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Abstract. The energy flow in a piezoelectric vibration energy harvester (VEH) involves both the
mechanical domain and the electrical domain. To better understand the vibration-piezoelectricity
coupling of this device, a unified description approach based on the bond graph is proposed to
analyze the influence of the piezoelectric VEH parameters on the electricity harvesting
performance in the energy conversion. Both the mechanical structure and the electric circuit are
modeled using the bond graph. The present method is applied to analyze the parametric
configuration of a piezoelectric VEH, which is further tested on an experimental platform. The
results show that the unified model using the bond-graph is well-suited for analyzing the
vibration-piezoelectricity coupling. The proposed method can advance the design optimization
of piezoelectric VEHs.
Keywords: vibration energy harvesting, bond graph, coupling, cantilever, piezoelectricity.
1. Introduction
Miniaturized wireless electronic systems have been calling for the development of selfpowered sources to replace the conventional battery, which often suffers from its large volume
and limited lifetime. As environmental vibration is one of the most important energy reservoirs,
vibration energy harvesting that converts natural vibration into µW or nW level electrical energy
is emerging as one of the promising alternatives to the conventional battery for such systems as
wireless sensor networks [1].
To extract electrical energy from surrounding vibration, three transduction mechanisms are
used: electrostatic, electromagnetic and piezoelectric [2]. Due to simple structure and higher
conversion ratio in terms of mechanical-electrical coupling, the piezoelectric vibration energy
harvester (VEH) has been considered as one of the most convenient technologies for renewable
power supplies.
Piezoelectric materials can generate an electrical charge when subjected to a mechanical
stress or stain, and vice versa. Recently, different kinds of piezoelectric VEHs have been
developed to meet the various requirements of real applications [3]. In addition to attention on
fabrication, much effort has also directed on performance analyses, the results of which can be
used for the design optimization of harvesting devices. Kim et al. [4] designed and analyzed a
PZT cantilever for low frequency vibration energy harvesting. Dauksevicius et al. [5] employed
the multiphysical FE (finite element) approach to analyze a contact-type piezotransducer for
ambient vibration harvesting. Based on the revised impendence matching theory, Liang et al. [6]
proposed a methodology for maximum power harvesting. The researches on the VEHs have
achieved good results with respect to one or more of the three basic stages: mechanical resonator,
piezoelectric transducer and load circuit [7].
Since the energy flow in a piezoelectric VEH involves both the mechanical domain and the
electrical domain, one should consider the three basic stages in a unified aspect. Moreover, the
mechanical-electrical coupling of the piezoelectric transducer makes it difficult to analyze the
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three stages separately. A bond graph is a graphical approach that can model a dynamic system
in a wide variety of domains (e.g., electrical, fluid, thermal, magnetic and mechanical domains)
[8, 9]. Considering the fact that piezoelectric behavior is related to different fields, Boukari et al.
[10] used the bond graph to model piezo-actuators. The piezo-actuators focus heavily on the
controllable actuation and the piezoelectric VEH, on the contrary, the harvestable energy. In this
paper, based on the individual analysis of the three constituents, the bond graph method is
employed to formulate the energy flow in a cantilever VEH. Because energy conversion and
energy coupling in different domains are bonded in a unified fashion, energy harvesting
performance is evaluated in terms of different parameters. In addition to the theoretical analysis,
an experimental setup is also presented to validate the proposed unified analysis approach.
The rest of this paper is accordingly organized as follows. In Section 2 we present the
architecture of the cantilever VEH using the bond graph approach. The unified analysis model of
the energy coupling is also presented in this section. This unified model is subsequently applied
to the parametric analysis of the cantilever VEH in Section 3. Experiments are carried out, and
the results are compared with the calculated data in Section 4. Conclusions are given in
Section 5.
2. Description of Vibration-Piezoelectricity Coupling Using Bond Graph
A cantilever VEH, even with its very simple structure, can produce a large deformation
under vibration, as shown in Fig. 1. To enlarge the beam deformation and reduce the resonance
frequency, a proof mass is accordingly attached on the free end of the beam. The cantilever
beam covered with a unimorph or a bimorph moves in response to the base vibration. For
simplification, the unimorph case is taken as the basic example to illustrate our approach. More
complicated cases can also be analyzed by our method. Let three axes of the global coordinates
be 1, 2 and 3 respectively. The base displacement y(t) along no. 2 axis leads to the vibration of
the proof mass y(t) + z(t) and further causing the electric potential differences v(t) between the
two surfaces of the piezoelectric material.

Fig. 1. Schematic diagram of a cantilever VEH

As mentioned in Section 1, the three stages of a VEH respectively play different roles in
energy harvesting. The mechanical resonator including a base frame, a cantilever beam and a
proof mass produces large vibration energy resulting from the surroundings. The load circuit
creates the electrical context needed by the end product. The piezoelectric transducer, therefore,
links the vibration energy generation and the electricity consumption.
The first stage (i.e., the mechanical resonator) of the VEH can be represented by a lumped
parametric model consisting of a mass (mm), a damper (dm) and a spring (sm) in the mechanical
domain. The vibration force (Fm) is then transformed by the piezoelectric transducer (i.e. the
second stage of the VEH), which can be modeled as a transformer (TF) with ratio n [11]. The
dielectric effect of the piezoelectric layer is regarded as a clamped capacitor (Cp) connected to
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the secondary coil of the TF in parallel. For real applications, the load is often combined with
nonlinear resistance, capacitance and inductance. In this paper, a resistor (Rl) is suggested to
denote the load circuit in the electrical domain. It is worth noting that the cantilever also bears
the electricity-induced damping force resulting from the piezoelectric transducer and the load
circuit, though the fact that the first coil of TF is determined mainly by the mechanical vibration.
An equivalent damper (dp) is suggested to denote this electricity-induced damping effect in the
mechanical domain. Taking the aforementioned factors into account, we present a bond graph as
shown in Fig. 2 to depict the energy flow in the VEH.

Fig. 2. Bond graph representation of energy harvesting

After determining VEH architecture, as shown in Fig. 2, parameters are formulated in
analytical form to illustrate the energy flow. Suppose the absolute displacement of the base
under environmental vibration excitation is y (see Fig.1), the absolute displacement of the proof
mass is y + z, and the equivalent mass of the VEH at the point of proof mass is m. The vibration
force acting on the mass consists of the vibration force Fm and the inertial force Fz, i.e.:

F = mɺyɺ + mɺzɺ = Fm + Fz

(1)

Let x denote the distance from the base, I the effective moment of inertia of the beam, lp the
length of the piezoelectric layer, lm the length of the mass, tp the thickness of the piezoelectric
layer, tb the thickness of the metal beam, and Ep the Young’s modulus of the piezoelectric layer,
one can correlate the vibration force with the proof mass vibration displacement as [12]:

d 2 z Fm (l p + l m / 2 − x )
=
EpI
dx 2

(2)

Solving for z from the above equation, at the free end of the piezoelectric layer (i.e. x = lp),
one has:

Fm =

2E p I
2
p

l (2l p / 3 + l m / 2)

z

(3)

On the other hand, the vibration force Fm leads to the stress:

σ =

1
lp

∫

lp

0

t p Fm (l p + l m − x)
I

dx

(4)

The above equation can be rewritten as:
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σ=

(l p + 2lm )t p
2I

Fm

(5)

The relation between the stress σ and the strain δ is given by:

σ = δ Ep

(6)

Combining equations (3), (5) and (6) yields:

z=

l p2 (2l p + 3l m / 2)

δ

(7)

3t p (l p + 2l m )

Let k1 =

(l p + 2l m )t p
2I

, k2 =

l p2 (2l p + 3l m / 2)
3t p (l p + 2l m )

and k 3 =

2E p I
2
p

l (2l p / 3 + l m / 2)

. The equations

(3), (5) and (7) can be rewritten as:

σ = k 1 Fm 

z = k 2δ 
Fm = k 3 z 

(8)

The equivalent lumped parameters mm, dm and sm respectively correspond to the second-,
first- and zero-order time derivative of the stress. According to equations (1) and (8), one can
obtain the stress ( σ m ) acting on the equivalent mass mm as follows:

σ m = k1 mɺzɺ = k 1 k 2 mδɺɺ

(9)

Letting dmp stand for the combination of the mechanical domain equivalent damper dm and
the electricity-induced damper dp, we have [13]:

d mp = 2ξω 0

(10)

where ξ and ω 0 denote the dimensionless damping ratio and the natural angular frequency,
respectively. The stress acting on dmp is given by:

σ mp = k 2 d mp δɺ

(11)

Since the Young’s modulus of the metal beam is much greater than that of the piezoelectric
material, i.e. E b >> E p , according to equation (6), we have:

σ s = Esδ

(12)

According to equations (3), (8), (9), (11) and (12), the bond graph parameters in the
mechanical domain (and dp in the piezoelectric domain) as shown in Fig. 2 are formulated as:
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Fm = k 3 z



mm = k k 2 m


d m + d p = k1 k 2 d mp 

s m = k1 E s

2
1

(13)

In the second stage (piezoelectric transducer), the governing equations for the unimorph are
given by [14]:

δ = σ t / E p + d31 H 

D = ε H + d31σ t 

(14)

where H represents the electric field, σt the strain of the equivalent transformer, d31 - the
piezoelectric strain coefficient, ε - dielectric constant of the piezoelectric material, and
D = d 31 E p ε - electric displacement.
The energy conversion in the piezoelectric layer is analogous to that of a transformer
according to the bond graph shown in Fig. 2. The “transformer” TF converts the stress to an
electric field at zero strain (i.e. δ = 0). According to Equation (14), one has:

σ t = −d 31 E p H

(15)

It is well known that the voltage V is the product of the electric field and the distance, i.e.:

V = Ht p

(16)

Substituting equation (16) into equation (15) results in:

σt =

−d 31 E p

tp

V

(17)

According to equations (8) and (17), the transformer TF in the bond graph as shown in Fig. 2
−k1 t p
transforms the strain into voltage with the transformation ratio n =
.
d 31 E p
Finally, the capacitor of the piezoelectric layer can be formulated using the definition of a
capacitor as follows:

Cp =

ε 0 wl p

2t p

(18)

where w represents the width of the piezoelectric layer (metal beam), and ε 0 is vacuum
dielectric constant ( ε 0 = 8.85419×10-12C2/J·m).
So far, we have formulated all the components in the bond graph except the load resistor Rl.
We will further evaluate the load resistor and other performance parameters in the following
section.
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3. Energy Harvesting Performance Estimation Using the Proposed Bond Graph
Different configurations will result in different energy harvesting performance. The proposed
unified bond graph can optimize mechanical, piezoelectric and loading parameters
simultaneously. Because resonance frequency, output voltage and output power are three
classical performance parameters in real applications, we estimate the three parameters based on
the proposed bond graph as follows.
Let ρb and ρp represent the densities of the metal beam and the piezoelectric layer
respectively. Suppose the inertial mass of the proof mass is me. The cantilever beam and the
proof mass are assumed to be a point mass with an equivalent vertical force at the free end of the
beam. This mass m can be expressed as [15]:

m = 33( ρ b + ρ p )l p w(t b + t p ) / 140 + m e

(19)

The bending modulus per unit width is given by [2]:

Dp =

E 2p t 4p + E b2 t b4 + 2 E p E b t P t b (2t 2p + 2t b2 + 3t p t b )
12( E p t p + E b t b )

(20)

This results in the analytical expression of the natural angular frequency:

ω 0 = 1.7069

Dpw

(21)

(l p + l m / 2 ) 3 m

According to the energy flow shown in the proposed bond graph (Fig. 2), we have:

Fm = m m δɺɺ + (d m + d p )δɺ + s m δ + nV 

− d 31 E p t p

V
ɺ
ɺ
V=
δ−

ε
Rl C p


(22)

Combining equations (1), (13), (17) and (22) in the Laplace’s domain yields:

Vˆ
zˆ

=
Rl

− k 3 d 31 E p t p Rl C p s
2
1

2

(k k 2 ms + k1 k 2 (d m + d p ) s + k 1 E s )(εRl C p s + ε ) − nk 3 d 31 E p t p Rl C p s

(23)

where ^ denotes the Laplace representation, and s the Laplace calculus. The relation between the
output power P and the input vibration displacement z in the Laplace’s domain is accordingly
given by:

Pˆ
zˆ 2

Rl
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=  Vˆ zˆ 
Rl 


2

Rl .
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Usually, output power maximization is one of the most important objectives in vibration
energy harvesting. Suppose there is an optimal resistor Rlopt corresponding to the maximum
output power. This means that the function P(Rl) is a vertex. Solving the following equation:
2

∂ Vˆ zˆ  Rl

Rl 

∂R l

s = jω




 =0

(25)

results in the closed-form of the optimal load resistor:

Rlopt


εk12 k 2 ms 2 + k1 k 2 (d m + d p )εs + εk1 E s

= mod
 C p (εk12 k 2 ms 3 + k1 k 2 (d m + d p )εs 2 + εk1 E s s − nk 3 t p d 31 E p s )





s = jω 

(26)

On the other hand, for the open circuit (i.e. Rl → ∞ ) condition of the proposed bond graph,
equation (22) can be rewritten as:

Fm = m m δɺɺ + (d m + d p )δɺ + s m δ + nV 

,
− d 31 E p t p
V=
δ

ε


(27)

leading to the open circuit voltage, which can be calculated from the following equation:

Vˆ
zˆ

=
Rl → ∞

− k 3 d 31 E p t p
2
1

2

(k k 2 ms + k1 k 2 (d m + d p ) s + k1 E s )ε + nk 3 d 31 E p t p

(28)

4. Experiments and Discussions
In this section, the proposed bond graph and the related parametric estimation model were
evaluated by testing a cantilever VEH on an experimental setup. As shown in Fig. 3, a cantilever
VEH (fabricated in the Korea University lab) was fixed on a base (manufactured in the Korea
University lab), which was directly connected to the output shaft of a vibration exciter (B&K,
type 4810). The vibration exciter was driven by a power amplifier (B&K, type 2718), which was
controlled by a dynamic signal analyzer (DSA, HP, type 35670A). According to the predefined
waveforms of the DSA, the vibration exciter generated the vibration for the VEH. Due to the
signal transfer from the DSA, the amplifier to the vibration exciter, signal attenuation was
usually unavoidable in the setup. Therefore, an accelerometer (PCB, type 333B52) was mounted
on the top of the VEH base to measure the real vibration acceleration, which was input to the
DSA via a signal conditioner (PIEZOTRONICS, type 482C). To monitor the real-time voltage
signal harvested by the VEH, the output voltage of the VEH was also acquired by the DSA. A
built-in 3.5” floppy drive was included in the DSA so that the measured data (both acceleration
and voltage simultaneously) could be saved on floppy disks for further use.
The piezoelectric film of the VEH was made from Polyvinylidene Fluoride (PVDF). The
geometric and material specifications of the cantilever VEH are illustrated in Table 1.
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(a)

(b)

Fig. 3. Experimental setup: (a) overview and (b) enlarged view of the VEH
Table 1. Geometric and material properties of the cantilever VEH
LP
Tp
Yp
ε
d31
k31
W
Tb
ρb
Yb
Lm
Wm
ζ

Nomenclature
PVDF length
PVDF thickness
PVDF Yong’s modulus
PVDF dielectric constant
PVDF strain coefficient
PVDF coupling coefficient
PVDF (beam) width
Beam thickness
Beam density
Beam Yong’s modulus
Proof mass length
Inertial mass of the proof mass
Unitless damping ratio

Value
24×10-3 m
28×10-6 m
3×109 Pa
12× ε 0
20×10-12 V-1
0.12
3×10-3 m
3×10-4 m
2.71×103 kg/m3
68.5×109 Pa
2×10-3 m
9.0720×10-5 kg
0.01

We first tested the open circuit voltage estimation performance of the proposed method. A
swept harmonics signal was employed as the exciting vibration, i.e., z (t ) = A(t ) sin( f (t ) + ϕ ) ,
where A denotes the amplitude, f the frequency and φ the phase of the signal. Fig. 4a shows the
amplitude of the vibration signal collected by the accelerometer. It shows that A(t) varies
between 0.8481g to 2.042g (1g = 9.8 m/s2) and f(t) ranges between 50 Hz to 250 Hz. The
corresponding voltage amplitude signal harvested by the VEH is plotted in Fig. 4b. The bond
graph–based performance estimation model was also employed to calculate the output voltage
amplitude according to equation (28). The calculated data are also shown in Fig. 4b for
comparison. The calculated natural frequency was 143.5 Hz. The measured first-mode resonant
frequency, for comparison, was 142 Hz, which indicated that the proposed bond graph-based
analysis accurately estimated the output voltage and resonant frequency.
The vibration amplitude at the resonant frequency was subsequently fixed at around 1g to
measure the output voltage and power for different loads. The measured voltage amplitude and
the related maximum output power (at the resonant frequency) are plotted in Fig. 5a and Fig. 5b
respectively. For comparison, equations (23) and (24) were employed to generate the estimation
data for different load resistors. The calculated results are respectively illustrated in Fig. 5a and
Fig. 5b as a dashed line. Using equation (26), the optimal resistance is calculated as
Rlopt = 2.5312 MΩ.
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(a)

(b)
Fig. 4. Open circuit experiment results:
(a) vibration amplitude and (b) comparison of calculated and measured voltage amplitudes

(a)
(b)
Fig. 5. Experiment results for different load resistances:
(a) voltage amplitude at resonant frequency and (b) maximum output power at resonant frequency

The comparison of the measured voltage amplitude with the calculated one, as shown in Fig.
5a, indicates that the calculated data were consistent with the measured data. When both data are
applied to calculate the maximum power, however, a greater error can be identified from Fig. 5b.
This is due to the fact that the power is directly related to the square of the voltage, increasing
the error by a square ratio. Nonetheless, the maximum output power at the resonance frequency
was 31.08 nW, as calculated from the measured data. On the contrary, the simulation result
showed that the maximum output power was 28.68 nW. This further confirmed that the
proposed method tracked the output energy trend with a good precision.
Owing to its estimation capability, the proposed method was then applied to analyze the
influence of VEH configuration on the electrical output. Letting the amplitude of the input
vibration A(t) = 0.8g, Fig. 6a shows the influence of the cantilever width w on the open circuit
voltage amplitude calculated according to Section 3 (other parameters are fixed as shown in
Table 1). For w = 2.5 mm, 2.8 mm, 3 mm, 3.2 mm and 3.5 mm respectively, the first-mode
resonant frequency was 133 Hz, 139.5 Hz, 143.5 Hz, 147.5 Hz and 153 Hz respectively, and the
amplitude of the open circuit voltage 0.6568 V, 0.5999 V, 0.5699 V, 0.5350 V and 0.4968 V,
respectively.
Once again we applied the proposed model to analyze the influence of the coupling
coefficient k31 on the maximum output power. Again we let the amplitude of the input vibration
A(t) = 0.8g. Fig. 6b plots the change of the maximum output power (at the natural frequency
f0 = 143 Hz for different loads (0~6 MΩ) and coupling coefficients (other parameters were fixed
as shown in Table 1). With the increase of k31 from 0.10 to 0.15, the maximum output power
dropped from 22.69 nW to 14.30 nW in the calculation cases.
Based on the above results, one can observe that both mechanical and electrical parameters
have significant influence on the energy harvesting performance. It is noted that only the
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representative calculations are provided in this section. Since more parametric influences can be
calculated using the above method, the proposed method can be employed to obtain the expected
energy harvesting performance for different VEH configurations.

(a)

(b)
Fig. 5. Experimental results for different load resistances:
(a) voltage amplitude at resonant frequency, and (b) output power at resonant frequency

5. Conclusions
A graph-based approach was proposed to analyze the energy flow and energy conversion of
piezoelectric vibration energy harvesters. The top-down architecture was used for the bond
graph modeling. The VEH was regarded as an entity with three stages in terms of energy
domain: mechanical domain, electrical domain or mechanical-piezoelectric coupling. In each
stage, different dynamical characteristics were represented as graphic components using a
unified fashion. Considering the vibration-piezoelectricity coupling, we formulated the
components of the bond graph based on the conservation of energy. As an effective tool for
understanding multi-domain systems, the proposed bond graph-based model dealt with the
energy conversion of the VEH in a unified fashion.
The proposed unified analysis approach was employed to estimate energy harvesting
performance. Natural frequency, output voltage and power were simulated using the bond graph
model. A cantilever VEH was fabricated and tested on an experimental setup. The comparison
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of the measured data with the calculation results confirmed the effectiveness of the proposed
method.
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