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Abstract. Although the CAGD has shown its ability to represent the geometry at a very high precision, the error
is inevitable in FEA due to its imprecise mesh. This paper analyzes the stress state of a gear using NURBS-based
IGA (Isogeometric Analysis). And the results show great superiority of IGA on efficiency and accuracy
compared with traditional FEM (Finite Element Method). The contours of involute gear is non-rational curve
and the general way to represent the geometry is the tracing point method. It is almost impossible to accurately
descript the involute at the mathematical level either, however, NURBS can supply exact representation of the
involute within acceptable error range. As a result, the NURBS-based IGA offers an effective and accurate
calculation for gear analysis. Unlike the FEM, the IGA conducts mechanical analysis directly on NURBS
geometry and it skips the step of meshing which will reduce a lot of workload.

1. Introduction
Gears are so widely used that they spread almost every corner of our life as transmission components.
In the process of gear design, failure analysis and strength verification are necessary to ensure the
safety, and the reliable analysis result depends on the accuracy of stress simulation in actual work
conditions. It’s no longer the problem to exactly represent the geometry in CAGD, but the error comes
once the geometry is replaced by the mesh especially for smooth and curved geometry. In traditional
finite element analysis, a large number of elements is often required to adequately capture the
geometry [1]. In fact for some common shapes such as circles, an exact description can only be
achieved in limit of mesh refinement. The contradiction between the number of elements and the
amount of calculation is one of the fundamental disadvantages.
In this work, we present a different method of gear analysis, the Isogeometric Analysis Method
wherein a uniform geometric representation is utilized for both geometric description and analysis. We
use NURBS here which can provide a globally smooth and yet locally supported basis functions to
support both accurate and convenient geometric description. The IGA can directly utilize the
geometric models from CAD without resorting to another layer of geometric approximations [2-5].
This is critically beneficial to modern computer aided engineering.
The article begins with an introduction to B-spline and NURBS which are the foundation of IGA.
We fit the involute curve by using NURBS interpolation and set up the gear model. The IGA method
is applied to analyse the stress of dedendum and the results are compared with traditional FEA
(ABAQUS).
2. B-Splines and NURBS
2.1. B-spline
B-splines are constructed by taking a linear combination of B-spline basis functions, just as in
traditional FEA. The basis functions can be constructed from a knot vector written as:
T

U = {u1 = 0; ...; u i ; ...; u n + p +1 = 1}

(1)

The knot vector U is a non-decreasing sequences of coordinates in the parametric space, and it can
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be considered as open if its first and last knot are repeated p+1 times. With the given knot vector U,
the B-splines basis functions N i , p are defined by the following recursive formula:

 1, ui ≤ u < ui +1
Ni , p = 
for p = 0

0, otherwise


ui + p +1 − u
 N ( u ) = u − ui N
N i +1, p −1 ( u ) for p ≥ 1
i, p
i , p −1 ( u ) +

ui − ui
ui + p +1 − ui +1


(2)

The formula may encounter the quotient 0/0, in this case, it is assigned to zero.
A cubic example is presented in Figure 1 using the follow knot vector:
T

T

U = {u1 , u2 , u3 , u4 , u5 , u6 , u7 , u8 , u9 , u10 , u11} = {0,0,0,0, 2, 4,6,8,8,8,8}

(3)

Figure 1. Cubic B-spline basis functions.
More than one knot can be placed at a parametric coordinate. For a p-degree B-spline, an interior
knot can be repeated at most p times, and the boundary knots can be repeated at most p+1 times. A
knot vector for which the two boundary knots are repeated p+1 times is said to be open. In this case,
the basis functions are interpolatory at the first and the last knot [6-8].
With the given n basis functions N i , p , i = 1, 2, …, n and corresponding control points Pi ∈ R d ,
i = 1, 2, …, n , a piecewise-polynomial B-spline curve can be defined by:
n

C ( u ) = ∑N i , p ( u ) Pi
i =1

The example shown in Figure 2 is a general p-degree B-spline.

Figure 2. p-degree B-spline.
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The knot number m (counting multiplicity) is related to the number of control points n (the same as
the number of basis functions since they are in one to one correspondence) and the degree p via the
relation:
(5)

m = n + p +1

Note that the index i in Pi serves to identify the control point and is not a reference to one of its d
components. Piecewise linear interpolation of the control points constitute the so-called control
polygon.
2.2. NURBS (Non Uniform Rational B-spline)
From the intuitive point of view, if every control points Pi is set to a weight wi , A p-th degree
NURBS curve is defined by:
n

∑
C (u ) =
∑

N i , p ( u ) wi Pi

i =1
n

(6)

N ( u ) wi
i =1 i , p

From the above formula, the NURBS basis function can be defined as:
Ri , p ( u ) =

N i , p ( u ) wi

(7)

n

∑ i =1Ni, p ( u ) wi

By using the NURBS basis function, a curve C ( u ) can be constructed as:
n

C ( u ) = ∑Ri , p ( u ) Pi

(8)

i =1

Rational surfaces are defined analogously in terms of the rational basis functions. Taking the tensor
product of two one dimensional basis functions, a NURBS surface is represented by:
S ( u1 , u2

n

m

i =1
n

j =1 i , p
m

∑ ∑ N (u ) N (u ) w P
)=
∑ ∑ N (u ) N (u ) w
i =1

j =1

i, p

1

j,q

1

j ,q

2

i, j i, j

2

(9)

i, j

3. Numerical example
3.1. Geometric modeling
As the contours of involute gear is non-rational curve, the common way to describe the involute is the
tracing point method.
With the given set of points on the involute {Qk }, k = 1, 2, … , n , as shown in Figure 3 (a) (The
precision of the curve depends on the number of points), we can use a 3-degree NURBS curve (p=3)
to interpolate these points. If every point is assigned a parameter value uk , the linear system of
equations with a n×n coefficient matrix are defined by:
n

Qk = C ( uk ) = ∑N i , p ( uk ) Pi

(10)

i =1

If the parameter value uk and the knot vector U = {u1 , u2 , …, um } have been chosen, we can
obtain the coefficient matrix and solve the equations.
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(a)

(b)

Figure 3. (a): Points on the involute, (b): Geometry model of the gear.
To get the parameter value uk , the total chord length d is defined as:
n

d = ∑ Qk − Qk −1

(11)

k =1

For k=1 and k=n: u1 = 0, un = 1
Otherwise:

uk = uk −1 +

Qk − Qk −1
d

, k = 2, 3, … n − 1

(12)

This is by far the most common method for its little computation and it works well in most
situations.
To get the knot vector U, we use the averaging value as following:
u1 = …u p +1 = 0, um − p = … = um = 1

u j+ p =

1
p

(13)

j + p −1

∑ u , j = 2,3,…, n − p
i

(14)

i= j

Thus, the NURBS basis functions N i , p , i = 1, 2,…, n can be calculated, and the linear system of
equations are as follow:
1
0

N u
N 2,3 ( u2 )
 1,3 ( 2 )

⋮
⋮

 N1,3 ( un −1 ) N 2,3 ( un −1 )

0
0

...
...

0
N n −1,3 ( u2 )

⋱
⋮
... N n −1,3 ( un −1 )
...
0

  P1   Q1 
N n,3 ( u2 )   P2   Q2 
−  ⋮  =  ⋮ 
⋮
 


N n,3 ( un −1 )   Pn −1  Qn −1 
  Pn   Qn 
1
0

(15)

If we get the control points and set all the weight wi = 1, i = 1, 2, …, n , we can get the NURBS
fitting curve. The geometry model of the gear (M4×32) is shown in Figure 3 (b).
3.2. Simulation and results
When the pair of gears start to mesh, the endpoint of the addendum will stand a concentrated force P
as shown in Figure 4.
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Figure 4. The concentrated force.
For the fatigue strength of gear, the compact load P is the greatest factor and the stress of
dedendum is the biggest. So we can select one tooth as the analysis model, totally fix the lower
boundary and place a concentrated force (P=1N) at the endpoint of the addendum. Figure 5 shows the
NURBS mesh and the FEA model. Figure 6 shows the stress contour of IGA and FEA.

(a)

(b)

Figure 5. (a): NURBS mesh, (b): FEA model.

(a)

(b)

Figure 6. S22 (a): IGA model, (b): FEA model.
We can take different mesh density, collect the maximum stress value of dedendum and compare
the computational efficiency and accuracy as shown in Figure 7. It is evident to note that the accuracy
of IGA is quite higher then FEA under coarse mesh. The curve smoothness and the efficiency is much
better then FEA as the increase of the element number.
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Figure 7. Maximum stress value.
4. Conclusion
In this paper, the IGA method is introduced to analyse the stress state of a gear. The superiority of the
IGA is shown by comparing with traditional FEA (simulated in ABAQUS). Future work will focus on
the contact analysis of gear, as the NURSB can describe the boundary smoothly which is great
beneficial to contact problems between irregular boundaries.
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