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Abstract. In this paper, a new approach is introduced to overcome the difficulty of applying the 

differential transformation method to the nonlinear oscillators described by  
ὼὸ Ὢὼȟὼὸȟȿὼὸȿ π. The obtained approximate periodic solutions are compared with 

those in open literatures and the results reveal that the present approach is very effective and 

convenient for a class of nonlinear oscillators with discontinuities. 
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1. Introduction  

Since the beginning of 1986, Zhou [1] and Pukhov [2] have developed a so-called differential 

transformation method (DTM) for electrical circuits problems. The method has been used 

extensively to solve effectively various linear and nonlinear ordinary, partial and integro-

differential equations [3-16]. However this method has a difficulty when applied to differential 

equations with discontinuous terms. So the main purpose of the present research is not only to 

solve this difficulty but also to show how to obtain the approximate periodic solutions for 

nonlinear oscillators with discontinuities. To our best knowledge, there is no paper reported in the 

literature on the application of the differential transformation method to differential equations with 

discontinuities. 

It is well known that DTM constructs the solution in the form of a truncated series which is 

periodic only in a very small region [17]. In order to overcome this difficulty, a reliable 

aftertreatment (AT) technique has been developed recently in [18] to obtain the approximate 

periodic solutions in a wider range. As shown in [18], the proposed aftertreatment technique splits 

into two types, named as (Sine-AT technique, SAT) and (Cosine-AT technique, CAT) and for 

illustration we will re-introduce the basic idea of the CAT technique which will be used in this 

paper. It was shown in [18] that the approximate periodic solutions have been obtained without 

any need for Pade approximants or Laplace transform which may give the SAT and CAT 

techniques some power if compared with the modified differential transform method [17, 19]. 

Very recently Merdan and Gokdoan [19] showed that the Cosine-AT and Sine-AT give same 

results obtained by using the modified differential transform method and the classical fourth-order 

Runge-Kutta (RK4) method. 

The rest of this paper is organized as follows: in the next section (Section 2) a brief description 

of the one-dimensional DTM is provided; in Sections 3 the basic idea of the Cosine-aftertreatment 

technique is discussed; in Section 4 the proposed techniques are implemented to obtain the 

approximate periodic solutions for three nonlinear oscillators with discontinuities; in Sections 5 

and 6 some conclusions are given. 

2. One-dimensional differential transform  

The differential transform of a function ὼὸ is defined as follows: 
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ὢὯ
ρ

ὯȦ

Ὠὼὸ

Ὠὸ
Ȣ (1) 

In Eq. (1) ὼὸ is the original function and ὢὯ is the transformed function. The differential 

inverse transform of ὢὯ is defined as: 

ὼὸ ὢὯὸȢ (2) 

So: 

ὼὸ 
ὸ

ὯȦ

Ὠὼὸ

Ὠὸ
Ȣ (3) 

Eq. (3) implies that the concept of differential transform is derived from the Taylor series 

expansion. In actual applications the function ὼὸ is expressed by a truncated series and Eq. (2) 

can be written as: 

  ὸ ὢὸὸȢ (4) 

Some of the fundamental mathematical operations performed by the differential transform 

method are listed in Table 1. 

Table 1. The fundamental operations of one-dimensional DTM 

Original function ὼὸ Transformed function ὢὯ 

‌όὸ  ‍ὺὸ  ‌Ὗὸ  ‍ὠὸ  

  
Ȧ

Ȧ
ὢὯ ά  

όὸὺὸ  В ὟὍὠὯ Ὅ  

όὸὺὸύὸ  В В ὟὍὠάὡ Ὧ Ὅ ά  

όὸ᷿ὺὸὨὸ  В ὟὯ Ὅ ȟὯ ρ  

ὸ  ‏Ὧ ά ρ if Ὧ άȟπ if Ὧ ά  

Ὡ  
Ȧ
  

ÓÉÎ‗ὸ‫  
Ȧ
ÓÉÎ ‫  

ÃÏÓ‗ὸ‫  
Ȧ
ÃÏÓ ‫  

3. Cosine-aftertreatment technique (CAT-technique) 

If the truncated series given by Eq. (4) is expressed only in even-powers of the independent 

variable ὸ, i. e.: 

  ὸ ὢςὯὸ ȟὢςὯ ρ π ᶅὯ πȟρȟȣȟ
ὔ

ς
ρȟὔȟ is even, (5) 
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then the Cosine-aftertreatment technique (CAT-technique) is based on the assumption that this 

truncated series can be expressed as another finite series in terms of the cosine trigonometric 

functions with different amplitudes and frequencies: 

  ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸ Ễ ‗ÃÏÓ ὸȟ (6) 

where ὲ is finite. 

Our main question here is how to find the values of ‗ and  , Ὦ  πȟȣȟὲȢ For answer we 

begin by expanding both sides of Eq. (6) as power series of ὸ to obtain: 

ὢπ ὢςὸ ὢτὸ ὢφὸ Ễ ὢὔὸ

‗ ‗ 
ὸ

ςȦ
‗ 

ὸ

τȦ
‗ 

ὸ

φȦ
‗ 

ὸ

ψȦ

‗ 
ὸ

ρπȦ
ỄȢ 

(7) 

Now the equation of the coefficients of like powers yields: 

ὸȡ ‗ ὢπȟ    ὸȡ ‗  ςȦὢςȟ 

ὸȡ ‗  τȦὢτȟ    ὸȡ ‗  φȦὢφȢ 

(8) 

In practical applications it is sufficient to express the truncated series   ὸ in terms of two 

or three cosines with different amplitudes and frequencies. If we choose to express   ὸ as an 

approximate periodic solution in terms of two cosines with two different amplitudes, ‗ and ‗ȟ 
and two different frequencies,    and   , we can rewrite Eq. (6) for ὔ φ and ὲ ς as: 

  ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸȢ (9) 

In this case the four unknowns ‗ȟ‗ȟ   and    can be determined by solving the following 

system of nonlinear algebraic equations analytically: 

‗  ‗ ὢπȟ 
‗  ‗  ςȦὢςȟ  
‗  ‗  τȦὢτȟ 
‗  ‗  φȦὢφȢ 

(10) 

Moreover, if we choose to express   ὸ as more accurate periodic solution in terms of three 

cosines, we can rewrite Eq. (6) for ὔ ρπ and ὲ σ as: 



1124. ON THE PERIODIC SOLUTIONS OF THE NONLINEAR OSCILLATORS.  

ABDELHALIM EBAID, SHAHER MOMANI, SHIH-HSIANG CHANG, MONA D. ALJOUFI 

4 É JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEBRUARY 2014. VOLUME 16, ISSUE 1. ISSN 1392-8716  

  ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸȢ (11) 

In this case the six unknowns ‗ȟ‗ȟ‗ȟ ȟ   and    can be determined by solving the 

following system of nonlinear algebraic equations numerically: 

‗  ‗ ‗ ὢπȟ 
‗  ‗  ‗  ςȦὢςȟ 
‗  ‗  ‗  τȦὢτȟ 
‗  ‗  ‗  φȦὢφȟ 
‗  ‗  ‗  ψȦὢψȟ 
‗  ‗  ‗  ρπȦὢρπȢ 

(12) 

4. Applications 

In this section we discuss the application of the DTM with the proposed Cosine-AT technique 

to obtain the periodic solutions of nonlinear oscillators with discontinuities. As explained in the 

previous section, the use of the Cosine-AT technique is based on obtaining the series solution of 

the problem under consideration as a finite polynomial in even powers of ὸ. 

4.1. Example 1 

Consider the nonlinear oscillator with a discontinuous term [20-23]: 

Ὠὼ

Ὠὸ
ὼȿὼȿ πȟ (13) 

with the initial conditions: 

ὼπ ὥȟὼπ πȟὥ πȢ (14) 

In Eq. (13) the major source of the difficulty in using the differential transformation method is 

the existence of the discontinuous term ȿὼȿȢ In order to overcome this difficulty we introduce a 

new approach to deal with such term. Firstly we suppose that: 

Ὢὼ ȿὼȿȟ (15) 

which can be written as: 

Ὢ ὼ ὼȢ (16) 

We then take a differentiation with respect to ὸ to obtain: 

Ὢ
ὨὪ

Ὠὸ
ὼ
Ὠὼ

Ὠὸ
Ȣ (17) 

By this Eq. (13) becomes: 

Ὠὼ

Ὠὸ
ὼὪ πȢ (18) 

Now by applying the differential transform to Eqs. (14), (17) and (18) we obtain the following 
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recurrence scheme for Ὧ π: 

ὢπ ὥȟὢρ πȟ 
Ὂπ ȿὼπȿ ὥȟ 

Ὧ ρ Ὧ ςὢὯ ς ὢὯ άὊά πȟ 

ά ρ Ὂά ρὊὯ ά ὢά ρὢὯ ά πȢ 

(19) 

Using Eqs. (19) by taking ὔ φ, we obtain a system of algebraic equations for Ὧ πȟȣȟτ. 
By solving this system for the values of ὢςȟȣȟὢφ by using Mathematica, we get: 

ὢς
ὥ

ς
ȟὢσ πȟὢτ

ὥ

ρς
ȟὢυ πȟὢφ

ὥ

χς
Ȣ (20) 

From the inverse transformation rule Eq. (4) we can construct the following truncated series 

solution up to ὸ: 

  ὸ ὥ
ὥ

ς
ὸ

ὥ

ρς
ὸ

ὥ

χς
ὸȢ (21) 

Since the truncated series   ὸ given by the last equation is expressed as a polynomial in 

even powers of ὸ, we can now deal with it by using the Cosine-AT technique. We assume an 

approximate periodic solution in the form: 

  ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸ ‗ÃÏÓ ὸȢ (22) 

In order to find ‗ȟ‗ȟ   and  ȟ we insert ὢπȟὢςȟὢτ and ὢφ presented above into 

system Eq. (10) to get a system of four nonlinear algebraic equations. By solving this system 

analytically for ‗ȟ‗ȟ   and  ȟ we obtain: 

‗
ρ

ςπ
ρπσЍρπὥȟ‗

ρ

ςπ
ρπσЍρπὥȟ 

  τ Ѝρπὥȟ  τ ЍρπὥȢ 

(23) 

Therefore we can write the approximate periodic solution for the Eqs. (13-14) as: 

ὼÁÐÐÒÏØὸ
ρ

ςπ
ρπσЍρπὥ ÃÏÓ τ Ѝρπὥὸ

ρ

ςπ
ρπσЍρπὥ 

        ÃÏÓ τ ЍρπὥὸȢ 

(24) 

Here it should be noted that this approximate periodic solution is valid regardless of the 

oscillation amplitude ὥ, i. e., for π ὥ Њ. In [20] the authors applied the parameter 

expansion method to Eqs. (13-14) and the following approximate periodic solution has been 

obtained: 
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ὼ ὥÃÏÓ
ψὥ

σ“
ὸȢ (25) 

Eq. (25) has been also obtained by the authors in [21] and [23] by using the max-min approach 

and Heôs amplitude-frequency approach, respectively. The exact displacement of Eqs. (13-14) is 

given by [21]: 

ὼ ὥÃÏÓ
“Ѝφὥὸ

ςὄ
ρ
ς
ȟ
ρ
σ

ȟ (26) 

where ὄ ȟzz  denotes the Beta function. 

In order to check the effectiveness of our approach we compare our result Eq. (24) with the 

approximate periodic solution obtained by the parameter-expansion and the max-min methods, 

given by Eq. (25) and the exact displacement Eq. (26) in Figs. 1-4 at different values of  

ὥ ρȟρπȟρππȟρπππ. From these figures it can be concluded that the suggested approach with 

the Cosine-AT technique leads to approximate periodic solutions with good accuracy for all 

amplitudes. 

 
Fig. 1. Comparison of the present approach, Eq. (24) with the parameter-expansion method [20], Eq. (25) 

and the exact solution (max-min [21]), Eq. (26) for example 1, at ὥ ρ 

 
Fig. 2. Comparison of the present approach, Eq. (24) with the parameter-expansion method [20], Eq. (25) 

and the exact solution (max-min [21]), Eq. (26) for example 1, at ὥ ρπ 
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Fig. 3. Comparison of the present approach, Eq. (24) with the parameter-expansion method [20], Eq. (25) 

and the exact solution (max-min [21]), Eq. (26) for example 1, at ὥ ρππ 

 
Fig. 4. Comparison of the present approach, Eq. (24) with the parameter-expansion method [20], Eq. (25) 

and the exact solution (max-min [21]), Eq. (26) for example 1, at ὥ ρπππ 

4.2. Example 2 

Consider the nonlinear oscillator with a discontinuous term [24-25]: 

Ὠὼ

Ὠὸ
ὼ ‐ὼȿὼȿ πȟ‭ πȟ (27) 

with the initial conditions: 

ὼπ ὥȟὼπ πȢ (28) 

By the same analysis as in the previous example, we can easily obtain the following recurrence 

scheme for Ὧ π: 

ὢπ ὥȟὢρ πȟ 
Ὂπ ȿὼπȿ ὥȟ 

Ὧ ρ Ὧ ςὢὯ ς ὢὯ ‭ ὢὯ άὊά πȟ 

ά ρ Ὂά ρὊὯ ά ὢά ρὢὯ ά πȢ 

(29) 
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Using the above relations by taking ὔ φ, we obtain a system of algebraic equations for  
Ὧ πȟȣȟτ. By solving this system for the values of ὢςȟȣȟὢφ, we get: 

ὢς
ρ

ς
ρ ‭ὥὥȟὢσ πȟὢτ

ρ

ςτ
ρ σ‭ὥς‭ὥ ὥȟὢυ πȟ 

ὢφ
ρ

χςπ
ρ ρρ‭ὥςπ‭ὥ ρπ‭ὥ ὥȢ 

(30) 

Hence we have the following truncated series solution up to ὸ: 

  ὸ ὥ
ρ

ς
ρ ‭ὥὥὸ

ρ

ςτ
ρ σ‭ὥς‭ὥ ὥὸ 

          
ρ

χςπ
ρ ρρ‭ὥςπ‭ὥ ρπ‭ὥ ὥὸȢ 

(31) 

Here   ὸ is also expressed as a polynomial in even powers of ὸ and as shown in the previous 

example we can deal with it by using the Cosine-AT technique. We also assume an approximate 

periodic solution in the form of Eq. (22). This leads to the approximate periodic solution: 

ὼÁÐÐÒÏØὸ
υ φ‭ὥЍςυφτ‭ὥτπ‭ὥ ὥ

ςЍςυφτ‭ὥτπ‭ὥ
 

           ÃÏÓ
ρ

ς
χ ψ‭ὥ ςυφτ‭ὥτπ‭ὥ ὸ  

           
υ φ‭ὥЍςυφτ‭ὥτπ‭ὥ ὥ

ςЍςυφτ‭ὥτπ‭ὥ
 

           ÃÏÓ
ρ

ς
χ ψ‭ὥ ςυφτ‭ὥτπ‭ὥ ὸȟ 

(32) 

which is also periodic for any given values of ‭ and ὥ. The approximate periodic solution obtained 

by the variational iteration method [24] is given by: 

ὼ ὥÃÏÓ
ψ‭ὥ

σ“
ὸȢ (33) 

 
Fig. 5. Comparison of the present approach, Eq. (32) with the variational iteration method, Eq.  (33) and 

the numerical solution for example 2, at ‭ πȢρ and ὥ ρ 
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Fig. 6. Comparison of the present approach, Eq. (32) with the variational iteration method, Eq. (33) and the 

numerical solution for example 2, at ‭ πȢς and ὥ ρπ 

 
Fig. 7. Comparison of the present approach, Eq. (32) with the variational iteration method, Eq. (33) and the 

numerical solution for example 2, at ‭ πȢσ and ὥ ρππ 

 
Fig. 8. Comparison of the present approach, Eq. (32) with the variational iteration method, Eq. (33) and the 

numerical solution for example 2, at ‭ πȢπρ and ὥ ρπππ 

In Figs. 5-8 we compared our analytical approximate periodic solution in Eq. (32) with the 

variational iteration result Eq. (33) and the numerical solution obtained by Mathematica using the 

ñNDSolveò command. It can be observed from these figures that our result in Eq. (32) provides 

excellent agreement with variational iteration method and the numerical solution regardless of the 

oscillation amplitude ὥ. 
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4.3. Example 3 

This example considers the following equation [24, 25]: 

Ὠὼ

Ὠὸ
‍ὼ ‐ὼȿὼȿ πȟ‭ πȟ (34) 

with the initial conditions: 

ὼπ ὥȟὼπ πȟ (35) 

where the parameter ‍ is considered real. Proceeding as above, we obtain for Ὧ π: 

ὢπ ὥȟὢρ πȟ 
Ὂπ ȿὼπȿ ὥȟ 

Ὧ ρ Ὧ ςὢὯ ς ‍ ὢὯ άὢά ὰὢὰ

‭ ὢὯ άὊά πȟ 

ά ρ Ὂά ρὊὯ ά ὢά ρὢὯ ά πȢ 

(36) 

Using ὔ φ, a system of algebraic equations is obtained for Ὧ πȟȣȟτ. On solving this 

system for ὢςȟȣȟὢφȟ yields: 

ὢς
ρ

ς
‭ ‍ὥὥȟὢσ πȟὢτ

ρ

ςτ
σ‍ὥ υ‭‍ὥς‭ ὥȟ 

ὢυ πȟὢφ
ρ

χςπ
ςχ‍ὥ φσ‭‍ὥ τφ‭‍ὥ ρπ‭ ὥȢ 

(37) 

Therefore the approximate series solution can be written as: 

ɮ ὸ ὥ
ρ

ς
‭ ‍ὥὥὸ

ρ

ςτ
σ‍ὥ υ‭‍ὥς‭ ὥὸ 

       
ρ

χςπ
ςχ‍ὥ φσ‭‍ὥ τφ‭‍ὥ ρπ‭ ὥὸȟ 

(38) 

which is also expressed as a polynomial in even powers of ὸ. The Cosine-AT technique leads to 

the approximate periodic solution: 

ὼÁÐÐÒÏØὸ
‘ Ѝ„ὥ

ςЍ„
ÃÏÓ

‘ Ѝ„ὥ

ς†
ὸ

‘ Ѝ„ὥ

ςЍ„
ÃÏÓ

‘ Ѝ„ὥ

ς†
ὸȟ (39) 

where ‘ȟ‘ȟ„ and † are given as: 

‘ ςπ‍ὥ ςυ‭‍ὥφ‭ȟ ‘ ςτ‍ὥ σρ‭‍ὥψ‭ȟ † ‭ ς‍ὥȟ 
„ τσς‍ὥ ρπψπ‭‍ὥ ωσχ‭‍ὥ σςψ‭‍ὥ τπ‭Ȣ 

(40) 

In [24] the approximate periodic solution was obtained by using the variational iteration 
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method and given by: 

ὼ ὥÃÏÓ
σ‍ὥ

τ

ψ‭ὥ

σ“
ὸȢ (41) 

It should be noted that the solution Eq. (39) is always periodic under the two conditions: 

„ πȟ‘ Ѝ„ πȟ‘ Ѝ„ πȟ† πȟ (42) 

and: 

„ πȟ‘ Ѝ„ πȟ‘ Ѝ„ πȟ† πȢ (43) 

Examples for the values of ‍ and ‭ that satisfy these conditions are shown graphically by 

Figs. 9-12 at different values of the amplitude ὥ. The numerical results are depicted and compared 

with other solutions in Figs. 13-16 at different values of ὥ. The results show that at ὥ ρ the 

Cosine-after treatment technique agrees with the other methods in a wider range of ὸȢ However 

this agreement decreases with increasing ὥ. It may be concluded that at large values of ὥ we have 

to increase the accuracy of our technique by increasing ὲ in Eq. (6). 

  
Fig. 9. Fig. 10. 

  
Fig. 11. Fig. 12. 
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Fig. 13. Comparison of the present Cosine aftertreatment technique, CAT-Tech., Eq. (39) with the 

variational iteration method, Eq. (41) for example 3, at ὥ ρ, ‍ πȢυ and ‭ τ 

 
Fig. 14. Comparison of the present Cosine aftertreatment technique, CAT-Tech., Eq. (39) with the 

variational iteration method, Eq. (41) for example 3, at ὥ ρπ, ‍ ρ and ‭ σ 

 
Fig. 15. Comparison of the present Cosine aftertreatment technique, CAT-Tech., Eq. (39) with the 

variational iteration method, Eq. (41) for example 3, at ὥ ρππ, ‍ σ and ‭ τ 
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Fig. 16. Comparison of the present Cosine aftertreatment technique, CAT-Tech., Eq. (39) with the 

variational iteration method, Eq. (41) for example 3, at ὥ ρπππ, ‍ σ and ‭ τ 

5. Remarks 

In several papers [26-30] many authors showed that the DTM is nothing more than a disguised 

version of the Taylor series method. In this regard we agree with their point of view in the case 

when the DTM and Taylor series are applied to search for a series solution for a differential 

equation in which the discontinuous terms are not involved. However it may be difficult to directly 

apply Taylor series method to obtain the series solutions for the present class of ordinary 

differential equations with discontinuous terms. 

6. Conclusions 

To our best knowledge, this is the first paper reported on the application of the differential 

transformation method to nonlinear oscillators with discontinuities. A new approach has been 

proposed to overcome the difficulty arising from the existence of the discontinuous terms. Three 

examples are solved and the obtained results demonstrate that the discontinuous function will not 

affect much the effectiveness and convenience of the differential transformation method. 
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