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Abstract. Vibration isolation is an important method of spacecraft vibration control, and the study
of vibration isolation performance (VIP) is the theoretical basis to design the interior structure of
isolator and analyze its transmissibility characteristics. In the present study, a new type of fluid
micro-vibration isolator used for space engineering is investigated, thus its nonlinear
multi-parameter model whose pth power damping and gth power stiffness are placed in series is
firstly constructed. After the application of harmonic balance method (HBM), the force and
absolute displacement transmissibility curves under different parameters are obtained, and the
corresponding transmissibility characteristics are estimated based on self-defined evaluation
indices of VIP. Besides, the effects of some key factors, e.g., excitation amplitude and stiffness
ratio, on the VIP are also analyzed. The results show that if the isolator is excited by external force
in orbit, the linear model can be approximately used to analyze the VIP. However, if the isolator
is excited by foundation displacement during the launch stage, only the nonlinear model can
accurately describe its vibration behavior. Moreover, the numerical algorithm Runge-Kutta
method is adopted to validate the above results, and a stability analysis is also carried out to show
their practicability. Finally, an actual application of the nonlinear model is accomplished with the
use of an optimization method called generalized pattern search (GPS) algorithm. The presented
theory and method can also provide a reference and a theoretical basis for the design and
engineering application of this type of fluid micro-vibration isolators.

Keywords: micro-vibration isolator, nonlinear multi-parameter model, harmonic balance method,
transmissibility, frequency shift rate.

1. Introduction

Nowadays, with the increased development of aerospace technology towards to high precision,
high resolution and high stability, the vibration requirements of each component of spacecraft
have become more and more rigorous during both the launch stage and the in-orbit working state.
For example, with the purpose of improving the image quality and line-of-sight performance of
optical payload, the vibration amplitudes of jitter sources such as momentum wheels or control
momentum gyroscopes should be reduced to the order of micrometers or even nanometers [1, 2].
Active control is one type of method to attenuate the unwanted vibration but it is still imperfect
on space technology aspect due to its disadvantages of costly expenditure, complex control law,
additional equipment and low stability [3, 4]. Contrarily, passive control is widely employed in
many countries because it has the advantages of high reliability, simple-realized principle and
optimal structure format [5, 6]. Moreover, a commonly used passive method is that inserting fluid
micro-vibration isolators between the disturbed components and spacecraft or/and between the
optical payload and spacecraft, e.g., a type of micro-vibration isolator called D-strut was
successfully used to improve the observational performance in Hubble telescope [7, 8]. Since most
of micro-vibration isolators contain non-Newtonian fluid, so different flow states such as laminar
flow or turbulent flow must exist in the interior structure, and they are closely related to the
excitation frequency. Further, these isolators also need to experience two different periods, i.c.,
the launch stage and the in-orbit working state, during which the excitation types and amplitudes
are significantly different. Thus the VIP always behaves nonlinearly under the complicated effects
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of interior structure, fluid property and external excitation, and only the nonlinear models can be
used to accurately characterize the vibration isolation behavior.

As two dilemmas, i.e., the contradiction between high static stiffness and low natural
frequency, and the objective between excellent VIP at high frequencies and low amplification
factor at resonant region, always appear during the design of linear vibration isolators, thus more
and more research interests have been turned to the nonlinear isolators. Ibrahim gave a good
review about the passive nonlinear vibration isolation in reference [9]. Based on the principle of
fluid mechanics, Popov et al. theoretically deduced a nonlinear orifice-type damping and analyzed
its effects on the system vibration response [10]. With the use of Fourier expansion and HBM,
Ravindra et al. investigated the performance of a single degree-of-freedom (DOF) model whose
pth power damping and qth power stiffness are placed in parallel [11]. Peng et al. studied the
influences of nonlinear cubic damping on a single DOF passive vibration isolation system via the
HBM, and the corresponding force and displacement transmissibility curves were compared and
evaluated [12]. However, Lang et al. proposed a new method called output frequency response
function (OFRF) to investigate the same nonlinear model, and similar results were obtained and
presented in the reference [13]. Further, Bin et al. analyzed a new type of nonlinear horizontal
damping, and they compared its force and displacement VIP with that of cubic damping [14].
Zhen studied a nonlinear damping which is a hybrid function of velocity and displacement in the
reference [15]. In the domain of shock isolation, Lu et al. proposed and validated a mathematical
model which is called generalized Maxwell model (GMM) for a type of long-stroke damper in the
seismic engineering [16]. The GMM mainly contains four parameters, i.e., stiffness coefficient,
damping coefficient, stiffness exponent and damping exponent. As an accumulator housing is
contained in the shock damper, the fluid elastic effect which is similar to that of a compressed
balloon is vanished, thus the damping force is only proportional to the fractional exponent of
velocity [17].

Based on the above review, though other types of nonlinear models, e.g., those built for shock
isolators, were also extensively investigated, the nonlinear models whose damping coefficient and
stiffness coefficient are placed in series because of the compressibility of fluid have not been
theoretically analyzed, so it is necessary to give a comprehensive study on the VIP of fluid
micro-vibration isolators to provide an insight and a proper basis for engineering applications.
Thus a new type of nonlinear multi-parameter model whose pth power damping and gth power
stiffness are placed in series is firstly constructed. Then the force and absolute displacement
transmissibility curves under different parameters are obtained after the application of HBM, and
the corresponding transmissibility characteristics are estimated based on self-defined evaluation
indices. Further, the above results are numerically validated by the Runge-Kutta method, and a
stability analysis is also carried out to show their practicability. Finally, an actual application of
the nonlinear model is accomplished with the use of an optimization method called generalized
pattern search (GPS) algorithm.

2. Construction and solution of the equation of motion

Fig. 1 shows the structural schematic of a fluid micro-vibration isolator, and its left and right
connecting end faces are connected to the base and the isolated mass, respectively. The damping
component is mainly made up of a fluid reservoir, a bellows and a damping orifice, and it is also
filled up with non-Newtonian fluid silicone oil. The inner tube and the damping component form
an internal path to transfer force, while the outer tube gives the other external path. If the
micro-vibration isolator is excited by an external force or a foundation displacement, the silicone
oil of the fluid reservoir and bellows is forced to flow to and fro through the damping orifice, thus
the nonlinear damping force and nonlinear stiffness force are generated, and they mainly come
from the shearing effect of the fluid in the damping orifice and the elastic deformation of the
damping component. Moreover, as the analytical results shown in previous paper indicates, only
the generalized nonlinear model and the complicated model can consider the effects of nonlinear
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damping and nonlinear stiffness, properly characterize the physical vibration and show excellent
performance, but the complicated model is not convenient to use in practice [18]. As Fig. 2 shows,
the nonlinear multi-parameter model of the fluid micro-vibration isolator contains stiffness
coefficients kq, k;, k3, k, and a damping coefficient c, the stiffness coefficient k, and the
damping coefficient c are placed in series, and then they are placed in parallel with the stiffness
coefficient k5 to form a three-parameter model which represents the damping component. Further,
the stiffness coefficient k, of the inner tube is placed in series with the three-parameter model,
and the stiffness coefficient k; of the outer tube is placed in parallel as the other force transferring
route. Moreover, the damping exponent of ¢ and the stiffness exponent of k, are p and q,
respectively. If p = g = 1, this model is a linear one, but ifp > 0,g > 0andp # 1, q # 1, this
model is the nonlinear multi-parameter one.

Right Connecting End Face N F(t)
Orifice N |—>
kl
Fluia AW
Reservoir Y~ Spring
k, M
+— Inner
Tube
k, "
C |—>
Bellows N |_> |_> k4 X X p
Left Connecting End Face Outer Tube xb xd
Fig. 1. Structural schematic of a fluid Fig. 2. Nonlinear multi-parameter model
micro-vibration isolator of the fluid micro-vibration isolator

As illustrated in Fig. 2, the equation of motion of the system is:

Mity + ky (2, — xp) + kp (2, — x) = F(2),
kZ(xp - x) = k3 (o — xp) + kg (o — xg) | — 24197, )
ky(x — xg)|x — x4]|77" = c(Xq — Xp) g — %P7

In the cases of foundation displacement excitation, F(t) = 0, letting:

wo = ki/M, T=wyt, x,(t) = A,coswt,

x,(t) — x,(t) x(t) — xy4(t) x(t) — x,(t)
8i(D) =, (D) =, 8D =,
1 1 1 p-2 1
@ k2 _ k3 _ky _ AV wf
A= w NZ N = N k—, & = T,

d() d()d‘r dz() d()d‘r dt
dt  dr dt’ dt?2 dt|drt dt|dt

Eq. (1) can be simplified as:

81 (1) + 6,(7) + Np[8,(t) — 65(1)] = A%cosir,
N,[61(7) — 63(v)] = N365(7) + N4Ag_152(f)|52(7)|q_1' 2)
NLATT18,(D)18, (D971 = ,[65(7) — 85(D]185 () — 83(DIP7Y,

where 4; is the amplitude of foundation excitation, w is the excitation circular frequency and the
primes denote the differentiation with respect to the non-dimensional time 7.

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2015, VOLUME 17, Issue 3. ISSN 1392-8716 1053



1575. THEORETICAL STUDY ON THE NONLINEAR BEHAVIOR OF A FLUID MICRO-VIBRATION ISOLATOR.
JIE WANG, SHOUGEN ZHAO, DAFANG WU

Similarly, in the cases of force excitation, x,,(t) = 0, letting:

F,
F(t) = Fycoswt, wg =+ki/M, T=wyt, A; = k_o'
1
_5® _ x(®) ~ xa(0) _x(®)
y1(7) = a, y2(1) = 2, G AZI, 2
w k, ks k, cAb Wl
A=—, N,=—, N=—, N, =—, =
wy 2Tk BTk TR B M

the non-dimensional form of Eq. (1) is given by:

y1' (©) + y1(v) + Ny [y, (v) — y3()] = cosir,
Ny [y1 (1) = y3(D)] = Nay3(1) + NyAS 'y, (Dy, (D177, (3)
Ny ALy, DNy, (D10 = [y (@) — vy (@) — y3(@IPE,

where F; is the amplitude of force excitation.
Thus Eq. (2) and Eq. (3) can be uniformly written as:

AY(T) + Ay () + Ny [A (7)) — A3 (D)] = ¢cosAt,
N,[A;(7) — A3(D)] = N3Az (1) + NyAT1 A, (0|8, (D77, “4)
N AT A (DA, (D)7 = e[A5 () — Ay (D)]]A5(7) — A5 (D) [P,

where ¢ = A2 and ¢ = 1 are for the foundation displacement excitation cases and the force
excitation cases, respectively.

In order to solve the Eq. (4) analytically, the harmonic balance method (HBM) is applied
without considering the sub- and super-harmonics, so the first order approximation is assumed as
follows:

A;(t) = Bjg + Bj1cosAt + Bjysindt = Z;y + Z;;cos(At + ¢,), 5)
where:

Zio = Bio,

Ziy = /Bl?l + B3,
{ Bil

cosQ; = ————,

VB + B},
B.
sing; = —%, i=(1,2,3).
\ B, + B,

Thus A5(7) — A, () can be expressed as:
A5 (1) — AS(T) = (By1A — B3y A)SinAt + (B3pA — By A)CosAt = Zyg + Zysin(At + @),  (6)

where:
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(Z40 =0,
Z41 = /1\/(321 - B31)2 + (B32 - 322)2,
_ By1 — B3,
cos@, = )
V(Ba1 = B31)? + (B3 — By)?
sing, = B3, — By,
= .
\ V(Bz21 — B31)? + (B3, — B3,)?

Letting 8, = AT + ¢,, the periodic function h(8,) = A,(7)|A,(7)]|971 can be approximated
by the first order Fourier expansion as:

R
h(6,) = % + Ry;cos6, + R,,sinb,, @)

where:

1 +m 1 +m 1 +m
RZO = _J h(ez) dGZ, R21 = _j h(ez) C0592d92, R22 = _j h(ez) Singzdgz.
TJ)_; mJ)_, TJ)_,

Similarly, letting 0, = AT + @4, the periodic function
h(8,) = [A5(r) — AL (7)]]A5(7) — AL (2)|P1 can also be approximately expressed as:
R4—0 .
h(6,) = - + Ryqc080, + R,,Sinb,, ®)
where:

+n

1 e 1
Ry =— h(6,)db,, Ry =—
40 T[f_" (64)d6s, Ry T[J-

v

1 +1
h(94) C0594d94, R42 = Ef h(94) Sil’l94d94.
-

After the mathematical integration, the values of R;; (i = 2,4, j =0, 1, 2) are listed in Table 1.

Table 1. The values of R;; (i =2,4,j =0, 1,2)

R [j=o0 =1 j=2
- 7, @D/
S B W (R0 0

— ESICEDID
=4 0 0 TP,

T'(+) is the standard Gamma function.

Moreover, by setting:

" _2T1((g+2)/2) " 2T ((@+2)/2)
27 Val((@+3)/2) ™ Val((p+3)/2)

the periodic functions h(6,) and h(6,) are given by:

h(8,) = Z3,3p,c0s8, = Zg,p,cos(At + @,) = 23,1, (cosAtcosp, — sindtsing,), (9a)
h(8,) = Z3,1pssind, = Z%,P,sin(At + @,) = ZF 1, (sindtcosg, + cosAtsing,). (9b)

Substituting the Eq. (5), Eq. (6) and Eq. (9) into Eq. (4), and equating the constant terms and
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the coefficients of the same harmonics on both sides of Eq. (4), then the following nonlinear
equation is obtained:

f(B) =0, (10)
where:

B, f1(B)

B12 fZ(B)

B;1 f3(B)

Bo=0, (i=123) B=| 2|, fB)=| )

&) O

By setting:

a-1 p-1
Dy = (B3 +B3,) 2, D3 =[(By1 —B31)* + (Bs, — By)?l 27,
f(B) can be rewritten as:

(1 =22+ N;)By; — NyB3; — ¢
(1 = 2%+ Ny)By; — N,B3,

N;Bi; — (Np + N3)B3y — N,AT ", B, Dy
N;Bi; — (Ny + N3)B3, — N,AT "4, B,, Dy
N4Aq_11/)2321D1 — &P, (B3, — By2)Ds
N, AT, By, Dy — eAP4(Byy — B31)Ds

fB) = (11)

Further, the Newton-Raphson method is used to solve the Eq. (10), thus the amplitude vector
B and the corresponding non-dimensional variables A; (), i= (1, 2, 3) can be easily obtained.

3. Evaluation indices of VIP

In the cases of foundation displacement excitation, the absolute displacement transmissibility
is defined as the ratio of the amplitude of absolute displacement to that of foundation displacement.
As can be seen from Eq. (4), the non-dimensional form of absolute displacement &,,(7) is
given by:

Opa(t) = A1 (7) + cosir, (12)

thus the absolute displacement transmissibility T,; can be written as:

Td = (B11 + 1)2 + Blzz (13)

In the cases of force excitation, the force transmissibility is defined as the ratio of the amplitude
of the force transmitted into the foundation to that of excitation force. Similarly, the
non-dimensional form of the force transmitted into the foundation F; can be expressed as:

Fp = A (1) + No[A; (7) = A3(0)] = Ay (1) + N3A3 (1) + NyATHA, (1) AR ()97

= A, (1) + Ny (1) + £[A) (1) — Ay (0)]145 (1) — Ay (D) [P, (14)
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thus the force transmissibility T is given by:

q
Iy = J3121 + B}, + N3\/B321 + B, + N,A%71[B3; + B3, ]z.

15)

In general, the following indices are considered in this paper to evaluate the VIP, namely,
(1) the peak value of transmissibility, i.e., the maximum value of force transmissibility T¢, and
the maximum value of absolute displacement transmissibility T,,; (2) the non-dimensional
resonant frequency A,., at which the peak value of transmissibility appears; (3) the absolute value
of the slope of transmissibility curve at high frequencies which are above the resonant frequency
A, i.e. the high frequency roll-off rate HFRR. Further, another index called non-dimensional
frequency shift rate 4, is defined as follows:

/‘lT _/10
Av :TX 100 %, (16)

where 4, is the non-dimensional frequency which corresponds to the circular frequency w, and
its value is 45 = 1.

4. Stability analysis

As the nonlinear damping force and nonlinear restoring force have no continuous derivatives
with respect to B;; (i = 2,3, j =0, 1, 2), thus a stability analysis procedure stated in reference [11]
is adopted in this paper. First, we assume that the vibration amplitude vector B varies with the
non-dimensional time 7 slowly, thus the corresponding second order derivatives can be neglected.
After substituting the Eq. (5), Eq. (6) and Eq. (9) into Eq. (4), taking a differentiation with respect
to 7 in the second and third formulas, and equating the coefficients of the same harmonics on both
sides of Eq. (4), then the following autonomous equation can be obtained:

1
(Bh = m [(1+ N, — /12)312 - NzB32]:
: (17a)
Bi, = m [¢ + (/12 —1—N;)By; + NpB34],
Hy1 Hi; Hyz Hyy [Bél-l 91
Hy; Hy; Hys Hyul|By|_ |92
H3; Hsp His Hau||Byy | |93 (17)
Hyy Hy; Hyz HygllBY, 94

where H;; (i=1,2,3,4,7=1,2,3,4),g;(i=1, 2, 3, 4) are given in the Appendix and B{j
(i=2,3,j =1, 2) can be obtained by solving the linear Eq. (17b). Letting B{]- =0(i=1,2,3,
j =1, 2), each balance point B?j (i=1,2,3,j =1, 2) at different frequencies can also be found,

and the corresponding stability property is investigated by considering the following linearized
equation:

U =]J,U, (18)

where U = [Uyn Uiz Uz Uy Usy Usp]", By =B+ Uy (i =1,2,3,j=1,2),]y is the
jacobian matrix of the system under consideration. If the eigenvalues of J;; have negative real
components, the solution is always stable. But in this paper, as some eigenvalues have conjugated
pure imaginaries, thus another preliminary stability analysis is carried out by integrating the above
autonomous Eq. (17) with different initial conditions to obtain the phase plot.
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Fig. 3. Force transmissibility curves under F; = 50 N
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5. Results and discussion

For the nonlinear model studied in this paper, the following parameter values, i.e., M = 30 kg,
kq =3.669x10° N/m, k, = 1.191x108 N/m, k5 = 2.482x10° N/m and k, = 8.928x10° N/m¢, are
used to obtain the transmissibility curves.

5.1. Force excitation cases

Fig. 3 shows the force transmissibility curves when F; = 50 N.
Fig. 4 shows the variations of the peak value of force transmissibility Ty and the
non-dimensional frequency shift rate 1,, with damping ratio €.
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o p=1,g=0.6
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Fig. 4. Variations of the peak value of force transmissibility Ty,
and the non-dimensional frequency shift rate 4, with damping ratio €

As illustrated in Fig. 3 and Fig. 4, the stiffness exponent q has significant effects on the VIP
in the considered scope of damping ratio €. (1) If ¢ = 0.6, as shown in Fig. 3(al)-(a5), Fig. 4(al)
and Fig. 4(bl), only one resonant region is included and all of the transmissibility curves
approximately pass through one common point P;. With the increase of damping ratio €, the
resonant frequency A, shifts towards left, the peak value of transmissibility T s, reduces, and the
high frequency roll-off rate HFRR decreases. Besides, if the damping exponent p is large, e.g.
p = 3, the system changes more slowly with the increase of damping ratio €, and the high
frequency roll-off rates HFRRs under different damping ratios are much easier to become
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consistent with each other, thus the variation extent of force transmissibility curves drops a lot.
(2)If g =1, as shown in Fig.3(bl)-(b5), Fig.4(a2) and Fig. 4(b2), similarly to the linear
five-parameter model, two resonant regions are included and separated by one common point P,,
which is the critical point between the first resonant region on the left hand side and the second
resonant region on the right hand side. With the increase of damping ratio €, the resonant
frequency A, gradually shifts from the first resonant region to the second one, while the resonant
peak T, firstly reduces to the point P, and then goes up. If the resonant frequency 4, is at the first
resonant region, the high frequency roll-off rate HFRR decreases with the rise of damping ratio ¢,
but there is an opposite situation if the resonant frequency 4, is at the second resonant region.
Besides, if A > 4, the variations of high frequency roll-off rates HFRRs tend to the same and
become nearly independent on the damping ratio €. Further, the smaller the damping exponent p
is, the faster the variations of resonant peak T, and frequency shift rate A, with damping ratio &
are, thus the transmissibility curves become much easier to transfer from the first resonant region
to the second one. (3) If ¢ = 1.5, as shown in Fig. 3(c1)-(c5), Fig. 4(a3) and Fig. 4(b3), only one
resonant region is included. Since the severe rigid effect of the stiffness coefficient k4, the
variation of frequency shift rate A, is small and the resonant peak T, is very high. It can also be
seen that the damping ratio & nearly only affects the peak value of transmissibility Tf,., and the
shape of force transmissibility curves is almost unchanged. Furthermore, the larger the damping
exponent p is, the larger the resonant peak T, is, but the smaller the variation extent of frequency
shift rate 4, is.

5.2. Foundation displacement excitation cases

Fig. 5 shows the absolute displacement transmissibility curves when A = 7.599x10* m.

Fig. 6 illustrates the variations of the peak value of absolute displacement transmissibility Ty,
and the non-dimensional frequency shift rate A, with damping ratio &.

Similarly, it can be seen from Fig. 5 and Fig. 6 that the stiffness exponent q has significant
effects on the VIP in the considered scope of damping ratio €. (1) If g = 0.6, as illustrated in
Fig. 5(al)-(a5), Fig. 6(al) and Fig. 6(b1), all of the transmissibility curves approximately pass
through one common point P;. If p < 1, only one resonant region is included, but two resonant
regions which are separated by the point P; appear in other situations. If p = 0.6 or 0.85, the
resonant frequency A, shifts towards to high frequency with the increase of damping ratio &, but
an opposite situation occurs if the damping exponent p is equal to one. Besides, an increased
damping ratio € can lead to the resonant peak Ty, and the high frequency roll-off rate HFRR
decrease. If p = 2 or 3, the resonant frequency A, and the corresponding resonant peak T, firstly
drop down and then rise with the increase of damping ratio &, but it should be noted that the VIP
becomes unacceptable due to the large second resonant frequency. Moreover, the larger the
damping exponent p is, the larger the variation extents of resonant peak T, and frequency shift
rate A, are, thus the transmissibility curves change more obviously with damping ratio €. (2) If
q =1andp =2 or 3, as shown in Fig. 5(b1)-(b5) and Fig. 6(a2) and Fig. 6(b2), the resonant
frequency A, shifts towards left at the beginning and then transfers from the first resonant region
to the second one. Besides, the resonant peak T, decreases firstly and then goes up under the
influences of an increased damping ratio €. The larger the damping exponent p is, the smaller the
resonant peak Ty, is at the first resonant region, but this variation becomes different at the second
resonant region. Further, the larger the damping exponent p is, the faster the variation of frequency
shift rate 4, is, thus the transmissibility curves are much easier to transfer from the first resonant
region to the second one. Other variations are similar to that of force excitation cases except the
magnitudes are different, thus they will not be repeated again. (3) If g = 1.5, as illustrated in
Fig. 5(c1)-(c5), Fig. 6(a3) and Fig. 6(b3), the effects of damping ratio € and damping exponent p
are similar to that of force excitation cases, and the performance of isolator is mainly determined
by the stiffness exponent q.
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Fig. 6. Variations of the peak value of absolute displacement transmissibility T,
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5.3. Effects of excitation amplitude

As shown in Eq. (4), different excitation amplitudes have distinct effects on the VIP. Since the
micro-vibration isolator studied in this paper needs to survive from the launch stage and
experience the in-orbit working state, thus the corresponding maximum values of foundation
excitation amplitude and force excitation amplitude are set as A = 5.066x10> m and Fy = 100 N,
respectively. Similarly, as the nonlinear stiffness effect is weak, the damping exponent and the
stiffness exponent are set as p = 0.85 and g = 1, respectively. Fig. 7 shows the comparative force
transmissibility curves when F; = 50 N and F, = 100 N.
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Fig. 7. Force transmissibility curves
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As illustrated in Fig. 7, if the isolator is excited by external force in orbit and keeps the same
damping coefficient ¢, a smaller excitation amplitude F can cause a larger damping ratio € and a
faster frequency shift rate A,, thus the transmissibility curves shift more easily from the first
resonant region to the second one. Further, as shown in Fig. 3 and Fig. 4, if ¢ = 1, the variations
of VIP are nearly the same when p = 0.85 and p = 1. Besides, since the vibration amplitude of
micro-vibration isolators in orbit is of the order of micrometers or even nanometers, different
excitation amplitudes have small influences on the VIP, thus a linear model can be approximately
used to evaluate the force transmissibility characteristics.

Fig. 8 shows the comparative absolute displacement transmissibility curves when
A =7.599x10%mand A = 5.066x107 m.

Similarly, as shown in Fig. 8, if the micro-vibration isolator is excited by foundation
displacement and keeps the same damping coefficient ¢ during the launch stage, the smaller the
excitation amplitude A4 is, the larger the damping ratio € and the frequency shift rate 4. are, thus
the transmissibility curves transfer more easily from the first resonant region to the second one.
As indicated in Fig. 5 and Fig. 6, if ¢ = 1, the VIP is seriously affected by different damping
exponents p. Further, since the foundation excitation amplitude is relatively large during the
launch stage, thus the effects of nonlinear factors should be considered carefully by using the
nonlinear model.
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Fig. 8. Absolute displacement transmissibility curves
5.4. Effects of stiffness ratio N,

Ifp=0385g=1 and F; = 50 N, Fig. 9 shows the force transmissibility curves under
different stiffness ratios N,, and Fig. 10 shows the corresponding variations of the peak value of
force transmissibility T¢, and the non-dimensional frequency shift rate A, with damping ratio €.
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Fig. 9. Force transmissibility curves

If p=085 g=1 and A= 7.599x10*m, Fig. 11 shows the absolute displacement
transmissibility curves under different stiffness ratios N4, and Fig. 12 shows the corresponding
variations of the peak value of absolute displacement transmissibility T4, and the non-dimensional
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frequency shift rate A, with damping ratio €.

As shown in Figs. 9-12, the variations of force and absolute displacement transmissibility
curves with stiffness ratio N, are the same. With the increase of stiffness ratio N,, the second
resonant frequency increases obviously as expected, and the variation extent of resonant peak Tg,.
or Ty, reduces, but that of frequency shift rate A, rises. Moreover, the variation extent of high
frequency roll-off rate HFRR also increases with an increased stiffness ratio N,.
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Fig. 11. Absolute displacement transmissibility curves
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5.5. Numerical validation

In order to validate the effectiveness of the above results, the numerical algorithm Runge-Kutta
method is applied to solve the Eq. (4), some typical cases are chosen and simulated, and the
corresponding force and absolute displacement transmissibility curves are shown in Fig. 13 and
Fig. 14, respectively.

It can be seen from Fig. 13 and Fig. 14 that the simulated results and those obtained by HBM
have small differences, and the relative errors mainly come from the numerical calculation and
strong nonlinear effect. However, in the cases of weak nonlinear effect, e.g. the micro-vibration
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isolator studied in this paper p = 0.85, g = 1, they always agree with each other very well. Further,
a frequency spectrum analysis is carried out for the numerical results obtained by Runge-Kutta
method to illustrate the feasibility of HBM, and an evaluation index is defined as follows:

Res =%>< 100 %,

t

19)

where @ is the magnitude of the sub-harmonics, the super-harmonics or the principal harmonic,
and Q; is the total magnitude of all the harmonics. Besides, some analytical results in the force
excitation cases and foundation excitation cases are shown in Table 2 and Table 3, respectively.

Table 2. The results of frequency spectrum analysis in the force excitation cases

Analysis cases

Sub-harmonics

Principal harmonic at

excitation frequency

Super-harmonics

1<0.292 A1=0292 1>0.292
~ 0% ~ 100 % ~ 0%
p =0.6,q = 0.6, 1< 1.285 A=1285 A1>1.285
¢ = 3000, e =2.4268 ~ 0% ~ 85 % ~ 15 %
1<4 A=4 A>4
~ 0% ~ 90 % ~ 10 %
1<1.303 A=1303 A1>1.303
~ 0% ~ 100 % ~ 0%
p=06,q=1, 1<1.891 A =1.891 1> 1.891
¢ = 3000, e =2.4268 ~ 0% ~ 100 % ~ 0%
A1<5 A=5 A>5
~ 0% ~ 100 % ~ 0%
1<0.5 1=05 1>0.5
~ 0% ~ 50 % ~ 50 %
p=0.6,q=15, A< 1.316 A=1316 A>1.316
¢ = 3000, e =2.4268 ~ 0% ~ 100 % ~ 0%
A< 4 A=4 A>4
=~ 50 % =~ 50 % =~ 0%

Table 3. The results

of frequency spectrum analysis in the foundation excitation cases

Analysis cases

Sub-harmonics

Principal harmonic at
excitation frequency

Super-harmonics

A1<3 A=3 A>3
~ 0% ~ 100 % ~ 0%
p=3,q=0.6, A1<4.105 A=4.105 1> 4.105
¢ = 200000, e = 1.3463 ~ 0% ~ 100 % ~ 0%
A1<6 A=6 A>6
~ 0% ~ 100 % ~ 0%
A<1 A=1 A>1
~ 0% ~ 100 % ~ 0%
p=3q=1, A1 <1.949 A =1.949 A > 1.949
¢ = 80000, ¢ = 0.5385 ~ 0% ~ 100 % ~ 0%
A1<4 A=4 A>4
~ 0% ~ 100 % ~ 0%
1<0.5 1=05 1>0.5
~ 0% ~ 100 % ~ 0%
p=3,q=15, 1<1.419 A=1.419 A>1419
¢ = 200000, e = 1.3463 ~ 0% ~ 100 % =~ 0%
1<4 A=4 A>4
~ 0% ~ 100 % =~ 0%
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Fig. 13. Force transmissibility curves under F, = 50 N
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Fig. 14. Absolute displacement transmissibility curves under 4 = 7.599x10* m

As illustrated in Table 2 and Table 3, though the magnitude of the sub-harmonics or the
super-harmonics accounts for a large percent in some cases where strong nonlinear effect happens,
however, only the principal harmonic appears in the most of excitation cases. Thus, these results
further prove the effectiveness and feasibility of HBM to investigate the VIP of this type of
nonlinear models whose nonlinear damping and nonlinear stiffness are placed in series.

5.6. Stability

analysis

As described in Section 4, each balance point BL-OJ- (i=1,2,3,j = 1,2) at different frequencies
can be obtained by solving the equation Bj; = 0 (i = 1,2,3, j = 1,2). Fig. 15 shows the variations
of each balance point B?j (i=1,2,3,j =1, 2) with excitation frequency in different cases.

Magnitude

-0.

a)p =0.85,q =1, c = 5000

After

integrating

Magnitude

b)p = 1,q = 0.6, c = 10000

Fig. 15. Variations of each balance point with excitation frequency:
a)Fy =50N,b) A =7.599x10“ m

the

autonomous

Eq.(17) with

respective  initial

conditions

By =10 09 04 0.3 0 09]and B; =[0.3 1.3 0 0.1 0.2 1.2], the following ellipses between

B;; and B;, can be obtained.
As illustrated in Fig. 16, it can be seen that the balance points are at the central position, thus
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these balance points are always stable and the corresponding solutions are effective. But if strong
nonlinear effect which is caused by large damping coefficient, nonlinear exponents and large
excitation amplitude appears, such as some g = 1.5 and g = 0.6 cases, the corresponding balance
points and solutions may become unstable in these situations.

1.4, 25

—B=B0
1.3 ——B=1/2B0

1.2

11 15

- «
o ! oQ
09 1
08
05
0.7
-0.4 -0.2 0 0.2 0.4 91 -0.5 0 0.5 1 15
By, By,
a) 1= 1.563 b) A = 1.200

Fig. 16. Ellipses between B;; and By,: a) F; = 50 N, b) A = 7.599x10* m
5.7. Actual application

As stated in section 5.3, if the micro-vibration isolator is excited by external force in orbit, the
linear model can be approximately used to analyze its VIP. However, the nonlinear model shown
in Fig. 2 should be applied to consider the effects of nonlinear factors if the isolator is excited by
foundation displacement during the launch stage. Further, in order to identify the nonlinear model
parameters and obtain an actual application, the test set-up shown in Fig. 17 is built and used to
measure the absolute displacement transmissibility curves. It is mainly made up of a shaking table,
a controller, a data acquisition and analysis system, a large mass, accelerometer sensors Al, A2
and A3, etc. The accelerometer sensors Al and A2 are used to measure the input foundation
excitation and the output of the large mass, respectively. Then these two signals are sampled by
the data acquisition and analysis system, and the corresponding transmissibility curves can be
obtained after a data process. Moreover, the output of the shaking table is also controlled and
measured by the controller and the accelerometer sensor A3, respectively. Thus a closed loop
between them is formed to ensure the stability and security of excitation. Fig. 18 is a picture of
the test set-up of foundation excitation.

Accelerometer

Large mass sensor A2

Micro-vibration
isolator
Accelerometer

Accelerometer sensor Al

sensor A3

Shaking table

Controller

V4

/ i /9
Fig. 17. The schematic diagram of the test setup of ~ Fig. 18. A picture of the test setup of foundation
foundation excitation excitation

The GPS algorithm of Matlab optimization toolbox is adopted to identify the damping
coefficient ¢ and the stiffness coefficient k,, and the objective function is defined as:

P
1
Minimize | = FZ(Td,mm[i] — Taexp[iD? (20)
i=1
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where P is the number of comparative frequency points at which both the experimental absolute
displacement transmissibility Tg,,,[{] and the corresponding computational transmissibility
Tycomlil are evaluated. Moreover, other parameters, i.e., M = 30 kg, k; = 3.669x10° N/m,
ky, = 1.191x108 N/m, kg = 2.482x10°N/m, p = 0.85 and q = 1, are given, and an initial
parameter point of ¢ and k, is assumed to start the iterative identification procedure. As there is
no need of derivatives or gradients, thus this algorithm is suitable for complex optimization
problems which have non-differentiable or even non-continuous objective functions [16]. With
the use of the identified parameters, the finally computational transmissibility is obtained and
compared with that of experiment. As illustrated in Fig. 19, if the excitation amplitude is 0.3 g
(1 g =10 m/s?), the computational transmissibility and the tested data are consistent with each
other. However, if the excitation amplitude is 1.0 g, the differences of the magnitude of
transmissibility appear slightly.

—— Computation-0.3g

—— Experiment-0.3g
Computation-1.0g

—— Experiment-1.0g

Magnitude

9
8
7
6
5
4
3
2
1

0 50 150 200

Frequ;[:?cy/ Hz
Fig. 19. Absolute displacement transmissibility curves

6. Conclusions

This paper mainly studied a type of fluid micro-vibration isolator used for space engineering.
As it needs to survive from the launch stage and experience the in-orbit working state, the VIP
always behaves nonlinearly under the complex effects of external excitation, fluid property and
interior structure. With the application of HBM, a nonlinear multi-parameter model whose pth
power damping and gth power stiffness are placed in series is analyzed, and the corresponding
force and absolute displacement transmissibility curves under different parameters are obtained.
Then the related transmissibility characteristics are estimated based on self-defined evaluation
indices, and the effects of key factors, e.g. excitation amplitude and stiffness ratio, are also
analyzed. If the isolator is excited by external force in orbit, the linear model can be approximately
used to obtain the VIP. However, if the isolator is excited by foundation displacement during the
launch stage, the nonlinear effects can only be considered by using the nonlinear model. Moreover,
the numerical algorithm Runge-Kutta method is adopted to validate the above results, and a
stability analysis is also carried out to show their practicability. Finally, an actual application of
the nonlinear model is accomplished with the use of an optimization method called generalized
pattern search (GPS) algorithm. The presented theory and method can also provide a reference
and a theoretical basis for the design and engineering application of this type of fluid
micro-vibration isolators.
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Appendix

q-3

D, = (B} +B3%) 7,

p—3

D, =[(By; — B3)* + (B3, — By)*l 2,

S =

N, AT,
ey,
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H

=

1= N4Aq_1¢2[(q — 1)D,B5, + D4],
[Hu = N4Aq_1¢2(q —1)D;By; By,
Hi3 = N, + N3,
Hyy =0,
Hy = N4Aq_1¢2(q —1)D;B,B;;,
{sz = N,A" ', [(q — 1)D,B5, + D4],
Hy; =0,
Hyy = Ny + N3,
Hsy = S[(q — 1)D;B3; + D1] = (p — 1)D4(By; — B3;) (B3, — By),
Hiy = S(q — 1)D3By;By; + (p — 1)D4 (B3, — By,)* + D3,
{Hgg = (p = DD4(Byy — B31) (B3, — Byo),
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= —SD1ABy; + D3A(By; — Bsy),
= SD1ABy; — AD;3(B3; — Bzz)-

Q
w
|

r

Q
-~
I

Jie Wang received the B.S. degree in Aircraft Manufacturing Engineering from Shenyang
Acrospace University, Shenyang, China, in 2011. Now he is a Ph.D. student in School of
Aeronautic Science and Engineering, Beijing University of Aeronautics and Astronautics,
Beijing, China. His current research interests include micro-vibration isolation and
experimental mechanics.

Shougen Zhao received the B.S., M.S. and Ph.D. degrees in Solid Mechanics from Beijing
University of Aeronautics and Astronautics, Beijing, China, in 1998, 2001 and 2004,
respectively. He is an Associate Professor in Solid Mechanics Research Center, Beijing
University of Aeronautics and Astronautics. Presently he is particularly interested in
structural vibration and control, static and dynamic experiments, and smart materials and
structures.

Dafang Wu received the Ph.D. degree in Kanto Gakuin University, Yokohama, Japan, in
1991. Now he is a Professor in Solid Mechanics Research Center, Beijing University of
Aeronautics and Astronautics. His current research interests include thermal strength for
structures of high-speed aircraft, active vibration control and experimental mechanics.

1070  ©JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2015, VOLUME 17, ISSUE 3. ISSN 1392-8716




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [612.000 792.000]
>> setpagedevice


