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Abstract: Superposition window is often used in the digital signal processing and other fields 
of signal processing such as power spectral estimation and adaptive time-frequency analysis. 
Different overlap and windows used in superposition system may affect the final results. The 
main contribution of this paper is in providing the insight into the properties of the overlap-add 
technique with different window or overlap ratio, which is very helpful in selecting these 
parameters for a practical application. 
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1. Introduction  
 

The individual signal is first windowed and split into some segments. The segmentation of a 
signal into non-overlapping segments can result in discontinuity artifacts at the segment edges. 
To reduce these artifacts, overlap-add technique can be applied to the windowed data. 
Overlapping technique is early used in the Welch’s method to compute the modified 
periodogram method [1] and then expanded to synthesize a signal from its short-time Fourier 
transform [2] [3]. Modified overlap technique, such as weighted overlapped segment averaging 
method with proper overlap was applied to reduce the variance for the power spectral 
estimation [4]. A revisited Welch method via circular overlap is developed in the application of 
the nonparametric power spectrum power [5].  

Most window functions afford more influence to the data at the center of the set than to data 
at the edges, which represent a loss of information. To mitigate that loss, the individual data sets 
are commonly overlapped in time or in frequency domain. Superposition window is adopted to 
solve the inconsistence problem S transform in time domain and frequency domain [6]. An 
adaptive, linear time-frequency analysis is proposed using superposition frame [7, 8]. An 
adaptive spectral kurtosis is developed by the author based on the superposition frame in 
frequency domain and is successfully used to detect the bearing fault [9]. Fixed overlap 
windows are employed in overlap-add procedures and a variable amount of overlap technique is 
proposed in [10].  

Since overlap technique has been widely used, its performance of the different overlap and 
windows was seldom investigated. This paper gives the influence of the windows on the 
overlapping technique. The rest of this paper is organized as follows. Theory of the 
superposition frame is briefly introduced in section 2. Performance of the superposition frame is 
investigated in detail in section 3. Conclusions are given in section 4.  
 
2. Theory of the superposition frame 
 

Consider breaking an input signal x into frames using a finite, zero-phase, length M window 
w. then we may express the mth windowed data frame as 

( ) ( ) ( ), ( , )m mRx n x n T w n n= ∈ −∞ ∞            (1) 

where R is frame step (hop size), m is frame index and ( )mRT w ⋅ is the defined translation 

operator which can be written as 
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( ) ( )mRT w w mR⋅ = ⋅ −               (2) 

The hop size is the number of samples between the begin-times of adjacent frames. 
Specifically, it is the number of samples by which we advance each successive window. 
Overlap ratio λ  is determined by window length and hop size, 

1
R

M
λ = −                (3) 

when the overlap ratio is 50% that denotes 2R M= . For frame-by-frame spectral processing to 
work, we must be able to reconstruct x from the individual overlapping frames, ideally by 
simply summing them in their original time positions. This can be written as 
 

( )
( ) ( ) ( ) ( ) ( )

( )m mR mR
m m m

x n
x n x n x n T w n T w n

G R

∞ ∞ ∞

=−∞ =−∞ =−∞

= = =∑ ∑ ∑       (4) 

Hence, mm
x x=∑  if and only if, 

( ) ( ), ZmR
m

T w n G R n
∈

= ∀ ∈∑
ℤ

            (5) 

If ( )G R  is a constant, this window w is a constant-overlap-add (COLA), which may keep 
perfect reconstruction in STFT. Via the Poisson summation formula, condition can be written as 

21

0

1 2
( ) ( )

knR j
R

mR
m k

k
T w n W e

R R

π

π
−

∈ =

=∑ ∑
ℤ

           (6) 

Thus the COLA constraints in frequency domain [11] 

2
( ) 0, Z 0

k
W k k

R

π

= ∀ ∈ ∩ ≠             (7) 

In other words, a window w gives constant overlap-add at hop-size R if and only if the 
transformed window W is zero at all harmonics of the frame rate2 Rπ . Eq. (7) describes the 
weak COLA constraint in the frequency domain. When the short-time spectrum is being 
modified, these conditions no longer apply, and a stronger COLA constraint is preferable. The 
strong condition of COLA is to require that the transformed window ( )W ω  be band-limited 
consistent with down-sampling by R: 

( ) 0,W
R

π

ω ω= ≥               (8) 

This condition is sufficient, but not necessary, for perfect COLA reconstruction. However, it 
cannot be achieved exactly by finite-duration window functions. 

When either of the strong or weak COLA conditions is satisfied,  

(0)
( )mR

m

W
T w n

R
∈

=∑
ℤ

              (9) 

where (0) ( )
n

W w n
+∞

=−∞

= ∑ . When Eq. (9) is satisfied, perfect reconstruction of the short-time 

Fourier transform is achieved, i.e., ( ) ( )y n x n= , while ( )y n  is written as 

21

0

1 2
( ) ( )

(0)

j nkN
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p k
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∑ ∑           (10) 
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3. Performance of the superposition frame 
 

Parameters used to evaluate the performance of the superposition frame and the effect of the 
window type and overlap ratio are conducted in this section. 

 
3.1. Parameters to evaluate the superposition frame 
 

The most important features to measure the windows functions are mainlobe width, sidelobe 
attenuation, spectral leakage and gain. 
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Fig. 1. Parameters of a window function 

 
The mainlobe, sidelobe, cut-off frequency of the mainlobe, mlcf , and the frequency 

associated with the height of the highest sidelobe, hslf , are shown in Fig. 1. To facilitate 
discussions, we denote ( )w t  as a real, even and nonnegative temporal window and ( )W f  as 
its Fourier transform. As is well known, ( )W f  has a mainlobe at zero frequency and 
sidelobes on both sides (see Fig. 1). 
 
3. 1. 1. Mainlobe width 
 

The -3dB mainlobe width, denoted as MLW3-dB, is defined as the width of the mainlobe at 
3dB below the mainlobe peak, and half of its value can be written as 

def
3 dB0.5 MLW arg max{20log ( ) (0) 3}

f
W f W

−

⋅ = ≥ −         (11) 

MLW 3-dB mainly affects the frequency resolution in power spectral density estimation. 
Smaller MLW3-dB leads to higher frequency resolution, and vice versa. 

 
3. 1. 2. Relative sidelobe attenuation 
 

The relative sidelobe attenuation (RSA) is defined as the log difference between the height 
of the mainlobe and the height of the highest sidelobe. It can be written as 

def
RSA 20log ( ) (0)hslW f W=             (12) 

The RSA denotes the difference between magnitude of the mainlobe and the maximum 
magnitude of the sidelobes. Undesirable spectral leakage can be reduced by increasing RSA. 
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3. 1. 3. Spectral leakage 
 

Spectral leakage (SL) is defined as the ratio of the sidelobe power to the total window 
power and can mathematically be written as 

2

def

2

( )
SL 1

( )

mlc

mlc

f

f
W f df

W f df

−

+∞

−∞

= −

∫

∫
             (13) 
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Fig. 2. Gain of the merged windows (Chebyshev window, λ=0.75). Red thin lines denote the initial 
window and its translation, while black thick lines are the merged windows. For interpretation of the 
references to the color in this figure legend, the reader is referred the web version of this article 

3. 1. 4. Gain 

The merged windows with initial width M and hop-size R are similar to a bandpass filter, as 
is shown in Fig. 2. Thus, the middle part is called as DC gain ( )G λ  in this paper. According to 
Eq. (9), ( )G λ  of the merged windows can be noted as 

(0)
( )

W
G R

R
=                (14) 

The thin lines in Fig. 2 are the shifted basic Hanning windows and thick lines denote the 
merged windows. Numbers shown in Fig. 2 refer to the merging times, for example, number 1 
denotes the initial window itself and number 2 denotes two windows merge 1 times, and so 
forth. It can be observed that the gains of those windows, which merge at least two times, 
become a constant. This constant gain is necessary in keeping the perfect reconstruction of the 
signal processing. Actually, the merging times also affect the final gain of the merged windows 
which will be introduced in section 3. 4. 

 
3. 2. The influence of the window functions 
 

Window functions are often used in spectral analysis and so far many windows have been 
developed. Recently, Butterworth windows with two control parameters were proposed to 
achieve good performance in power spectral density estimation [12]. A performance comparison 
of window families can be found in [13]. Among them, Hanning, Hamming, rectangular, 
Bartlett, Kaiser, Gaussian and Chebyshev functions are frequently applied in practice. All the 
expressions of the mentioned window functions can be found in the Appendix. Fig. 3(a) shows 
the windows in time domain, while Fig. 3(b) gives the relating magnitude response. 
Superposition frame using different window has impact on mainlobe width, sidelobe attenuation, 
spectral leakage, and window overlap ratio. Such effects are discussed in this subsection, while 
the effect on the gain is given in next section 3.4. The effects of these 7 windows used in the 
superposition frame are investigated in this section.  

Fig. 4(a) displays the effect of window merges based on different initial window functions. 
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As the number of merges increases, the MLW3-dB parameter of the merged window decreases. 
Similar pattern is observed for all the five window functions. It is also observed that the 
decreasing trends are bounded by that of the rectangle window function as is shown in the 
zoomed plot in Fig. 4(a).  
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Fig. 3. Window functions and their magnitude responses, (a) time domain and (a, b) frequency domain (dB 
scale). Chebwin denotes Chebyshev window, Rectwin means Rectangular window (same as below). The 
color lines in (b) have the same meaning with those in (a). For interpretation of the references to the color 
in this figure legend, the reader is referred the web version of this article 

 
The effect of window merges on the relative sidelobe attenuation is investigated using the 

same five window functions and is plotted in Fig. 4(b). It can be found that in Fig. 3(b) the RSA 
parameters of the merged Hanning, Hamming, Bartlett and Gaussian windows increase with the 
number of window merges. Once again, the trends are bounded by that of the rectangle window 
function. 

As shown in Fig. 4(c), except the Chebyshev and rectangle window functions, the SL 
parameters for all the other five window functions increase with the number of window merging, 
moreover such increases are all bounded by the SL plot of the rectangle function. 
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Fig. 4. (a) Main lobe width (3-dB), (b) relative sidelobe attenuation (dB) and (c) spectral leakage of the 
merged different type of windows. The color lines in (a) and (c) have the same meaning with those in (b). 
For interpretation of the references to the color in this figure legend, the reader is referred the web version 
of this article 
 
3. 3. The influence of the variable overlap 
 

In this subsection, the basic Hanning window is used as the initial window and different 
overlap ratios are evaluated in the superposition frame. We continue on to examine the effects 
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of overlap ratio on MLW3-dB, RSA and SL. Such effects (for Hanning window) are displayed in 
Fig. 5. It can be observed in Fig. 5 that when 0.5λ ≥  all the three parameters MLW 3-dB, RSA 
and SL show similar trends, either increasing (for parameters RSA and SL) or decreasing (for 
parameter MLW3-dB) bounded by that of the rectangle window. 
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Fig. 5. (a) Main lobe width (3-dB), (b) relative sidelobe attenuation (dB) and (c) spectral leakage of the 
merged Hanning window and different overlap ratio. Thick black line denotes the rectangular window; 
green dark, brown, brown, purple and blue lines in (a), (b) and (c) denote λ=0.5, 0.6, 0.7, 0.8, 0.9, 
respectively. For interpretation of the references to the color in this figure legend, the reader is referred the 
web version of this article 

 
3. 4. Gain of the superposition frame 
 

As mentioned above, gain ( )G R  of the folded windows can be computed using Eq. (14). 
That is to say, gain is related to the window function and hop size used in the superposition 
frame. Supposed the initial window length M is 20, hop size R changes from 1 to 20 (overlap 
ratio then reduces from 0.95 to zero according to the Eq. (3)). Fig. 6 displays the derived ( )G R  
with different windows and hop sizes. It can be determined that each ( )G R  of different 
window decreases with the increase of R. When the overlap ratio λ  is set to 0.5 (or 10R = ), 

( )G R  functions of the merged windows are about 1 when using Hanning, Hamming, Bartlett, 
Chebyshev and Gaussian window as the initial window respectively, which is also called as a 
partition of unity [8, 11]. The accurate gains can be found in Table 1, where numbers in bold 
show they are near to 1 and N is the least superposition times needed. 
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Fig. 6. Gain varies with hop size R in the process of merge when different window function is used. (Initial 
window length 20) 
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Table 1. Gain computed using different windows and overlap ratio (initial window width 20) 
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Fig. 7. Gain of merged different type of windows with three overlap ratio 0.75, 0.50 and 0.25: (a1) to (a3) 
using Hanning window; (b1) to (b3) using Kaiser window; (c1) to (c3) using Chebyshev window 
 

Actually, the gains of the merged windows are not always constant (or called as COLA) if 
different ratio is used. This can be observed in Fig. 7, where Hanning, Kaiser and Chebyshev 
window functions are used in the superposition frame and overlap ratio is set to 0.75, 0.50 and 
0.25, respectively. Gains of merged Hanning and Kaiser windows (shown in Fig. 7(a3) and (b3), 
respectively) are not constant in the case of 0.25λ =  and they change to constant when 

0.50λ =  or 0.75λ = . However, gains of merged Chebyshev windows (shown in Fig. 7(c2) 
and (c3)) fluctuate both in the case of 0.25λ =  and 0.50λ =  and they are constant when λ is 
0.75. To achieve the COLA of a predefined window type, there exists a boundary for the 
overlap ratio in the process of superposition. Fig. 8 displays the gains of merged Hanning 
windows when different overlap ratio is used (initial width is 20 samples, at least merging 5 
times for each overlap ratio). Fig. 8 only gives the final merged windows whose width is 100 
samples. It can be found that 0.5 may be considered as the boundary. When there is no limit of 
the merging times, numerical experimental results reveal the gains resulting from the merged 
windows such as Hanning, Hamming and Bartlett are constant (but gains are not necessarily 
equal to one) when overlap ratio is not less than 0.5 and the superposition times is large enough. 

This COLA actually needs different superposition times for different overlap ratio. As the N 
values are shown in Table 1, those gains approximately to 1 (bold numbers of N values) are 
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achieved using different merging times for the seven windows. Hanning window with width 20 
is used as the initial window and λ  changes from 0.5 to 0.95, ( )G R  is shown in Fig. 9(a). To 
get the COLA gains (for Hanning window), the least superposition times for different λ  
values (thick line) are displayed in Fig. 9(b). It can be observed that Hanning window should at 
least merge three times when overlap ratio is 0.75. As overlap ratio increases, the merged times 
needed for COLA also increase.  
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Fig. 8. Gains of the merged Hanning window with different overlap ratio. Black line denotes the overlap 
ratio 0.5 
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Fig. 9. Gain of the superposition Hanning window with different overlap ratio, (a) 3D show of the Gain,  
(b) 2D show of the Gain with different overlap ratio (log-scale); thick line is the marginal 

 
4. Conclusions 
 

Performance of the superposition frame depends on the chosen overlap ratio and the window 
function. Seven different window functions are investigated in COLA through numerical 
experiments in this paper. From the theory analysis and numerical experiment results, it can be 
concluded that: 
(1) As the number of merges increases, the MLW3-dB of the merged windows decreases, while 
the RSA (except the Chebyshev and Kaiser) and SL of the merged windows increase. Besides, 
except for the Chebyshev window, three parameters of the other six window functions are all 
bounded by the rectangle window. 
(2) The effects of different overlap ratio on MLW3-dB, RSA and SL, such as Hanning window is 
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used as the initial window, parameters MLW 3-dB will decrease in the process of superposition, 
while RSA and SL increase. All these parameters are also bounded by the rectangle window. 
(3) COLA cannot be achieved exactly by finite-duration window functions, but it can be 
approximately implemented when the overlap ratio and superposition times are large, such as 
overlap ratio should be larger than 0.5 for Hanning window when this window merges at least 2 
times.  
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Appendix 
 

Equations of the windows mentioned in this work which can be also found in [13]. 
1) Rectangular window (Box-car) 
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2) Bartlett window 
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3) Hanning window (Raised-Cosine) 
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4) Hamming window 
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5) Kaiser window 
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∑ is the zero-th order modified Bessel function. 

6) Gaussian window  
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7) Chebyshev window (or Dolph-Chebyshev window, Dolph window) can be written in 

frequency domain as following 
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