. 2(d) illustrates the subsystem of the outer FPs and 
the outer stator. The undamped differential equations of the subsystem can be expressed: 

۔ە
ሷݑସܯۓ ସ − ݇୭୭ݔସହcosߙସହ = T୭୤/ܴସ,݉ସݕሷସ − ݇୭୭ݔସହsinߙସହ + ݇୷ହݕହ = ሷݑହܯ,0 ହ + ݇୭୭ݔସହcosߙସହ + ݇ହݑହ = 0,݉ହݕሷହ + ݇୭୭ݔସହsinߙସହ + ݇୷ହݕହ = 0, (10)

where ݉ହ  and ܯହ  are the mass and the equivalent mass of the outer stator, respectively,  ܯହ = ହܬ ܴହଶ⁄ ହܬ ;  is the mass moment of inertia of the outer stator, ܬହ = ݉ହ ⋅ ܴହଶ 2⁄ ; ݇୭୭  is the 
electromagnetic coupling stiffness between the outer FPs and the outer stator, ݇୭୭ = ඥ݇୭୭୰ଶ + ݇୭୭୲ଶ ; ݇୭୭୰ and ݇୭୭୲ are the radial and tangential components of ݇୭୭, respectively; ݇୷ହ is the transverse 
supporting stiffness of the outer stator; ݔସହ and ߙସହ are the relative displacement and the meshing 
angle between the outer FPs and the outer stator, respectively, ߙସହ = atanሺ݇୭୭୰ ݇୭୭୲⁄ ሻ; ݇ହ are the 
torsional supporting stiffnesses of the outer stator around its axis. 

The relative displacement between the outer FPs and the outer stator ݔସହ can be calculated as 
follows: ݔସହ = ሺݑହ − ସହߙସሻcosݑ + ሺݕହ − .ସହߙସሻsinݕ (11)
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By substituting Eq. (11) into Eq. (10), the dynamic differential equations of the outer FPs/outer 
stator subsystem are: 

۔ۖەۖ
ሷݑସܯۓ ସ − ݇୭୭ሺݑହ − ସହߙସሻcosଶݑ − ݇୭୭ሺݕହ − ସହߙସହcosߙସሻsinݕ = 0,݉ସݕሷସ − ݇୭୭ሺݑହ − ସହߙସହcosߙସሻsinݑ − ݇୭୭ሺݕହ − ସହߙସሻsinଶݕ + ݇୷ସݕସ = ሷݑହܯ,0 ହ + ݇୭୭ሺݑହ − ସହߙସሻcosଶݑ + ݇୭୭ሺݕହ − ସହߙସହcosߙସሻsinݕ + ݇ହݑହ = 0,݉ହݕሷହ + ݇୭୭ሺݑହ − ସହߙସହcosߙସሻsinݑ + ݇୭୭ሺݕହ − ସହߙସሻsinଶݕ + ݇୷ହݕହ = 0. (12)

2.6. The overall system 

Eq. (3), Eq. (6), Eq. (9) and Eq. (12), which define the differential equations of individual 
subsystem, are combined systematically to obtain the differential equations of the overall EIMG 
system. The undamped differential equations of the 10 DOF of the overall EIMG system can be 
given in matrix form as: ܠܕሷ + ܠܓ = ۴. (13)

The mass matrix ܕ and the load vector ۴ are given respectively as follows: ܕ = diagሺሾܯଵ ݉ଵ ଶܯ ݉ଶ ଷܯ ݉ଷ ସܯ ݉ସ ହܯ ݉ହሿሻ, ۴ = ሾ0 0 0 0 0 0 T୭୤/ܴସ 0 0 0ሿ୘. 
Because ܓ is a 10×10 matrix and bigger, the elements in the matrix ܓ can be expressed as 

follows, respectively: ݇ଵଵ = ୍୍݇cosଶߙଵଶ + ݇ଵ, ݇ଵଶ = ୍݇ୱsinߙଵଶcosߙଵଶ, ݇ଵଷ = −୍݇ୱcosଶߙଵଶ, ݇ଵସ = −୍݇ୱsinߙଵଶcosߙଵଶ, ݇ଵହ = ⋯ = ݇ଵ௜ = ⋯ = ݇ଵଵ଴ = 0, ݇ଶଵ = ݇ଵଶ,  ݇ଶଶ = ୍݇ୱsinଶߙଵଶ + ݇୷ଵ, ݇ଶଷ = −୍݇ୱsinߙଵଶcosߙଵଶ, ݇ଶସ = −୍݇ୱsinଶߙଵଶ,  ݇ଶହ = ⋯ = ݇ଶ௜ = ⋯ = ݇ଶଵ଴ = 0, ݇ଷଵ = ݇ଵଷ, ݇ଷଶ = ݇ଶଷ, ݇ଷଷ = ୍݇ୱcosଶߙଵଶ + ୍୍݇cosଶߙଶଷ + ݇ଶ, ݇ଷସ = ୍݇ୱsinߙଵଶcosߙଵଶ + ୍୍݇sinߙଶଷcosߙଶଷ, ݇ଷହ = −୍୍݇cosଶߙଶଷ, ݇ଷ଺ = −୍୍݇sinߙଶଷcosߙଶଷ, ݇ଷ଻ = ݇ଷ଼ = ݇ଷଽ = ݇ଷଵ଴, ݇ସଵ = ݇ଵସ, ݇ସଶ = ݇ଵସ, ݇ସଷ = ݇ଷସ, ݇ସସ = ୍݇ୱsinଶߙଵଶ + ୍୍݇sinଶߙଶଷ + ݇୷ଶ, ݇ସହ = −୍୍݇sinߙଶଷcosߙଶଷ, ݇ସ଺ = −୍୍݇sinଶߙଶଷ, ݇ସ଻ = ݇ସ଼ = ݇ସଽ = ݇ସଵ଴ = 0, ݇ହଵ = ⋯ = ݇଺ଵ = ⋯ = ݇ଵ଴ଵ = 0, ݇ହଶ = ⋯ = ݇଺ଶ = ⋯ = ݇ଵ଴ଶ = 0, ݇ହଷ = ݇ଷହ, ݇ହସ = ݇ସହ, ݇ହହ = ୍୍݇cosଶߙଶଷ + ୍݇୭cosଶߙଷସ, ݇ହ଺ = ୍୍݇sinߙଶଷcosߙଶଷ + ୍݇୭sinߙଷସcosߙଷସ, ݇ହ଻ = −୍݇୭cosଶߙଷସ, ݇ହ଼ = −୍݇୭sinߙଷସcosߙଷସ, ݇ହଽ = ݇ହଵ଴ = 0, ݇଺ଷ = ݇ଷ଺, ݇଺ସ = ݇ସ଺, ݇଺ହ = ݇ହ଺, ݇଺଺ = ୍୍݇sinଶߙଶଷ + ୍݇୭sinଶߙଷସ + ݇୷ଷ, ݇଺଻ = −୍݇୭sinߙଷସcosߙଷସ, ݇଺଼ = −୍݇୭sinଶߙଷସ, ݇଺ଽ = ݇଺ଵ଴ = 0, ݇଻ଷ = ݇଻ସ = 0, ݇଻ହ = ݇ହ଻, ݇଻଺ = ݇଺଻, ݇଻଻ = ୍݇୭sinߙଷସcosߙଷସ + ݇୭୭sinߙସହcosߙସହ, ݇଻଼ = ୍݇୭sinߙଷସcosߙଷସ + ݇୭୭sinߙସହcosߙସହ, ݇଻ଽ = −݇୭୭cosଶߙସହ, ݇଻ଵ଴ = −݇୭୭sinߙସହcosߙସହ, ଼݇ଷ = ଼݇ସ = 0, ଼݇ହ = ݇ହ଼, ଼݇଺ = ݇଺଼, ଼݇଻ = ݇଻଼, ଼଼݇ = ୍݇୭sinଶߙଷସ + ݇୭୭sinଶߙସହ + ݇୷ସ, ଼݇ଽ = −݇୭୭sinߙସହcosߙସହ, ଼݇ଵ଴ = −݇୭୭sinଶߙସହ, ݇ଽଷ = ݇ଽସ = ݇ଽହ = ݇ଽ଺ = 0, ݇ଽ଻ = ݇଻ଽ, ݇ଽ଼ = ଼݇ଽ, ݇ଽଽ = ݇୭୭cosଶߙସହ + ݇ହ, ݇ଽଵ଴ = ݇୭୭sinߙସହcosߙସହ, ݇ଵ଴ଷ = ݇ଵ଴ସ = ݇ଵ଴ହ = ݇ଵ଴଺ = 0, ݇ଵ଴଻ = ݇଻ଵ଴, ݇ଵ଴଼ = ଼݇ଵ଴, ݇ଵ଴ଽ = ݇ଽଵ଴, ݇ଵ଴ଵ଴ = ݇୭୭sinଶߙସହ + ݇୷ହ. 
Free vibration differential equations of the EIMG system are written in matrix form as: ܠܕሷ + ܠܓ = ૙, (14)
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where ૙ is a 10 × 1 zero vector. 

3. Electromagnetic coupling stiffness 

All components in the EIMG system are coupled by the electromagnetic field. Here, magnetic 
circuits are considered to be linear and unsaturated. The two-degree finite element model of the 
example EIMG system shown in Table 1 can be founded in Ansys. The initial meshes and the 
magnetic flux density can be calculated and is shown in Fig. 3. 

The starting points of the electromagnetic coupling FEM computations of the EIMG system 
are four basic laws of Maxwell electromagnetic field, namely Ampere circuit law, Gauss law, 
Faraday’s law of induction and law of continuity of magnetic flux. The whole computational 
domain is divided into thousands of grid cells. By the variational principle, the partial differential 
equations are converted to multiple algebraic equations and can be solved by numerical method. 
The reluctances of the air-gaps are bigger than permanent magnets and the back iron. Meanwhile, 
the thicknesses of the air-gaps are smaller. So, the grids of the air-gap domains are small and dense. 

The meshes on the back iron of the inner rotor and the meshes on the permanent magnets of 
the inner rotor have common boundary nodes. During running of the EIMG system, all unit nodes 
on the permanent magnets and the back iron of the inner rotor rotate together as a rigid body. 
Similarly, the meshes on the back iron of the outer stator and the meshes on the permanent magnets 
of the outer stator have common boundary nodes. The meshes on the magnetic components and 
non-magnetic components of the inner and outer FPs have common boundary nodes. The meshes 
on the magnetic components and non-magnetic components of the outer FPs rotate together as a 
rigid body. The middle positions of the air-gaps aren’t the common areas of the nodes. During 
running of the EIMG system, the magnetic field distribution is calculated by interpolations among 
the boundary nodes. Although there are some errors, the errors are negligible if the meshes of the 
air-gaps are very small. 

 
a) Initial meshes of the EIMG system 

 
b) Magnetic field distribution 

 
c) Arrangements of PMs segments 

Fig. 3. The finite element model of the EIMG system 
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The magnetic flux densities of the middle positions of the air-gaps ܤ௝, ݆ = 1, 2, 3, 4, 5, can be 
obtained. ܤ୰௝ and ܤ஘௝ are the radial and tangential components of the magnetic flux densities ܤ௝, 
respectively. The average torque on each component can be achieved by integrating the Maxwell 
stress tensor in Ansys. Meanwhile, the electromagnetic coupling forces on all parts can be 
calculated as follows: 

୰௜ܨ = ܴ′௝ߤܮ଴ න ଶ2ݎ௝ܤ × ߤ dߠଶగ
଴ , ୲௜ܨ(15) = ܴ′௝ߤܮ଴ න ଶగߠ୰௝dܤ஘௝ܤ
଴ , (16)

where ܨ୰௜ and ܨ୲௜, ݅ = 1, 2, 3, 4, 5, are the radial and tangential components of the electromagnetic 
coupling forces, respectively; ܮ is the axial length of the EIMG system; ܴ′௝, ݆ = 1, 2, 3, 4, is the 
radius of the middle position of the each air-gap; ߤ଴ is the space permeability. 

The electromagnetic coupling stiffnesses among components can be obtained in Ansys: 

݇௜୰ = dܨ௜୰ dݎ⁄ = ௝ܴߤܮ଴ න ଶ2ݎ௝ܤ × ߤ dߠଶగ
଴ dݎൗ , (17)݇௜୲ = dܨ௜୲ dݑ௜୲⁄ = dܨ௜୲ ൫ ௝ܴdߠ൯⁄ = ቆ ଴ߤܮ න ଶగߠ୰௝dܤ஘௝ܤ

଴ ቇ dߠൗ , (18)

where ݇௜୰ and ݇௜୲, ݅ = 1, 2, 3, 4, 5, are the radial and tangential components of the electromagnetic 
coupling forces among components. 

When the three-phase alternating currents in the inner stator are switched on, the 
electromagnetic stiffnesses among components will vary with the relative position angles among 
components in Ansys and can be worked out in Fig. 4. 

 
Fig. 4. Electromagnetic coupling stiffnesses among parts of the EIMG system 

Fig. 4 indicates that the tangential electromagnetic coupling stiffnesses, ୍݇ୱ୲ , ୍୍݇୲ , ୍݇୭୲  and ݇୭୭୲, vary sinusoidally with the relative position angles among the components. When there isn’t 
relative rotation between the inner stator and the inner rotor, or between the inner rotor and the 
outer stator, the EIMG system will stabilize at zero point, also called no-load point or balance 
point. Now, there isn’t output torque on the outer FPs, namely, the tangential magnetic coupling 
stiffnesses are zero. The tangential electromagnetic coupling stiffnesses increase with the relative 
rotation angle among parts increasing. When the relative rotation angle comes to a certain angle, ߠ = ߨ2 ⁄݌ ௜, the tangential electromagnetic coupling stiffnesses will achieve the maxima. Where, ݌௜  is the number of pole pairs of PMs on the inner rotor or the number of pole pairs of the 
three-phase alternating currents on the inner stator. 
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Fig. 4 shows that the radial electromagnetic stiffnesses ୍݇ୱ୰ , ୍୍݇୰ , ୍݇୭୰  and ݇୭୭୰  vary 
sinusoidally with the relative position angles. When the relative rotation angle comes to a certain 
angle, ߠ = ߨ2 ⁄݌ ௜, the radial electromagnetic coupling stiffnesses will achieve the maxima. But 
theaverage stiffnesses aren’t zero. 

Meanwhile, Fig. 4 indicates that the radial electromagnetic stiffnesses are much smaller than 
the tangential electromagnetic stiffnesses. This is because magnetic fields in Fig. 3(b) and the 
radial electromagnetic forces on all parts are nearly evenly distributed along the entire 
circumference. So, the radial resultant forces are less than tangential resultant forces. Accordingly, 
the radial electromagnetic stiffnesses are smaller. 

Table 1. Parameters of example EIMG system 
Number of pole pairs on the 
inner stator 2 Number of pole pairs on the 

inner surface of the inner rotor 5 

Number of pole pairs on the 
outer surface of the inner rotor 4 Number of pole pairs on the 

outer stator 17 

Number of the inner 
ferromagnetic pole pieces 7 Number of the outer 

ferromagnetic pole pieces 21 

Outer radius of the inner stator / 
mm 98 Inner radius of the inner FPs / 

mm 100 

Outer radius of the inner FPs / 
mm 130 Thickness of PMs on the inner 

rotor / mm 10 

Inner radius of the inner rotor 
yoke / mm 152 Outer radius of the inner rotor 

yoke / mm 182 

Inner radius of the outer FPs / 
mm 204 Outer radius of the outer FPs / 

mm 234 

Thickness of PMs on the outer 
stator / mm 10 Inner radius of the outer stator 

yoke / mm 256 

Outer radius of the outer stator 
yoke / mm 276 Axial length / mm 40 

Remanence of PMs / T 1.3 Coercive force of PMs / KOe 11.6 
Magnitude of currents on the 
inner stator / A 20   

4. Free vibration of the EIMG system 

When the output torque on the outer FPs is the maximum, the electromagnetic coupling 
stiffnesses among all components will be close to maxima. Now, the characteristic parameters of 
the EIMG system are shown in Table 2. Substituting the design parameters into the Eq. (14), the 
natural frequencies and the modal shapes can be worked out in Matlab and shown in Table 3. 

Table 2. Characteristic parameters of the example EIMG system ݇oo (N/m) ݇Io (N/m) ݇II (N/m) ݇Is (N/m) ߙସହ (rad) ߙଷସ (rad) ߙଶଷ (rad) 
 ଵଶ (rad) ݉ଵ (kg) ݉ଶ (kg) ݉ଷ (kg) ݉ସ (kg) ݉ହ (kg) ݇௬ଵ (N/m)ߙ 0.1435 0.1818 0.1014 105×2.0416 105×4.5467 105×3.1446 105×8.6444

0.2022 1.3 1.3 11 6.2 7.7 3×106 ݇yଶ (N/m) ݇ଶ (N/m) ݇yଷ (N/m) ݇yସ (N/m) ݇yହ (N/m) ݇ହ (N/m)  
3×106 3×106 3×106 3×106 3×106 3×106  

Table 3 indicates that there are ten different modes, in which the natural frequencies and the 
modal shapes are completely different. In the mode shapes corresponding to the natural 
frequencies 1322.1 rad/s, 1639.2 rad/s 277.2 rad/s, 453.0 rad/s and 832.6 rad/s, the relative 
deflections of the torsional degree of freedoms (DOFs) are much bigger than the relative 
deflections of the transverse DOFs. Also, the torsional relative deflection of the inner stator, the 
inner FPs, the inner rotor, the outer FPs and the outer stator reaches maximum, respectively. 
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Considering the shape characteristics, the above five modes are named the torsional modes of the 
inner stator, the inner FPs, the inner rotor, the outer FPs and the outer stator (ISRM, IFRM, IRRM, 
OFRM and OSRM). Other five modes, in which the transverse relative deflections of all parts are 
much bigger than the torsional relative deflections, are named the transverse modes of the inner 
stator, the inner FPs, the inner rotor, the outer FPs and the outer stator (ISTM, IFTM, IRTM, 
OFTM and OSTM). 

Table 3. Mode frequencies and mode shapes of the EIMG system 
Mode type ISRM ISTM IFRM IFTM IRRM 
Natural frequencies (rad/s) 1322.1 1529.5 1639.2 1501.9 277.2 

Mode shapes 

-1.0000 
0.0326 
-0.3773 
0.0011 
0.0194 
0.0017 
-0.0015 
-0.0002 
0.0003 
0.0000 

-0.0015 
1.0000 
0.1705 
0.1796 
-0.0074 
-0.0006 
0.0004 
0.0000 
-0.0000 
-0.0000 

0.4003 
0.1331 
-1.0000 
-0.2413 
0.0335 
0.0027 
-0.0015 
-0.0002 
0.0001 
0.0000 

-0.1691 
0.1442 
0.4506 
-1.0000 
-0.0120 
-0.0010 
0.0006 
0.0001 
-0.0001 
-0.0000 

0.0489 
0.0033 
0.2841 
0.0125 
1.0000 
-0.0294 
0.6704 
-0.0032 
0.3670 
0.0109 

Mode type IRTM OFRM OFTM ORRM ORTM 
Natural frequencies (rad/s) 530.6 453.0 694.2 832.6 623.5 

Mode shapes 

-0.0186 
-0.0012 
-0.0956 
-0.0039 
-0.1608 
-1.0000 
0.1569 
-0.0210 
0.1719 
-0.0018 

0.0313 
0.0020 
0.1688 
0.0071 
0.5793 
-0.1422 
-1.0000 
0.0598 
-0.7975 
-0.0120 

0.0010 
0.0001 
0.0046 
0.0002 
0.0129 
0.0027 
0.0995 
-1.0000 
-0.2081 
-0.0254 

0.0097 
0.0005 
0.0370 
0.0012 
0.0925 
0.0140 
-0.9268 
-0.1766 
1.0000 
0.0726 

-0.0009 
-0.0001 
-0.0041 
-0.0002 
-0.0119 
-0.0037 
0.0602 
-0.0155 
-0.1031 
1.0000 

Meanwhile, Table 3 shows that the relative influences among the adjacent components are 
bigger and the relative vibrations among the intervals components are smaller. Namely, when the 
resonance of the EIMG system occurs and the displacement of a certain DOF reaches maximum, 
such as the torsional displacement of the inner rotor, the torsional and transverse displacements of 
the adjacent components, such as the inner and outer FPs, will be bigger and the displacements of 
the inner and outer stators will be smaller. This is because all components in the EIMG system are 
coupled by the magnetic field forces rather than the direct contacts. The weak magnetic coupling 
forces make the influence among intervals components be smaller. 

5. Influence of the design parameters on the natural frequencies 

When the design parameters change, the natural frequencies will change too. Fig. 5 shows the 
influence of the design parameters on the natural frequencies. 

(1) Fig. 5(a) shows that all the natural frequencies increase with the remanence of PMs ܤr 
increasing. The natural frequencies of the torsional modes increase obviously, and others are 
nearly invariable. That is because that the electromagnetic coupling forces and the stiffnesses 
among components will increase proportionally with ܤr increasing. But the radial electromagnetic 
stiffnesses are smaller than the tangential electromagnetic stiffnesses. When the transverse 
supporting stiffnesses are almost unchanged, the natural frequencies will change as above. 

(2) Fig. 5(b) shows that all the natural frequencies decrease when the axial length ܮ increases. 
Especially, the natural frequencies of the ISTM and IFTM decrease greatly. This is because the 
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electromagnetic torques on all the components and the electromagnetic coupling stiffnesses 
among the components will increase, when the axial length ܮ increases. Meanwhile, the masses 
of all the components increase greatly too. When the torsional and transverse supporting 
stiffnesses are unchanged, all the natural frequencies decrease. 

(3) The torsional and transverse supporting stiffnesses will change a lot, when the supporting 
systems of the components are different. Fig. 5(c) and Fig. 5(d) indicate that the corresponding 
mode frequency will increase when a certain supporting stiffnesses increases, and other 
frequencies are similarly constant. 

(4) When the structure parameters or materials are different, the masses of the components 
will also change. Fig. 5(e) and Fig. 5(f) show that only the natural frequencies of the torsional and 
transverse modes of this component are affected significantly, when the mass of a certain 
component increases. That is, the mass change of a certain component hardly affects the other 
natural frequencies of other components. 

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 5. Changes of the natural frequencies along with the main parameters 
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In conclusion, the remanence of PMs and the axial length have great influences on the natural 
frequencies. The supporting systems only affect the vibration frequencies of a certain component. 
When the space of the EIMG system is certain, the masses of parts change little and has smaller 
influences on the natural frequencies. 

To optimize the dynamic characteristics of the EIMG system and reduce the vibration, the 
natural frequencies always need be adjusted. On the premise of the enough output capacity, the 
better options are to change the remanence of PMs and the effective axial length of the EIMG 
system. When a certain frequency of a component is adjusted, the supporting system can be 
changed. 

6. Conclusion 

The electromagnetic coupling stiffnesses in the EIMG system are much smaller than the 
meshing stiffness of the mechanical gear drive system. The tangential electromagnetic coupling 
stiffnesses are much bigger than the radial electromagnetic coupling stiffnesses. Meanwhile, the 
electromagnetic coupling stiffnesses change periodically with the relative rotation angles among 
components. The EIMG system with four subsystems includes five torsional modes and five 
transverse modes, which have entirely different modal characteristics. The natural frequencies of 
the EIMG system are affected greatly by the remanence of PMs and structure size. The component 
support of a certain part affects the mode frequency of the corresponding component. All these 
can provide some theory basis for the parameter designs and optimizations of the EIMG system 
in order to work steadily in a certain working condition. 
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