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Abstract. This paper proposes a joint optimal policy of inspection and age based replacement 
based on a three-stage failure process to jointly optimize the inspection and replacement intervals. 
The three-stage failure process divides the failure process of system into three stages: namely 
normal, minor defective and severe defective. When the minor defective stage is identified, the 
subsequent inspection interval is halved. Once identifying the severe defective stage, the 
maintenance action is carried out immediately. The system is replaced once it reaches the certain 
age. Finally, a numerical example is presented to demonstrate the efficiency of the proposed 
model. 
Keywords: condition-based maintenance, inspection, three-stage failure process, age based 
replacement.  

1. Introduction 

Nowadays CBM attracts more interest because of the efficiency of deriving the actual operating 
information by inspection which can help managers make scientific maintenance decisions. In 
industry, maintenance operators often inspect the system using the hand-held inspection tools with 
a planned interval. However, the determination of inspection interval is one of the key issues [1]. 
The delay-time concept, which assumes the state of the system before failure to be either normal or 
defective, has the obvious advantage for optimizing the inspection intervals because it can capture 
the relationship between the inspection interval and the number of failures [2]. 

However, the state of system may by described more than two before failure as the three color 
scheme is mostly used to divide the state before failure into green (normal), yellow (need  
attention), and red (need immediate attention) [3]. Therefore, Wang firstly extended the two-stage 
delay time to a three-stage failure process, where the traditional delay time stage is further divided 
into two stages: minor defective stage and severe defective stage [4]. Finally a case study is given to 
show that delaying maintenance at the minor defective stage is better than maintenance immediately. 
A preventive maintenance model with a two level inspection policy based on a three stage failure 
process is proposed by Wang et al. [5]. But as one of the most commonly used preventive 
maintenance and replacement policies, age based replacement policy is not considered in [4, 5]. 
According to age based replacement policy, the system is replaced upon failure or at fixed age, 
whichever occurs first [6, 7]. The joint policy of regular inspections and age based preventive 
replacement has been widely used in industrial applications, but joint optimization for inspection and 
replacement intervals based on the three-stage failure process has not been developed. 

In this paper, a joint optimal policy of inspection and age based replacement based on a 
three-stage failure process is introduced. The system is replaced once it fails or reaches the certain 
age. When the severe defective stage is identified, repair will be carried out. However, when the 
minor defective stage is identified, we adopt delaying maintenance and halving the subsequent 
inspection interval.  

2. Modelling assumptions and notation 

The following modeling assumptions and notation are presented for model building. 
1) A single component system is considered, which only subject to a single failure mode. 
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2) The failure process of the system is divided into three stages: normal stage ଵܺ , minor 
defective stage ܺଶ  and severe defective stage ܺଷ . These three stages are assumed to be 
independent. 

3) The system is subjected to inspection interval ݐ and age based replacement interval ܶ. The 
age based replacement interval is a multiple of the inspection interval as ܶ =  .for simplicity ݐܰ

4) The inspection is assumed to be imperfect, which may miss the minor defective stage with 
a probability of (1−ݎ) but always can identify the severe defective stage. 

5) When the system is identified in the minor defective stage, we adopt shortening the 
subsequent inspection interval to be half of the current interval. Once the system is found to be in 
the severe defective stage, it is always repaired immediately. Failure can be observed immediately 
and replacement is always carried out at once. Replacement renews the system once the age of 
system reaches certain age ܶ, which is an age limit of system. 

6) Repair or replacement is regarded as renewing the system, though it may be the only option 
for a single component system. 

The subsequent modeling will use the following notation: ܺ௡ Random variable representing the duration of the ݊th stage, ݊ = 1, 2 and 3 ݐ Inspection interval ܶ Age based replacement interval, ܶ = ܰ) ݐܰ > 1) ௙ܶ Random failure time ௣ܶ௠ Random time of an inspection renewal due to the minor defective stage 
identification by an inspection ௣ܶ௦ Random time of an inspection renewal due to the severe defective stage 
identification by an inspection ௥ܶ Age based replacement time ௑݂భ(ݔ) Probability density function (pdf) of ଵܺ ௑݂భ(ݕ), ܨ௑మ(ݕ) pdf and cumulative distribution function (cdf) of ܺଶ ௑݂య(ݖ), ܨ௑య(ݖ) pdf and cdf of ܺଷ 

3. The proposed optimization model based on a three-stage failure process 

The optimization model is formulated in this section to jointly optimize the inspection and 
replacement intervals. The objective is to derive the maximum long-run availability. There exist 
three different kinds of renewal scenarios, namely failure renewal, inspection renewal caused by 
the identification of severe defective stage and age based replacement renewal. 

3.1. The expected renewal cycle downtime 

3.1.1. The failure renewal scenarios 

Failure renewal means the system fails in an inspection interval before identifying the severe 
defective stage or reaching the certain age ܶ. However, according to whether the minor defective 
stage is identified by an inspection, there are two different failure renewals. 

1) The system fails in ݂ܶ , ݂ܶ ∈ ((݅ − ,ݐ(1  before any defective stages are identified, as (ݐ݅
shown in Fig. 1. The probability of such an event is given as: ܲ ቀ(݅ − ݐ(1 < ௙ܶ < =       ቁݐ݅ ܲ((݆ − ݐ(1 < ଵܺ < ,ݐ݆ (݅ − ݐ(1 − ଵܺ < ܺଶ < ݐ݅ − ଵܺ, 0 < ܺଷ < ݐ݅ − ଵܺ − ܺଶ)      = ෍ න න (1 − ௜ି௝(ݎ ௑݂భ(ݔ) ௑݂మ(ݕ)ܨ௑య(݅ݐ − ݔ − ௜௧ି௫(ݕ

ఒ((௜ିଵ)௧ି௫)
௝௧

(௝ିଵ)௧
௜

௝ୀଵ ,ݔ݀ݕ݀ (1)

where ݅ = 1, 2,…, ܰ. Here we define (ݔ)ߣ = ݔ if ݔ ≥ 0, otherwise (ݔ)ߣ = 0. 
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Fig. 1. The system fails in ((݅ − ,ݐ(1  before any defective stages are identified (ݐ݅

2) The system fails in ݂ܶ , ݂ܶ ∈ ݐ݅) + (݇ − ,2/ݐ(1 ݐ݅ +  before identifying the severe (2/ݐ݇
defective stage by an inspection. However, the minor defective stage is identified at ݅ݐ and the 
subsequent inspection interval is halved, as depicted in Fig. 2. The probability of such a  
renewal is: ܲ൫݅ݐ + (݇ − 1) ݐ 2⁄ < ௙ܶ < ݐ݅ + ݐ݇ 2⁄ ൯       = ܲ ൬(݆ − ݐ(1 < ଵܺ < ,ݐ݆ ݐ݅ + (݇ − 1) ݐ 2⁄ − ଵܺ < ܺଶ < ݐ݅ + ݐ݇ 2⁄ − ଵܺ,0 < ܺଷ < ݐ݅ + ݐ݇ 2 − ଵܺ − ܺଶ)⁄ ൰ 

      = ෍ න ௑݂భ(ݔ) න ௑݂మ(ݕ)௜௧ା௞௧ ଶ⁄ ି௫
௜௧ା(௞ିଵ)௧ ଶ⁄ ି௫

௝௧
(௝ିଵ)௧ (1 − ݐ݅)௑యܨݎ௜ି௝(ݎ + ݐ݇ 2⁄ − ݔ − ௜.ݔ݀ݕ݀(ݕ

௝ୀଵ  

(2)

Therefore, the expected downtime due to failure renewal can be derived as: 

(ݐ)௙ܦܧ = ෍൫ܦ௙ + (݅ − ௦൯ܲܦ(1 ቀ(݅ − ݐ(1 < ௙ܶ < ቁேݐ݅
௜ୀଵ  

      + ෍ ෍ ௙ܦ) + (݅ + ݇ − ݐ݅)ܲ(௦ܦ(1 + (݇ − 1) ݐ 2⁄ < ௙ܶ < ݐ݅ + ݐ݇ 2⁄ )ଶ(ேି௜)
௞ୀଵ

ேିଵ
௜ୀଵ . (3) 

 
Fig. 2. The system fails in (݅ݐ + (݇ − ,2/ݐ(1 ݐ݅ +  ݐ݅ after identifying minor defective stage at (2/ݐ݇

3.1.2. The inspection renewal scenarios 

Inspection renewal occurs once the defective stage is identified. However, when the minor 
defective stage is identified, the subsequent inspection interval is halved.  

1) Fig. 3 shows the scenario that the system is renewed when the severe defective stage is 
found at ݅ݐ before any minor defective stage is identified. So the probability of such an inspection 
renewal is: ܲ൫ ௣ܶ௦ = ൯ݐ݅ = ܲ൫(݆ − ݐ(1 < ଵܺ < ,ݐ݆ (݅ − ݐ(1 − ଵܺ < ܺଶ < ݐ݅ − ଵܺ, ܺଷ > ݐ݅ − ଵܺ − ܺଶ൯       = ෍ න ௑݂భ(ݔ) න ௑݂మ(ݕ)௜௧ି௫

ఒ((௜ିଵ)௧ି௫)
௝௧

(௝ିଵ)௧ (1 − ௜ି௝(1(ݎ − ݐ݅)௑యܨ − ݔ − ௜ݔ݀ݕ݀((ݕ
௝ୀଵ . (4) 

 
Fig. 3. The system renews at ݅ݐ before any minor defective stage is identified 

2) Fig. 4 presents the scenario that the inspection renewal occurs at ݅ݐ +  when the minor 2/ݐ݇
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and severe defective stages are identified at ݅ݐ and ݅ݐ + respectively: ܲ൫ 2/ݐ݇ ௣ܶ௦ = ݐ݅ + ݐ݇ 2⁄ ൯      = ܲ ൬(݆ − ݐ(1 < ଵܺ < ,ݐ݆ ݐ݅ + (݇ − ݐ(1 2⁄ − ଵܺ < ܺଶ < ݐ݅ + ݐ݇ 2⁄ − ଵܺ,ܺଷ > ݐ݅ + ݐ݇ 2⁄ − ଵܺ − ܺଶ ൰ 

     = ෍ න ௑݂భ(ݔ) න ௑݂మ(ݕ)௜௧ା௞௧ ଶ⁄ ି௫
௜௧ା(௞ିଵ)௧ ଶ⁄ ି௫

௝௧
(௝ିଵ)௧ (1 − ݎ௜ି௝(ݎ ቀ1 − ݐ݅)௑యܨ + ݐ݇ 2⁄ − ݔ − ቁ(ݕ ௜.ݔ݀ݕ݀

௝ୀଵ  

(5)

 
Fig. 4. The system renews at ݅ݐ +  ݐ݅ after the minor defective stage is identified at 2/ݐ݇

Then the expected downtime of an inspection renewal can be derived as: 

(ݐ)௦ܦܧ = ෍൫ܦ௣௦ + ௦൯ܲ൫ܦ݅ ௣ܶ௦ = ൯ேିଵݐ݅
௜ୀଵ + ෍ ෍ ൫ܦ௣௦ + (݅ + ௦൯ܲ൫ܦ(݇ ௣ܶ௦ = ݐ݅ + ݐ݇ 2⁄ ൯.ଶ(ேି௜)ିଵ

௞ୀଵ
ேିଵ
௜ୀଵ  (6)

3.1.3. The age based replacement renewal scenarios 

1) The age based replacement renewal is happened before any defective stage is identified. But 
there may exist three possible scenarios, see Fig. 5. The possibility of such a renewal is: ܲ( ௥ܶଵ = (ݐܰ = ܲ( ଵܺ > (ݐܰ + ܲ((݆ − ݐ(1 < ଵܺ < ,ݐ݆ ܺଶ > ݐܰ − ଵܺ)        +ܲ((݆ − ݐ(1 < ଵܺ < ,ݐ݆ (ܰ − ݐ(1 − ଵܺ < ܺଶ < ݐܰ − ଵܺ, ܺଷ > ݐܰ − ଵܺ − ܺଶ)       = න ௑݂భ(ݔ)ஶ

ே௧ ݔ݀ + ෍ න (1 − ேି௝(ݎ ௑݂భ(ݔ)(1 − ݐܰ)௑మܨ − ௝௧((ݔ
(௝ିଵ)௧ ேݔ݀

௝ୀଵ  
       + ෍ න (1 − ேି௝(ݎ ௑݂భ(ݔ) න ௑݂మ(ݕ)ே௧ି௫

(ேିଵ)௧ି௫
௝௧

(௝ିଵ)௧ (1 − ݐܰ)௑యܨ − ݔ − ேݔ݀ݕ݀((ݕ
௝ୀଵ .

(7)

2) The system renews at age ܶ after the minor defective stage is found at ݅ݐ. There also exist 
two different scenarios, see Fig. 6: ܲ( ௥ܶଶ = (ݐܰ = ܲ൫(݆ − ݐ(1 < ଵܺ < ,ݐ݆ ܺଶ > ݐܰ − ଵܺ൯       +ܲ((݆ − ݐ(1 < ଵܺ < ,ݐ݆ (ܰ − ݐ(1 + 2/ݐ − ଵܺ < ܺଶ < ݐܰ − ଵܺ, ܺଷ > ݐܰ − ଵܺ − ܺଶ)       = ෍ න ௑݂భ(ݔ)௝௧

(௝ିଵ)௧ (1 − 1)ݎ௜ି௝(ݎ − ݐܰ)௑మܨ − ௜ݔ݀((ݔ
௝ୀଵ  

      + ෍ න ௑݂భ(ݔ)(1 − ݎ௜ି௝(ݎ න ௑݂మ(ݕ)ே௧ି௫
(ேିଵ)௧ା௧ଶି௫

௝௧
(௝ିଵ)௧ ቀ1 − ݐܰ)௑యܨ − ݔ − ቁ(ݕ ௜.ݔ݀ݕ݀

௝ୀଵ
(8)

The expected downtime of age based replacement renewal can be given as: 

(ݐ)௥ܦܧ = ൫(ܰ − ௦ܦ(1 + )௥൯ܲܦ ௥ܶଵ = (ݐܰ + ෍൫(2ܰ − ݅ − ௦ܦ(1 + )௥൯ܲܦ ௥ܶଶ = ேିଵ(ݐܰ
௜ୀଵ . (9)
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Fig. 5. The system renews at age ܶ before any 

defective stage is identified 
Fig. 6. The system renews at age ܶ after identifying 

the minor defective stage at ݅ݐ 

3.2. The expected renewal cycle length 

3.2.1. The failure renewal scenarios 

The expected cycle length caused by failure renewal is expressed as: 

(ݐ)௙ܮܧ = ෍ න (௧
଴ (݅ − ݐ(1 + ݅))ܲ(ݖ − ݐ(1 + ݖ < ௙ܶ < (݅ − ݐ(1 + ݖ + ே(ݖ݀

௜ୀଵ      + ෍ ෍ න ቆ݅ݐ + (݇ − 2ݐ(1 + ቇ௧ଶ଴ݖ
ଶ(ேି௜)

௞ୀଵ
ேିଵ
௜ୀଵ  

      ∙ ܲ ቆ݅ݐ + (݇ − 2ݐ(1 + ݖ < ௙ܶ < ݐ݅ + (݇ − 2ݐ(1 + ݖ + .ቇݖ݀
(10)

3.2.2. Inspection renewal scenarios 

The expected renewal cycle downtime of inspection renewal is given as: 

(ݐ)௦ܮܧ = ෍ ൫ܲݐ݅ ௣ܶ௦ = ൯ேିଵݐ݅
௜ୀଵ + ෍ ෍ ൬݅ݐ + 2ݐ݇ ൰ ܲ ൬ ௣ܶ௦ = ݐ݅ + 2ݐ݇ ൰ଶ(ேି௜)ିଵ

௞ୀଵ
ேିଵ
௜ୀଵ . (11) 

3.2.3. Age replacement renewal scenarios 

The expected cycle length of age-based replacement renewal is given as: 

(ݐ)௥ܮܧ = )ܲݐܰ ௥ܶଵ = (ݐܰ + ෍ )ܲݐܰ ௥ܶଶ = ேିଵ(ݐܰ
௜ୀଵ . (12) 

3.3. The optimization model 

Maximizing the availability is a main object of maintenance optimization. Based on the 
different expected renewal cycle downtime and length, the long run availability is given as: 

(ܶ)ܣ = (ܶ)ܮܧ(ܶ)ܮܧ + .(ܶ)ܦܧ (13) 

4. Numerical example 

In this section a numerical example is presented to demonstrate the efficiency of the proposed 
model and find the optimal inspection and replacement intervals. As the Weibull distribution is 
one of the most commonly used distributions in reliability [8], the three stages are assumed to 
follow Weibull distributions and the pdf of the ݊th (݊ = 1, 2 and 3) stage is: 
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௑݂೙(ݔ) = ܽ௡ܾ௡(ܽ௡ݔ)௕೙ିଵ݁ି(௔೙௫)್೙ , (14)

where ܽ௡, ܾ௡ are scale parameter and shape parameter respectively. The distribution parameters 
are shown in Table 1. 

The downtime parameters are ܦ௦ ௥ܦ ,1 = ௣௠ܦ ,3 = ௣௦ܦ ,5 = ௙ܦ ,10 = ݎ ,50 = =  0.6. 
Depending on the given distribution and downtime parameters, we can determine the optimal 
decision variables and analyze the outputs of the proposed model. The result of the long run 
availability is presented in Fig. 7. The optimal intervals are ݐ∗ = 38, ܰ∗ = 2 with the maximum 
long run availability ܣ∗(ܶ) = 0.9274. 
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Fig. 7. The long run availability 

Table 1. Distribution parameters ܽଵ 0.016 ܾଵ 1.14 ܽଶ 0.018 ܾଶ 1.78 ܽଷ 0.0189 ܾଷ 2.98 
 

5. Conclusion 

In this paper, a joint optimal policy of inspection and age based replacement for a single 
component based on a three-stage failure process is proposed aiming at jointly optimizing the 
inspection and replacement intervals. The system is replaced when it fails or reaches the age ܶ. 
Once the severe defective stage is identified, maintenance action is carried out. When the minor 
defective stage is identified, the subsequent inspection interval is halved. The optimal inspection 
and age replacement intervals are found in the numerical example. 
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