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Abstract. A new time-discretization method for the development of nonlinear collocated
multivariable mass-damper-spring (MDS) intelligent mechanical vibration systems is proposed.
It is based on the Runge-Kutta series expansion method and zero-order hold assumption. In this
paper, we show that the mathematical structure of the new discretization scheme is explored and
characterized in order to represent the discrete dynamics properties for nonlinear collocated
multivariable MDS intelligent mechanical vibration systems. In particular, the decent effects of
the time-discretization method on key properties of nonlinear multivariable MDS mechanical
vibration systems, such as discrete zero dynamics and asymptotic stability, are examined. The
resulting time-discretization provides discrete dynamics behavior for nonlinear MDS mechanical
vibration systems, which enabling the application of existing controller design techniques. The
ideas presented here generalize well-known results from the linear case to nonlinear plants.

Keywords: discrete dynamics, nonlinear MDS vibration system, discrete-time model, sampling
zero dynamics.

1. Introduction

It is generally known that the classical mass-damper-spring (MDS) intelligent mechanical
vibration systems have been studied by some researchers [1-3]. The MDS system is a simple
mechanical vibration model, and is widely applied in many fields [4-9]. However, to analyze or
utilize such systems in practice invariably requires discretization. Thus, the discrete-time plant or
sampled-data model play an important role in the intelligent mechanical vibration systems. For
example, it is well known that modern controllers and signal processing devices invariably operate
in discrete time, in particular, employing digital technology.

In the linear case, some famous scholars, such as Ishitobi [1], Lin [2, 3] and Zhu [5, 6], have
represented the discrete dynamics behavior of the MDS vibration systems. In this context, topics
such as discrete-time plant (normal form), relative degree and degree-of-freedom (DOF), chaos
and bifurcations, and zero-pole have been definitely shown. And these ideas presented generalize
well-known notion from the continuous-time case to discrete-time and sampled systems, although
the theory for the discrete-time case is less well developed than for the continuous-time case, both
linear and nonlinear systems.

One would reasonably expect similar results to hold for nonlinear MDS systems. However,
the situation for the nonlinear case is more complex than for linear case. Indeed, to the best of our
knowledge, the discrete dynamics properties for nonlinear MDS systems are still open problems.
Moreover, we feel deeply that this research is well very important, especially for discrete dynamics
analysis of intelligent mechanical vibration systems and their applications.

Zero dynamics of the nonlinear MDS plant, corresponding to the zero of linear case, are
fundamental characteristics of nonlinear intelligent mechanical vibration systems [10]. The
occurrence of nonlinear zero dynamics is relevant to the discrete dynamics behavior of nonlinear
intelligent mechanical systems. However, the previous results cannot be applied to the nonlinear
MDS mechanical vibration systems. Hence, it is an important research topic to find criteria which
guarantee that the discrete dynamics properties of nonlinear MDS systems are obtained.
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The objective of this paper is to analyze the discrete dynamics behavior of nonlinear MDS
intelligent mechanical vibration systems with collocated sensors and actuators, irrespectively of
whether these systems are single-input single-output (SISO) plant or multivariable case. Our aim
is only to analyze the multivariable MDS vibration systems because the SISO plant is a particular
example of multivariable case. More importantly, we show how a particular strategy can be used
to present the discrete dynamics properties, which is accurate to some order in the sampling period.
An insightful interpretation of the obtained discrete dynamics behavior can be made in terms of
additional discrete zero dynamics. Moreover, the current paper extends the well-known idea from
the linear case to nonlinear systems, which including extra discrete zeros or zero dynamics due to
the sampling process. Finally, numerical experimental example is given to illustrate the theories
developed in this paper.

2. Discrete-time models of nonlinear collocated multivariable vibration MDS systems

The dynamics of such intelligent mechanical vibration system can be described by Newton’s
Second Law, and further consider an n-mode, m-input, m-output nonlinear collocated
multivariable MDS intelligent mechanical vibration system described by [11]:

my+F+Fy, =F, (1)

where Fy is the frictional damping force, Fg, is the spring dynamics force and F is the force acting
on the mass. In order to reduce the computation complexity of such mechanical system, and in
particular, without loss of generality, the two-DOF (2-DOF) MDS mechanical vibration system is
primarily considered, and also depicted in Figure 1. More importantly, 2-DOF MDS mechanical
vibration plant has been mainly employed as a research subject since it is used most commonly in
practice. In particular, a 2-DOF mechanical vibration MDS model, which constitutes a slider,
spring, damping components and a pendulum is consider, as shown in Fig. 1. Therefore, the whole
idea is given for the case of a two-input-two-output (2-DOF) mechanical vibration system for
simplicity of description.
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Fig. 1. Multivariable 2-DOF MDS intelligent mechanical vibration model

In this case, we can represent the discrete dynamics behavior of nonlinear 2-DOF MDS
mechanical vibration model, which discretized zero dynamics have been also discussed owing to
their significance. Furthermore, it is straightforward to extend the particular case (2-DOF) to the
general case, such as multi-DOF.

The discrete dynamics analysis of nonlinear 2-DOF MDS mechanical vibration system is
derived below. First, a 2-input and 2-output nonlinear multivariable MDS mechanical vibration
system can be expressed in its so-called normal form [11]:
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Remark 1: It is obvious that the relative degrees 7y, 7, of the system (2) are two. In fact, the
relative degrees of many nonlinear mechanical vibration systems in the practical field are two.

We are interested in the discrete-time plant or sampled-data model for the nonlinear MDS
mechanical vibration system (2) when the input is a piecewise constant signal generated by a
zero-order hold (ZOH); i.e.:

u(t) =ulkT), kT<t< (k+ 1T, k=0,1,.., 3)

where T is a sampling period.
For small sampling periods, a more accurate sampled-data model of nonlinear 2-DOF

multivariable MDS mechanical vibration system is definitely obtained when applying a

higher-order Runge-Kutta (RK) expansion such as:

T‘ri—l+1

. TTitt _ _
—_.,® ) (1+1) (1+2) (ry) (ri+1)
Ziriks = Vi X Vi TV + zrylk B T IR N e D TR I C)

i=1...m 1=0,..,rn—-1

Remark 2: Consider here a higher-order RK expansion (4) instead of the uniformly valid
asymptotic expansion with the continuous-time system relative degrees r;. The reason is that the
closed-loop system becomes unstable in the case of the latter when a discrete-time controller
design method based on the assumption of the stability of the zero dynamics is applied [12]. The
sampled-data model cannot be used for discrete-time controller design because of the existence of
the unstable sampling zero dynamics. More precisely, when the input is imposed through a ZOH
on the original continuous-time system, the output does not converge to the origin.

Before proceeding, the following assumption is needed here for the preservation of an affine
property in the process of sampling.

Assumption 1: The unique equilibrium point lies on the origin.

Next, note here that:

u,(t) =0, i;(t) =0, te[kT,(k+1T], i=1,2, 5)

and that:

Vi =2 = 75,
Vi =23 = b; + aju;, (6)
2 = l:),: + diui = Ei + diui,

where i =1, 2,
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Thus, a more accurate discrete-time model of nonlinear 2-DOF multivariable MDS mechanical
vibration system is precisely derived by substituting (6) into the RK expansion forms of
y;((k +1)T) and y;((k + 1)T) and neglecting higher order terms as follows:

( 1 1 =1 Tz T3 A =
Zigsr = Zig + TZgy + N (byg + aypuyy) + 37 (byk + @yptieg),

, T? _
Zyper = Zig t T(bl,k + aq Uy k) + 57 (blk + Qg U k)'
{Ziks1 = 28 + T2Ey, + (bzk +a2ku2k)+ (bzk +a2ku2k) ¥

23141 = 225 + T by + a2ku2k) + (b2k +a2ku2k)

YVik = Z1,k,

—_ 52
Yok = Z1k-

We next analyze the local and global truncation errors between the true system output and the
ith output of the obtained sampled-data model (8), assuming that, at t = KT, the state z is equal
to the true system state z(kT). We compare the true system output y (kT + T) with the first (third)
state of the approximate sampled-data model in (8) at the end of the sampling interval. This yields
the following local truncation output error:

lyi(kT +T) — qzi,| =
= |(z0,i(kT) — 2} ) + T (25,4 (KT) — 25 )

+ 2_7 [(bi,k + ai,kui,k)t=§1 — (byse + ai,kui,k)t=k7~] ©
+ Z_T [(Bi.k + di,kui,k)tzgl — (byye + di,kui,k)tsz] .
From the assumptions used in the local truncation error we have [13]:

211(0) = 23,,(0) € O(T*), T (2,,(0) — 25,(0)) € O(T™). (10)

For the last two terms in (9), since the control input is generated by a ZOH, we know that:
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TZ
e = |? [(bi,k (6m + aix(s, n)ui,k)t:fl — (bixsm) + ai,k(C,ﬂ)ui,k)tsz]

an

T3, _
+37 | (BiseCs,m) + oo muase), ., = (Bulom) + g (6.,
2 T3
< oy Lallz(§) = 2(RDI + 57+ LIz (1) — 2(k DI,

where L, and L, are Lipschitz constants. Furthermore, according to [13], the Lipschitz condition
guarantees that the variation of the state trajectory z(t) can be bounded as:

La|§1-kT| _ 1 el2T _

(&) - 2kl < ¢ - <c.t Lo, (12)
2 2

Therefore, the local truncation error between the ith output of the resulting sampled-data
model and the corresponding true continuous-time system output is of order T* by following the
equation (11).

In the following section, the focus is on the global truncation error of the approximate
discrete-time model for nonlinear 2-DOF multivariable MDS mechanical vibration system. The
proof for the global truncation error is completely analogous to the proof for the local truncation
error. In particular, the key difference between the local and global truncation errors arise from
the fact that the global truncation error is associated with the number of steps N, and has practical
relevance to applications in which the asymptotic discrete dynamics behaviors of the proposed
model is of interest. Consider:

0k+1)=A-6(k)+¢E, (13)
where:

. L.
I PO IR ] IO o

[T+ |

E = (bix(s,m) + a;x(s, n)ul,k)t=§1 - (bi,k(C:U) + ai,k(C, n)ui,k)tsz-

Then, after N steps, we have:
N-1
e(k+N)=AN-9(k)+ZAi-¢-E. (14)
i=0
As shown in the proof of the local truncation error, E € O(T) and by simple straightforward
calculation, every element in the last column of the matrix Z ' Al is of order 0(1). In addition,

given that the last row of ¢p is T + ; such that there will always be a term of order O(T?) for

every state, and note that all the elements of AY are of order 0(1). So the global truncation error
is obvious that:

N-1

ZAi-¢-EEO(T3)=>6(k+N)E0(T3). (15)
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On the other hand, the known Euler integration leads to a model having local truncation error
T? and global truncation error T. The local and global truncation errors between the ith output of
the resulting sampled-data model (8) and the corresponding true continuous-time output are of
order T* and T3 respectively. This fact means that the approximate sampled-data model (8) is
closer to the true system than that by Euler.

Remark 3: A key result from nonlinear systems theory is that a nonlinear system of degree and
uniform relative degree can be described by a model in normal form. The approximate
sampled-data model of interest here is obtained by using a truncated RK series expansion of the
states in normal form. Moreover, it has been shown that the model possesses previously unknown
properties, regarding the propagation of truncation errors.

Remark 4: The Euler model is well-known as an approximate model, it is difficult to obtain
good discrete dynamics performance because of the poor approximation. An insightful
observation is that the proposed model (8) is more accurate than the Euler model in terms of the
discretization of nonlinear 2-DOF multivariable MDS mechanical vibration system. Therefore, a
controller design by the Euler model is easier but better discrete dynamics performance could be
obtained if the discrete-time model (8) is used for controller design.

3. Discrete dynamics analysis of nonlinear collocated multivariable 2-DOF MDS intelligent
mechanical vibration systems

In this section, we obtain the discrete dynamics analysis of nonlinear collocated multivariable
2-DOF MDS intelligent mechanical vibration system. First, we present the result that shows the
discrete zero dynamics, which play an important role in the area of discrete dynamics analysis.
Substituting ZliykJr1 = Z{'_k = 0 into (8) yields:

T? T3 _
0 =Tz + 51 (b1,ko + al,koul,k) + 31 (b1,k0 + al,koul,k)t
T? _
Z3 ko1 = Zig + T(Dygo + Gy poUay) + o1 (Byko + @rpotsn)s

T3

0 =Tz + o1 (byko + azroUay) + EN (Byko + BzkoUai),

T? _
2 _ 2 =
2311 = 21 + T(Dajo + Aziotizge) + ol (2,0 + @z 0tz k)-

Here, a; ;o and b; ;o denote the values of a;; and b; ., respectively. Therefore, noting that
constant terms b; o is definite higher order with respect to T than the corresponding one of
variable terms z; .. In addition, when applying z-transform to (16), then it leads to:

®(z)v =0, , (17)
_ T ~
z—1 0 Tal’ko + Taljko 0
2 Zl
0 z—1 0 TaZ’kO + 76_12’]{0 {Zi’k-i
D(z) = T2 73 , V= | 2k | (18)
_ Uk
_T 0 7 al‘ko + ? alyko O lu2’kJ
T2 T3
| 0 -T 0 7612,](0 + ?Clz'ko_

As a result, the sampled counterpart of the discrete zero dynamics (sampling zero dynamics)
are obtained from |®(z)| = 0.
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Next, the matrix S is defined as:

2
|[1 0 —= o]
)|
S=0 1 o0 ?| (19)
|l0 0 1 Jl
00 0

Multiplying (18) by the matrix S from the left hand side leads to:

i T2
Z + 1 0 Eal'kg O
T2
0 Z + 1 0 ?az’ko
Sd(z) = T2 5 (20)
=T 0 > ko + o A1ko 0
T? T3
0 -T 0 > 42ko + 5 Az ko |
Using the computational formula for determinant of block matrix:
E F ( 1)
= 21
¢ pl=HIE=-FHCYG]. @D
We can obtain:
T2 T3
- Q1o T A1ko 0
S0 (2)] = | 2 6 " -
0 o Az ko T 3 ko @)
T? T3 0 ]
y [z+1 ] * [@1k0 | 2 Guko T g Quko |
0 z+UT6[ 0 @yl T? T3 _ |
| 0 2 a2k0+_a2k0J

Further, it is obvious that the discrete zero dynamics of nonlinear collocated multivariable
2-DOF MDS intelligent mechanical vibration system are given by |S®(z)| = 0. In particular,
these discrete zero dynamics are mainly determined in the second half of (22) due to the existence
of variable z. Thus:

1 T2 T3 ~ -l( 1))
DT [ Fe | 0 |
0 z+1 7" 61 0 @y T? T3
> Gzko T2 Ko |
| ayk | (23)
B z+1+ —3a1,k T Tae 0 L
B Ay o

0 14— 2k
z 30y + Ty
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Remark 5: The discrete zero dynamics of nonlinear sampled-data collocated multivariable
2-DOF MDS intelligent mechanical vibration model are classified into two categories. The former
ones have counterpart in the underlying continuous-time system and they are called intrinsic zero
dynamics. The latter ones are generated in the sampling process and they are called sampling zero
dynamics. More importantly, we are focused primarily on the latter ones in these two kinds of the
discrete zero dynamics in terms of the discrete dynamics analysis of nonlinear collocated
multivariable 2-DOF MDS intelligent mechanical vibration system.

Finally, we consider the stability of nonlinear discrete zero dynamics because of the
importance of discrete zero dynamics in the nonlinear collocated multivariable 2-DOF MDS
intelligent mechanical vibration system. The determinant (23) can be expanded as follows when

. _ ayk — a2k
supposing ; = z+ 1+ St TaL B,=Tz+1+ SagtTans T

(z+1)?+ T+ B)(z+ 1)+ BifT? = 0. 24)

e . yl L
When we perform the bilinear transformation z = /1_: on the above formula, the equation is
written as:

[4 + 2T (By + B2) + T?B1B12% — [2T(By + B2) + 2T?B1B;]A + T2, B, = 0. (25)

It is clear that the two roots of (25) lie in the open left half of A-plane if:

2B ABI 2T BB

4 + 2T(321 +B2) + T2B1, 2 ’
T“B1B; _BiB2

442T(By +B2) +T?iB. 4 >0 -

Furthermore, for sufficiently small sampling periods, the discrete zero dynamics of the
nonlinear collocated multivariable 2-DOF MDS intelligent mechanical vibration system are stable
if:

B1B2(B1 + B2) <O. (28)

Remark 6: Discrete dynamics behaviors of nonlinear collocated multivariable MDS intelligent
mechanical vibration systems, like in the 2-DOF analysis above, can be readily extended to more
complex MDS models such as three-DOF (3-DOF) (see also Fig. 2.), and so on. On the other hand,
2-DOF case also reduces a single DOF immediately.

(26)

ks g k & ki &

)i 2 2 Uy 1 U
k3 k2 —>2 k] —>]
— ms — m; — my

— " HEH " HE
¢ oo ¢ oo ¢ oo
Fig. 2. Multivariable 3-DOF MDS intelligent mechanical vibration model

4. Numerical experimental results of nonlinear discrete dynamics analysis

In the above discussion, we have definitely focused on the discrete dynamics analysis of the
nonlinear collocated multivariable 2-DOF MDS intelligent mechanical vibration systems, and the
performance of the proposed time-discretization method for nonlinear input-driven systems by
using RK approach is evaluated by applying it to a nonlinear collocated multivariable MDS
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mechanical vibration system. In particular, discrete-time open-loop responses to a MDS
mechanical vibration system are considered. In this paper, the discrete dynamics exact or
approximate values obtained at every time step using the proposed time-discretization method are
represented to the values obtained using the MATLAB solver and RK method at the corresponding
time steps.

0.45 T T T ! 09
04r
035
- o
N N
oot oo
ol 3
-E 02t = 0
@ ]
>EI15 >
01
0.05
0 .
i} 1 2 3 4 5 B 7 8 9 10
Time t
07 T T T T T T T T T 07
0} ngl
ost asl
o« <t
N N
o 04 w 04
re] o
© o
S ; i@
5 502
> >
0.2t 02t
0.1 o1t
i 0
Time t Timet

Fig. 3. State response of the 2-DOF mechanical MDS vibration system

This numerical experiment is simulated under various combinations of sampling periods and
the local truncation error by using MATLAB. Acceptably accurate results are obtained when the
sampling period is T = 0.01 with a local truncation error. If the sampling period is further reduced,
then more accurate results could be obtained. Results obtained from the MATLAB solver and the
RK series discretization method are shown in Fig. 3 when the sampling period is T = 0.001. Thus,
Figure 3 shows the state response of the nonlinear collocated multivariable 2-DOF MDS
mechanical vibration system by using this method. Additionally, this special system clearly
presents that the proposed RK series expansion method discretizes a nonlinear MDS intelligent
mechanical vibration system quite accurately.

Next, we design a discrete-time model following controller on the basis of the nonlinear
2-DOF MDS mechanical multivariable discrete-time vibration model with ZOH, and apply it to
the original continuous-time MDS system to further analyze the discrete dynamics behavior of the
nonlinear collocated multivariable 2-DOF MDS mechanical vibration system. It is obvious that
the desired tracking objective of the output error results can be readily approached by generated
from the plant control input sequences in simulation (see also Figure 4 and 5).

In addition, the good performance of the discrete dynamics behavior for the nonlinear
collocated multivariable 2-DOF MDS mechanical vibration controlled system can be achieved
because the stability of the discrete zero dynamics of nonlinear multivariable 2-DOF MDS
mechanical vibration system are significantly improved in the Figure 6.
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Fig. 4. Inputs of model following control for the 2-DOF MDS mechanical vibration system
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Fig. 5. Error between the desired outputs and the true plant outputs for the 2-DOF MDS mechanical
vibration system

Finally, as an example of such application, these above results about nonlinear collocated
multivariable 2-DOF MDS mechanical vibration controlled system can be also applied to 2-DOF
half-vehicle suspension model with nonlinear springs and dampers shown in Figure 7.

0.4 T T T T T T T T

0351 1

03f 1

025+ b

02r

01ar B

01 B

Zero dynamics magnitude

00sr £}

0 200 0 600 80 1000 1200 1400 1600 1800 2000
Sampling periods
Fig. 6. The magnitudes of discrete zero dynamics for nonlinear MDS mechanical vibration system
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Based on the above analysis, we can now utilize the MTATLAB to build up the discrete
dynamics behavior of the nonlinear 2-DOF half-vehicle suspension model. The corresponding
response curves of acceleration signal in time domain with different amplitude of input are shown
in Figure 8.

As can be seen from the Figure 8, as soon as pulse signals begin, the acceleration signals
change acutely and further decay rapidly under the action of damping, though low frequency
oscillation will still maintain a period of time. With the input signals amplitude increasing, the
amplitude of the output acceleration signals also increase accordingly, and vice versa.

X &, o Tire stiffness coefficient
ms

A0 Buspension damping spring stiffness coefficient

l sz Unsprung mass
k, c
= 0 ey - Sprung mass
A _ oo
. oy Damping factor of wibration damper

: Wertical displacement of pavement

: Displacetnent of unsprung mass

s Displacement of sprung mass

(a) The response curve with the input of +0.1 (b) The response curve with the input of —0.1
Fig. 8. The corresponding response curve of acceleration signal with different amplitude of input

5. Conclusions

This paper has developed a new approach to propose the discrete dynamics behavior of
nonlinear collocated multivariable MDS intelligent mechanical vibration systems. It is based on
the RK series expansion method which uses a more sophisticated derivative approximation than
the simple Euler approach. Moreover, an insightful interpretation is given in terms of an explicit
characterization of the nonlinear sampling zero dynamics of the obtained discrete-time models,
which can be used effectively to analyze and process the discrete dynamics properties. An
application is given here for the nonlinear 2-DOF half-vehicle suspension model with springs and
dampers. This extends the well-known results for discrete dynamics behavior of linear systems to
the nonlinear case. These results are believed to give important insights which are relevant to
many aspects of nonlinear intelligent mechanical vibration systems theory.
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