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Abstract. This paper presents an efficient approach to simulate Lamb wave propagations in thin
plate structures by using new time domain spectral plate elements. A novel approach is proposed
to incorporate the coupling of piezoelectric transducers within the two-dimensional plate
element. The diagonal mass matrix is obtained by using a simple method with less
computational effort. Detailed formulations are given. The benchmark problem of a thin
aluminum plate with two surface-mounted piezoelectric transducers was investigated in detail.
Comparisons are made with results obtained by using ABAQUS to verify the developed spectral
plate element. It is shown that the proposed element can efficiently simulate the propagation of
Lamb wave generated by a piezoelectric actuator and picked up by a piezoelectric sensor.
Keywords: piezoelectric transducers, spectral plate element, wave propagation, Lamb wave.
1. Introduction
It is well known that detecting small damage in structures is an important and challenging
task [1-2]. Recently, the use of Lamb wave based technology in structural health monitoring has
made significant progress [3-5]. It is observed that the behavior of Lamb wave is very
complicated. For example, the wave occurs in multiple modes which can convert into each other
under special conditions during propagation [6]. These phenomena make the Lamb wave based
monitoring technology more complicated in order to detect and locate the failures. Therefore, it
is important to understand thoroughly the complex behavior of the Lamb wave interacting with
different kinds of damage in structures to reduce the cost and time in the design process of such
structural health monitoring systems. Besides the experimental investigations, numerical
simulations will definitely play an important role in design of efficient Lamb wave based
monitoring systems.
Although different higher order finite element (FE) schemes are available for simulations of
Lamb waves [7], however, the time domain spectral element method is a more promising
method for simulating wave propagation in complex structures [8-18]. The time domain spectral
element method combines the accuracy of the global pseudospectral method with the flexibility
of the local finite element method thus can accurately simulate the wave propagation in
structures in terms of both phase and amplitude.
For real Lamb wave based structural health monitoring systems, the wave is usually
generated by piezoelectric (PZT) actuators and picked up by PZT sensors. Therefore, the
piezoelectric coupling effect should be considered in the numerical simulations. Currently most
numerical simulations of Lamb wave propagations [8-18] have not considered the coupling
effect to reduce the modeling effort. Only fewer papers [19, 20] have considered the
piezoelectric coupling effect. In doing so there-dimensional (3-D) spectral elements [19] have
been used to take into account the piezoelectric coupling effect, however, the computing time
and memory may become impractical for real complex structures. To reduce the computational
resource and simplify the problem, a new approach is proposed to incorporate the coupling
effect within the spectral element framework [20]. Although the method reported in [20] seems
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feasible, it may still suffer some shortages. For example, the piezoelectric effect in the thickness
direction is not considered, a non-diagonal mass matrix may be resulted since PZT elements are
usually mounted only on one face of the host plate in practice. Therefore, it is still necessary to
investigate other efficient ways.
For plate structures, it is desirable to use a two dimensional (2D) plate element to reduce the
modeling effort as well as the computational resources. In this paper, a new time domain 2D
spectral element is proposed to incorporate the coupling of piezoelectric transducers. Detailed
formulations are presented. To validate the formulations, a benchmark problem presented in [19]
is analyzed. Numerical results are compared with data obtained by ABAQUS with fine meshes.
Conclusions are drawn based on the results reported herein.
2. Formulations of the new spectral plate element
2.1. Displacement and strain fields
To model the 3-D behavior of the Lamb wave propagation in plates by using a 2-D spectral
plate element, seven variables,  ்ݑ, ݑ ,  ் ݒ,  ݒ ,  ் ݓ,  ݓெ ,  ݓ , are introduced. ݑ, ݒ,  ݓare
displacement components in the x, y, and z direction and superscripts ܤ, ܯ, ܶ denote the bottom,
middle and top surfaces, respectively. The reason to choose these variables will be demonstrated
in Section 3. The proposed method is also applicable if more variables are required. Fig. 1 shows
a typical 6×6-node line (or simply node) 2-D spectral plate element with (Fig. 1a) and without
(Fig. 1b) a PZT layer. It is seen that the modeling effort will be reduced since only 2-D elements
are involved.
In the global ݔ-ݕ- ݖcoordinate system set in the middle plane of the host plate shown in
Fig. 1, the 3-D displacement field of the plate can be written as:
ݖ
ݖ
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(1)

where ݄ is the thickness of host plate. Each node, denoted by the filled points in Fig. 1, has
seven degrees of freedom ݍ ሺ݇ ൌ ͳǡʹǡ Ǥ Ǥ Ǥ ǡሻ, i.e.,  ்ݑሺߦ ǡ ߟ ሻ, ݑ ሺߦ ǡ ߟ ሻ,  ் ݒሺߦ ǡ ߟ ሻ,  ݒ ሺߦ ǡ ߟ ሻ,
 ் ݓሺߦ ǡ ߟ ሻ,  ݓெ ሺߦ ǡ ߟ ሻ,  ݓ ሺߦ ǡ ߟ ሻ. Each node in the PZT layer, denoted by the hollow circles
shown in Fig. 1a, has only one degree of freedom ߶, the electrical potential. Note that the
electrical potential at the interface is assumed to be zero identically.

Fig. 1. Sketches of spectral plate element: (a) with a PZT layer, (b) without a PZT layer

For small strains, the 3-D strain-displacement relations can be written by:
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or simply:
߲
ሼߛሽ ൌ  ൨ ሼݍሽǡ
߲ݔ

(3)

where ሼݍሽ ൌ ሾ ்ݑǡ ݑ ǡ  ் ݒǡ  ݒ ǡ  ் ݓǡ  ݓெ ǡ  ݓ ሿ் .
For an ܰ ൈ ܰ-node 2-D spectral element, the displacement field in the element can be
assumed as:
ே

ே

ே

ே
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ୀଵ ୀଵ

(4)

ୀଵ ୀଵ

where ܰ ሺߦǡ ߟሻ ൌ ܰ ሺߦሻܰ ሺߟሻ are shape functions, ݍ ൫ߦ ǡ ߟ ൯ǡ ሺ݅ǡ ݆ ൌ ͳǡʹǡ Ǥ Ǥ Ǥ ǡ ܰǡ ݇ ൌ ͳǡʹǡ Ǥ Ǥ Ǥ ǡሻ
denote the nodal degrees of freedom, and ܰ ሺߦሻ and ܰ ሺߟሻ are the one-dimensional Lagrange
interpolation functions defined by:
ே
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(5)

ୀଵǡஷ

where the distribution of nodes, ߦ , ߟ , can be the Gauss–Lobatto–Legendre (GLL) points, or the
Chebyshev points, or the approximate Lebesgue-optimal grid points, i.e., the expandedChebyshev grid points [21-22]. It is shown [18] that the critical time step to ensure stable time
integration by using the central finite difference method is the largest if the expandedChebyshev grid points are used as the nodes of the spectral element.
Let  א כ ݖሾെ݄ଵ Ȁʹǡ ݄ଵ Ȁʹሿ, where ݄ଵ is the thickness of the PZT layer. Since the electric
potential on the lower surface of the PZT layer, connected with the host plate, is zero identically,
thus the electric voltage ܸ in the PZT layer is given by:
ସ

ܸ ൌ  ܪ ߶ ǡ
ୀଵ

where ܪ is the shape functions and defined by:
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2.2. Constitutive relations
For the host plate, the 3-D stress-strain relation is given by:
(8)

ሼߪሽ ൌ ሾܥሿሼߛሽǡ
where ሾܥሿ is the elasticity matrix of the material.
For the isotropic piezoelectric element, the adopted constitutive relations are given by:
൜

ሼߪሽ ൌ ሾ ܥ ሿሼߛሽ െ ሾ݁ሿ் ሼܧሽǡ

ሼܦሽ ൌ ሾ݁ሿሼߛሽ  ሾߝሿ் ሼܧሽǡ

(9)

where ሾ݁ሿ and ሾߝሿ are matrices of the piezoelectric constant and the dielectric constant measured
at zero strain, ሼܦሽ and ሼܧሽ are vectors of the electric displacement and electric field,
respectively.
2.3. Mass and stiffness matrices
Since the general equations can be found in many reference papers [15-20] and textbooks
[23], therefore, the detailed formulations of the mass matrix and stiffness matrix for element
with and without a PZT layer are omitted.
ே
Due to σே
ୀଵ σୀଵ ܰ ሺߦ,ߟሻ ൌ ͳ, the diagonal mass matrix of the element can be obtained by
row summation and integrated by using Gaussian quadrature as:
ଵ

ଵ

݉ூூ ൌ ඵܰ ሺߦǡ ߟሻߤ ݀ ܣԜ ൌ ߤ න න ܰ ሺߦǡ ߟሻ ȁܬሺߦǡ ߟሻȁ݀ߦ݀ߟ

ேே ேே

ିଵ ିଵ

ൌ ߤ   ܪ ܪ ܰ ሺߦ ǡ ߟ ሻȁܬሺߦ ǡ ߟ ሻȁǡ

(10)

ୀଵ ୀଵ

݇ǡ  ൌ ͳǡʹǡ Ǥ Ǥ Ǥ ǡ ܰǢ  ܮൌ ͳǡ Ǥ Ǥ Ǥ ǡǢ  ܫൌ ሺ݇ െ ͳሻܰ  ሺ െ ͳሻ  ܮǡ
where ܰܰ ൌ ሺܰ  ͳሻȀʹ, ܪ , ܪ and ߦ , ߟ are weights and abscissas of Gaussian quadrature,
ȁܬሺߦǡ ߟሻȁ is the determinant of the Jacobian matrix, and ߤ for plates with and without a PZT
layer are respectively given by:
ߩ݄Ȁʹǡ
ߩ݄Ȁʹ  ߩଵ ݄ଵ ǡ
ߤ ൎ ൞
ߩ݄Ȁሺ ܮൌ ͷሻǢ ʹߩ݄Ȁ͵ǡ
ߩ݄Ȁ  ߩଵ ݄ଵ ǡԜ

ሺ ܮൌ ͳǡ͵ሻǡ
ሺ ܮൌ ʹǡͶሻǡ

ሺ ܮൌ ሻǡ
ሺ ܮൌ ሻǡ

(11)

and:
ߩ݄Ȁʹǡ
ሺ ܮൌ ͳ̱Ͷሻǡ
ሺ ܮൌ ͷǡሻǡ 
ߤ ൎ ቐߩ݄Ȁǡ
ʹߩ݄Ȁ͵ǡ ሺ ܮൌ ሻǡ

(12)

where ߩ and ߩଵ are the mass density of the host plate and PZT layer. It was found that the
computational effort in obtaining the mass matrix is only about 25 % of that by the existing GLL
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quadrature rule [17].
The stiffness matrix of the element with a PZT layer can be partitioned by:
ሾܭ ሿ ൌ න ሾܤሿ் ሾܥሿሾܤሿܸ݀  න ሾܤሿ் ሾ ܥ ሿሾܤሿܸ݀ ǡ


ು
்

்

ሾܭ ሿ ൌ ሾܭ ሿ ൌ න ሾܤሿ ሾ݁ሿ் ሾݒܤሿܸ݀ǡ

(13)

ು

ሾܭ ሿ ൌ െ න ሾݒܤሿ் ሾߝ ௦ ሿሾݒܤሿܸ݀ǡ
ು

in which ܸ and ܸ are the volume of the host plate and PZT layer, ሾܤሿ and ሾݒܤሿ are strain matrix
and electric field matrix, ሾܭ௨௨ ሿ and ሾܭ௩௩ ሿ are the stiffness matrix related to displacement and
electric potential, and ሾܭ௨௩ ሿ is the coupled stiffness matrix, respectively. The stiffness matrix can
be obtained numerically by using Gaussian quadrature or GLL rule if GLL points are used as the
nodes. Detailed derivations are ommitted and may be found in reference [24].
2.4. The time integration scheme
In terms of the spectral plate element with piezoelectric coupling, the well-known governing
differential equations for the wave propagation in plate structures can be written by:
σܷܯሷሺݐሻ  σܭ ܷሺݐሻ  σܭ ߔሺݐሻ ൌ ܨሺݐሻǡ
σܭ ܷሺݐሻ  σܭ ߔሺݐሻ ൌ ܳሺݐሻǡ

(14)

where  ܯis the structural mass matrix, ܷሺݐሻ is the generalized displacement vector and the over
double dots denote the second-order derivative with respect to time ݐ, ߔሺݐሻ, ܨሺݐሻ and ܳሺݐሻ are
vectors of electric potential, external applied force, and electric charge, respectively.
To simplify the solution procedures, the dynamic interface interaction between the PZT layer
and the host structure is neglected. Thus, Eq. (14) is uncoupled. Due to the fact of that  ܯis a
diagonal matrix, a crucial reduction of the complexity and the cost of the numerical time
integration can be achieved by using the central finite difference method [25] to solve the first
part of Eq. (14). The second part of Eq. (14) is merely used to compute the output voltage.
3. Results and discussion
To verify the proposed formulations, a benchmark problem presented in [19] is analyzed. A
thin aluminum plate with two surface-mounted piezoelectric transducers shown in Fig. 2 is
considered. The dimension of the plate and the two piezoelectric transducers are
508 mm × ∞ mm × 1.02 mm and 6.35 mm × ∞ mm 0.25 mm. The poling direction is parallel to
the z direction. One piezoelectric transducer on the left side is used as the actuator and the other
as the sensor. A uniform voltage is input on the piezoelectric element’s upper surface. Since this
problem can be regarded as a plane strain problem, thus the displacement in the y direction is set
to zero identically. This simplifies the problem for investigation of the effect of spatial
resolution in numerical methods without loss of generality [19].
Fig. 3 shows the mesh used in the analysis. Fig. 3a is the model by using proposed 6×6
spectral plate element with seven degrees of freedom (DOFs) per node. GLL nodes are used.
Fig. 3b is the mesh used in the analysis by ABAQUS. In the numerical simulations, the
excitation signal is a five-peak tone-burst wave with a center frequency of 100 kHz and kept a
peak voltage at 50 V, shown in Fig. 4. The material properties of the host plate are: elasticity
modulus  ܧൌ 70GPa, mass density ߩ ൌ 2700 kg/m3, and Poisson’s ratio  ݒൌ 0.3. The material
properties of the PZT element (Navy Type II), provided by APC company, are listed in Table 1.
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Fig. 2. Geometry of an aluminum plate

Fig. 3. Meshes by (a) proposed spectral plate element and (b) finite plain strain element
Table 1. Material properties of the PZT element
ா
ܥଵଵ

ா
ܥଵଶ

ா
ܥଵଷ

ா
ܥଷଷ

ா
ா
ܥସସ
ൌ ܥହହ

ா
ܥ

147 GPa

105 GPa

93.7 GPa

113 GPa

23 GPa

21.2 GPa

݁ଷଷ

݁ଵହ

ߝଵଵǡ

ߝଷଷǡ

ߩ

-9

7700 kg/m3

݁ଷଵ
–3.09 C/m

2

2

16.0 C/m

2

11.64 C/m

-8

1.0 F/m

8.04 F/m

Fig. 4. Excitation signal

The sensing signal obtained by the present element is shown in Fig. 5. The data obtained by
ABAQUS with plane strain elements are also included in the figure for comparisons. It is seen
that the solution obtained by using the proposed spectral element is quantitatively in accord with
data obtained by the FEM (ABAQUS). The comparison verifies the formulation of the proposed
element and the developed program. Although the solutions match quite well for the ܵ mode,
however, a small discrepancy is seen in the slower ܣ mode. It is pointed out [19] that due to the
numerical dispersion error, errors in phase/group velocities exist for both FEM and spectral
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element method (SPE). For FEM, the solution accuracy would be further improved if smaller
size of element than the one shown in Fig. 3(b) is used. For the SEM, an exponential
convergence rate is observed and results are more accurate [19]. Due to restriction of the
displacement field adopted in the proposed element, however, numerical dispersion error may be
larger than the existing 3-D spectral element [19] in the numerical simulation of Lamb wave
propagations. Thus, the accuracy of the solution obtained by the proposed element is similar to
the result obtained by the FEM. Further increase in the order of the displacement field along ݖ
direction or refinement of the mesh will definitely reduce the numerical dispersion error, but the
computational efficiency will also be decreased.

Fig. 5. Comparisons of the output voltage with data by ABAQUS

Fig. 6. Comparisons of the output voltage with data by ABAQUS

Fig. 7. Comparisons of the output voltages obtained by different elements

To investigate the effect of different variation of displacement w along the thickness direction, ݓ
is assumed a linear function of ݖ, the same as the other two displacement components  ݑand ݒ
shown in Eq. (1). Therefore, a six-variable or six-degree of freedom per node spectral plate element
can be established. The element is similar to the spectral plate element presented in [18].
Following a similar way, a 6×6-node with six DOFs per node spectral plate element considering
the piezoelectric effect can be derived.
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The same problem is then re-analyzed by using the 6×6-node with six DOFs per node
spectral plate element. Again GLL nodes are used and the same mesh shown in Fig. 3a is
adopted in the analysis. The sensing signal obtained by the spectral plate element is shown in
Fig. 6. The data obtained by ABAQUS is also included in the figure for comparisons. It is seen
that although the agreement is quite well for ܵ mode, the magnitude of ܣ mode is much
smaller than the data obtained by ABAQUS. It suggests that higher order variation of
displacement in the thickness direction is necessary. This is the main reason why Eq. (1) is used
as the displacement field for the proposed spectral plate element.
Fig. 7 shows the comparisons of output signals obtained by the 6×6-node spectral plate
elements with six DOFs or seven DOFs per node. It is seen that if the piezoelectric effect in the
poling ( )ݖdirection is not considered, namely, ܧଷଷ ൌ 0, the magnitudes of both ܣ mode and ܵ
mode will be reduced greatly. In other words, keeping the piezoelectric effect in the poling ()ݖ
direction is important to obtain correct amplitude of the sensing signals by PZT sensors.
4. Conclusions
In this paper, a new spectral plate element is proposed to take into account the coupling
effect of piezoelectric actuators and sensors. A simple way to formulate the diagonal mass
matrix is used to reduce the computational effort. Detailed formulations are given. A benchmark
problem is studied. It is shown that without considering the coupling effect of piezoelectric
actuators and sensors in the thickness direction may result much smaller amplitude of signals
picked up by PZT sensors. The simulated results by the proposed element are well compared to
data obtained by ABAQUS with fine meshes. In modeling Lamb wave propagation in plate
structures, the proposed element has advantages over the three-dimensinal spectral element in
terms of modeling effort, computational time and memory space.
It should be pointed out that the proposed method can also be used for variables higher than
seven. In other words, the displacement fields ݑ, ݒ,  ݓalong the thickness direction can be
assumed even more complicated if additional variables are introduced to increase the accuracy.
Besides, variables can be located at any position along the thickness direction, since nodes for a
2-D spectral plate element are actually nodal lines. In this way, the numbering effort will be
greatly reduced in establishing a spectral element model for plate structures.
In the present paper, the dynamic interface interaction between the PZT actuator/sensor and
the host structure as well as the dynamic behavior of the adhesive interface has not been
considered. Further researches are necessary and underway to study these effects.
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