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a) 

 
b) 

 
c) 

Fig. 7. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 3, ߱ଵ = 2.8, ߱ଶ = 3.25 and ߩ = 1) 

  
a) 

  
b) 

 
c) 

Fig. 8. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 3, ߱ଵ = 2.8, ߱ଶ = 3.25 and ߩ = 0.4)  
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a) 

 
b) 

 
c) 

Fig. 9. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 8.4, ߱ଵ = 2.8, ߱ଶ = 8.4 and ߩ = 1) 

6. Poincare map  

Poincare maps are introduced via example using two-dimensional autonomous systems of 
differential equations. They are used extensively to transform complicated behavior in the phase 
space to discrete maps in a lower-dimensional space. Poincaré maps are used to determine stability 
and plot bifurcation diagrams.  By simulating the movement of rotor-seal system (2) and Poincare 
mapping, the Fig. 7-9 are obtained. At ߩ = 1 with the non-resonant rotor-seal system where  Ω ≠ ߱ଵ ≠ ߱ଶ, there is a period-one harmonic solution, which is depicted as a closed curve in the 
phase plane and as and there exist one isolated points on Poincare map as shown in Fig. 7. When ߩ = 0.4 with the non-resonant rotor-seal system where Ω ≠ ߱ଵ ≠ ߱ଶ, the system becomes chaotic 
and quasi-periodic motion appears and a close curve is observed on Poincare map as shown in 
Fig. 8. Fig. 9 shows that the time response of the rotor-seal system become stable and 
quasi-periodic motion appears at ߩ = 1  with the simultaneous sub-harmonic and internal 
resonance case (Ω ≅ 3߱ଵ, ߱ଶ ≅ 3߱ଵ). 

7. Conclusions 

Multiple time scale perturbation method is useful to determine approximate solutions for the 
coupled nonlinear differential equations describing the rotor-seal system up to and including the 
second order approximation. It is quite clear that some of the simultaneous resonance cases are 
undesirable in the design of such system as they represent some of the worst behavior of the system. 
Both the frequency response equations and the phase-plane technique are applied to study the 
stability of the system. The effect of the different parameters of the system is studied numerically. 
From the above study the following may be concluded: 

1) The amplitude of the first mode is increased to about 30 % of the maximum excitation forces 
amplitude ߩ , while the amplitude of the second mode is increased to about 70 % at the 
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non-resonant case (Ω ≠ ߱ଵ ≠ ߱ଶ). 
2) The amplitude of the first mode is increased to about 670 % while the amplitude of the 

second mode is increased to about 1140 % at resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ 3߱ଵ). 
3) The amplitude of the first mode is increased to about 670 % while the amplitude of the 

second mode is increased to about 570 % at resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ ߱ଵ). 
4) The regions of stability are increased for increasing values of ߙଵ, ߙଵସ and ߙଵ. 
5) For positive values of the nonlinear parameter ߙଵ and ߙଵ଼, the system become unstable.  
6) For increasing values of the nonlinear parameter ߚ ଷ and ߚ ଵହ, the curves are shifted to the 

right leading to the occurrence of the jump phenomena, multi-valued.  
7) For negative and positive values of the nonlinear parameter ߚଵଷ, the steady state amplitude 

of the second mode is trivial leading to the occurrence of the saturation phenomena. 
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