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Abstract. This study considers FRF (frequency response fomctbased substructuring and
decoupling of substructures for the dynamic analgdicomplicated huge structures utilizing
compatibility conditions between adjacent substmeg. This work includes: 1) the derivation
of updated FRF matrix for dynamic system subjectedfrequency or time dependent
constraints in the frequency-domain, 2) the synshaad decoupling of subsystems based on
the dual domain approach using compatibility caodi& between adjacent subsystems, 3) the
evaluation of the validity of the proposed methdtisough numerical applications. It is
expected that the proposed methods will be utilagthe basic formulation in investigating the
dynamic characteristics of partitioned or synthedigystem.

Keywords: FRF, substructuring, decoupling, compatibilitynstaint force, dual domain.
1. Introduction

There have been a lot of efforts in the dynamiclysig of complicated huge structures.
Substructuring partitions a complicated structute several substructures and assembles them
together by proper process in the satisfaction ofmmatibility conditions. Conversely,
decoupling detaches known substructures from aimeestructure and predicts the dynamic
characteristics of its unknown residual structufuch substructuring and decoupling
procedures are synthesized and disassembled ndilizompatibility conditions between
substructures, respectively. The adjacent subsiestare interdependently affected by the
coupling forces at contact surface. The couplingds indicate the constraint forces required
for satisfying the compatibility conditions. Thebstructuring and decoupling of substructure
are carried out by the addition and removal ofdbgpling forces at the interfaces, respectively.

The substructuring and decoupling can be perforinethe time-domain and frequency-
domain bases. In the time-domain methods each aoemp is described by mass, damping
and stiffness matrices, while in the frequency-donmethods- by frequency-dependent data.
The coupling forces can be expressed as the fursctibtime and frequency in the time-domain
and frequency-domain, respectively.

The dynamic equation in the frequency-domain oftracture involves FRF matrix as a
coefficient matrix to estimate the dynamic charasties. FRF-based substructuring (FBS) and
decoupling (FBD) methods predict the dynamic charéstics of synthesized and decoupled
substructures on the basis of FRFs of independdstrsictures. The analytical process requires
the FRF matrix of substructures and the compatjiibnditions to combine and partition them.
At this time, the total degrees of freedom canimethe interface degrees of freedom of each
substructure or not.

Substructure coupling methods are the techniquesdiace the model-order of huge structural
systems by synthesizing substructures. Hurty [Hoduced the component mode synthesis
(CMS) method in 1960. The method is to combine Butbeld substructures into an
approximate mathematical model of the full struatusystem using the displacement
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constraints and the interface forces at the inteaA number of variants of the methods were
proposed and employed [2-7]. De Lima et. al [8] grsded a modeling methodology of

structural systems supported by translational aational viscoelastic mounts or joints based
on a FRF coupling technique. Based on the duapainthl assembly of substructures, Klerk et.

al [9] introduced the Lagrange Multiplier Frequenbgsed Substructuring method. The
Lagrange Multiplier defines the coupling forcesvbetn the adjacent substructures.

The decoupling of structural system is performedhtain the information of residual system
from the known dynamic behavior of the entire systnd removed subsystems. As a simple
application, the decoupling is performed to getafdhe effect of the accelerometer mass on
FRF measurements. The decoupling problem can beae¢he reverse of the substructuring
problem in the meaning of removing the couplingcés. Starting from the known dynamic
behavior of the entire system and from informatiout the remaining part of the structural
system, D’Ambrogio and Fregolent [10] identifiedetidynamic behavior of a structural
subsystem. They provided the dual domain deconipositnethod by the deletion of a
prescribed substructure so that it is the negatile

Allen et. al [11] presented a method that removes dffects of a flexible fixture from an
experimentally obtained modal model on the modaishaf the substructure to accurately
estimate the modal parameters of the built-up sys€@uppens et. al [12] provided two methods
of dynamic FRF compensation and compensation bgualsmodes. Based on reconstruction
of the interface forces acting between the unknewbsystem and its neighbor, Sjovall and
Abrahamsson [13] presented a theoretical methodardaryy frequency domain load
identification. Voormeeren et. al [14] presentednathod to quantify the uncertainty of the
coupled system’s FRFs based on the uncertaintieecfubsystem FRFs. Ryberg and Mir [15]
developed an experimental model with forward préatic capabilities for passenger vehicle
axle whine performance based on FBS techniquesetdiqt the dynamic behavior of complex
structures. D’Ambrogio and Sestieri [16] analyzisg possibility of assembling together
different substructures' models using expansiohriecies to provide the information on the
rotational degrees of freedom as well as apprapmaddeling of joints and combining modal
models and FE models. Sjovall et. al [17] presg@tdormulation in terms of the state-space
parameterization to represent transfer functionstramts. Rodriguez et al. [18] presented
damage submatrices method (DSM) that localizesassdsses degradation of stiffness at any
structural element in a building. And they presdnéa approach to expand the condensed
stiffness matrix of the damaged structure to glatmardinates and to identify damage. Ozgen
and Kim [19] developed the analytical methods tpaed the experimental damping matrix to
the size of the analytical model.

This study presents the mathematical form of sysitleel and decoupled FRF matrix of
substructures utilizing compatibility conditionsofn the constrained static and dynamic
equations. Frequency dependent and time dependestraint conditions are handled using
static and dynamic approaches of constrained sgstarapectively. The methods belong to the
dual domain method that the interface degreeseefdiom of each substructure are retained. It is
demonstrated that the proposed methods can simmplyegplicitly update the FRF matrix and
utilize in synthesizing and decoupling of subsystenNumerical applications evaluate the
validity of the proposed methods.

2. FRF based dynamic equation

The response of a dynamic system can be restripgesome kinds of constraints such as
prescribed response data or other geometric camstcanditions. The existence of such

387

© VIBROENGINEERING JOURNAL OF VIBROENGINEERING SEPTEMBER2011.VOLUME 13, ISSUE3.ISSN1392-8716



647. FRFBASED SUBSTRUCTURING AND DECOUPLING OF SUBSTRUCTER
EUN-TAIK LEE, HEE-CHANG EUN

constraints leads to the change in its initial oese without them. The constrained dynamic
response in the frequency-domain is obtained sforming the initial dynamic equation and

the constraints in the time-domain. The followiregtion introduces the constrained dynamic
equation in the frequency-domain depending on feqy dependent and time dependent
constraint conditions.

2.1 Determination of FRF matrix for constrained dyramic system

This section derives the updated FRF matrix ofdtwestrained dynamic system subjected to
frequency dependent and time dependent constraints.

(1) Update of FRF matrix for constrained dynamisteyn subjected to frequency dependent
constraints.

The dynamic response of a discrete system eégrees of freedom with viscous damping is
described by ordinary differential equation:
MG+Cla+KG=f 1)
whereM, K andC are, respectively, the mass, stiffness and visdaosping matrices{i andf
denote the response and force vectors correspotualfing degrees of freedom. And the viscous
damping assumes the Rayleigh damping.

Transforming Eqn. (1) in the time-domain into theeadn the frequency-domain by using

G=Ue" and f =F€e“, it can be rewritten as:

l— @*M +iaC + Kp(a})= F(o) 2

where U(w) and F(w) are the Fourier transform of the resporie) and forcef(t) for the
finite element model. From Eqn. (2), the dynamiffretss matrix D(a)) is defined and its
inverse the FRF matrip :

D(w)=-0*M +iaC+K (3a)
A(w)=Do)=[ oM +icc+K " (3b)
where i and D are analytical FRF and dynamic stiffness matricespectively. The dynamic
stiffness matrix is a positive definite symmetriatnix because it is expressed by the consistent
mass matrix, stiffness matrix and damping matrix.

It is not easy to measure FRF matrix correspontbniyll degrees of freedom of the system.
Assuming that the system is defected and its digphe@nts at several positions are measured in
the frequency-domain or time-domain, the FRF matridEqn. (3b) should be corrected. The
measured displacementsapositions can be written by:

AU(0)=Hp(0)F(2) @)
whereA is an mxn Boolean matrix to define the measurement locatéons H,,, denotes an
mxn FRF matrix to be measured, and(w) indicates the actual displacement vector of the
damaged system. Armd represents the number of impulse force input tamadhe system.

The updated dynamic stiffness matrix or FRF matmixst explain the response gap between
the initial and actual systems. The response shbeldlescribed by the constrained static
equation because the measured data of Eqn. (4hadrehanged with timé. Based on the
constrained static approach [20], the displacergapt&J(a)) can be obtained as:

8U(w)=(sH)F )
where:
SH =|:|1/Z(A|:|1/2)+(Hm—A|:|) (6)

where the superscript ‘+' is the Moore-Penrose lisge Thus, the updated expression of FRF
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matrix can be written as:
H=H+H (7)

The FRF matrix of Eqn. (7) explains the dynamicrabteristics of the full degrees of
freedom for the defected system. Premultiplyinchtsitles of Eqn. (6) byH ™, it leads to the
constraint forces in the frequency-domain exprebssed
Fo(o)=FA" (AR (H, -AR) ®)

The constraint forces represent the additional eroequired to obtain the measured or
prescribed displacements. An application to utilire derived equation is illustrated in the
following example.

Example 1)

This example considers the update of the FRF mafrax dynamic system of four degrees of

freedom based on measured FRF data of modifiedndignaystem (Fig. 1). Initial parameter
matrices of the system were established as:

15 -05 0 O 50 0 0O O
-05 15 -1 0 0 100 0 O
K= x10°N/m, M = ,
0 -1 2 -1 0O O 100 O
0 0o -1 1 0 O 0 50
015 -01 O 0
-01 02 -01 O
C= N-sec/m
0 -01 02 -01
0 0 -01 01
7 e T ey B B
m mo: ms ma
i 1 1 1
A Ch s G Cs N Cs :
U1 U2 JUE] W

Fig. 1. A dynamic system of four degrees of freedom

Assume that the stiffnesk, was replaced by2k, and the FRFs at the second and fourth
mass points were experimentally measured to uptleparameter matrices. The FRFs
corresponding to the two positions were measured as

H — H2,1 HZ.Z H2.3 H2.4
" |H, H,, H, H

41 42 43 44

where H, denotes the displacement response measured tibfoicdue to the unit force input
at location.

The dynamic equation of corrected system needsadifynthe initial dynamic equation for
satisfying the measured FRFs at the actual stdtss. Tumerical application begins with the
dynamic system of noise-free FRF data in the rasfgeD01-20Hz. Figure 2 compares the
magnitude of the diagonal componenﬂsl”(i = 12,3,4) in the actual and calculated FRF
matrix of the model where the actual and calculgteds indicate the ones calculated from the
complete and incomplete measurements, respectiltely. observed that the shapes of both
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curves are very similar and the resonance freqaenaie rarely changed except,. The
calculated FRF curves corresponding to measuredigres H,, and H,, exactly match
with the actual ones and satisfy the constraintditmms of measured FRFs. And the plots
exhibit that the little difference in FRF curves &f , and H,, is caused by the incomplete
measurements and the discrepancy of FRF curve a$ masition 1,H,, comes from the
direct influence on the change in the stiffndgs Thus, it is expected that the increase in the
number of measurements will result in more exastlte and the derived equation will properly
describe the dynamic response of the correctedrsyst

Magnitude(Log10)
Magnitude(Log10)

0 5 10 15 20 0 5 10 15 20
Frequency(Hz) Frequency(Hz)

(@) (b)

Magnitude(Log10)
Magnitude(Log10)

° ° Frequelr?cy(Hz) 1 0 ° ° Frequelr?cy(Hz) 1 0
(©) (d)
Fig. 2. Spatial plot of the FRF matrix: (a1,,, (b) H,,,(c) H,;, (d) H,,

The solid line indicates the calculated FRF cume the dashed line indicates the actual FRF
curve.

(2) Update of FRF matrix for constrained dynamisteyn subjected to time dependent
constraints.

From the dynamic equation of motion for unconsedisystem of Eqn. (1), its acceleration
vector aO,G,tﬁ can be written as:
a=-M-(Ci+Ka-f(t)) 9)

Let us assume that the system is constrained fly<n) relations in the time-domain
expressed as:

A(u,u,t)i =b(u,u,t) (10)
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where A is an Ixn matrix, u, U and i denote the actual displacement, velocity and
acceleration vectors, respectively. Ahddenotes the number of acceleration measurement
locations. It is known that the dynamic responsecofstrained system must satisfy the
constraint equations at all times. Utilizing the dfde-Penrose inverse based on the Gauss
principle with Egns. (9) and (10), it can be dediy:
i=a+MV2(AM12) (5 - Aa) (11)
This result represents the dynamic equation of anofior constrained dynamic systems
provided by Udwadia and Kalaba [21].
Substituting Eqn. (9) of the acceleration vectoruatonstrained state into Eqn. (11) and
arranging the result, it can be written in the tidmnain as:
Mi+CU+K u=oF +p (12)
where C' =aC, K’ =aK , a=1-MY2(AM2] AM~ and p =M 2(AM 12D .
Transforming the constraint equations of Eqn. (&b ithe frequency-domain they can be
written as:

Alw)U(0)=b(o) (13)

where U(a)) indicates actual displacement vector in the fragyedomain. And the dynamic
and

equation for constrained systems of Eqn. (12) shbel transformed by using = ue'
f =Fe'”* with Eqn. (13). The ultimate dynamic equation fre tfrequency-domain can be
written as:

U(@)=H'F+p (14)

where H” denotes thenxn updated FRF matrix of the damaged system,

H =0 +ieC +K' [ la, p=M¥2(amM 2]

C' =aC, K =aK , a=1-MY2(am 2] Am (15)
Given by such constraints as compatibility condisiohey lead to:

U(w)=H"F (16)

because the right-hand side of Eqn. (13) shouldebe. It is observed that the constrained FRF
matrix can be directly and explicitly expressed.

2.2 FBS

The analysis of a huge structure to be composedualbstructures requires sometimes tedious
and expensive time. The analysis can be perfornyegadstitioning the entire structure into
several substructures and synthesizing them usimgpatibility conditions between adjacent
substructures.

Let us consider the entire structurero$ubstructures as illustrated in Fig. 3. The dymami
response vector is divided into the internal andndary regions that are expressed by the
superscripts andb in response vector. The subscripts representdfaeent substructures to be
interconnected. For examplég?vm(t) indicates the response vector at the boundaryomegi

between two substructurgandj+1, and ﬂ‘i (t) the response vector in the internal region of the
substructurg.
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Fig. 3.Substructuring of a huge structure

The dynamic equations ofsubstructures in the time-domain can be writtetthian form of
Eqgn. (1). The compatibility condition between adjaic substructures for structural synthesis
must be satisfied while synthesizing the subsysteht®e actual compatibility conditions
between two subsystemg and j+1 are expressed by:

uf ) =u,y ;) 17)
Utilizing the compatibility conditions such as Eqfil7) into all r substructures and
transforming them in the frequency-domain, they loanwritten by:
AU(0)=0 (18)
where U :[UI u;, - UI]T and the matrixXA denotes a Boolean matrix to represent the
interfacial nodes of adjacent substructures. Utigjzzhe unconstrained equation of motion and
Eqgn. (18) into Eqgn. (16) and arranging the resmét,obtain the FRF matrix of the synthesized
entire system. The following example handles thelmsis of the substructures.

Example 2)

This application considers the synthesis of thrdesgstems shown in Fig. 4. The subsystems
1, 2 and 3 have 4, 6 and 5 degrees of freedomectgply, and the entire system has 9 DOFs
along with 6 compatibility conditions. The subsystel and 2, and 2 and 3 are interconnected
at three nodal points, respectively. The FRF maifigach subsystem can be established by the
mechanical properties of:

k =4000N/m,  k,=12000N/m,  k,=8000N/m,  k,=7000N/m, k. =900ON/m,
k,=5000N/m,  k =6000N/m,  k,=7000N/m,  k,=900(N/m,  k,=11000N/m,
k., =3000N/m, k,=6000N/m, k,=5000N/m, k, =800CN/m,

m =1%g, m =8&g, m =10kg, m,=%g, m=12kg, m =13kg, m =%Kg, m =13%kg,
m, =17kg, C=0.000K,

where C and K are damping and stiffness matrices, respectivehe damping matrix is
proportional to the stiffness matrix.

The subsystems were divided at mass locationsateticin the figure and the constants
and (i = 123) denote the fraction of the divided mass. The nfestions were selected as
a,=a,=a,=09 and g =p,=p4=09. The compatibility conditions at the interfaces
transformed into the frequency-domain are writtgn b
U(0)=U(@).  UJ0)=U0) U,(0)=U,(0) Ufe)=U0)  Ulo)=Uo)
U7(w)=U‘7(w)'

Inserting the measured FRF matrices of three stdisygsand compatibility conditions into Eqn.
(16), the FRFs in the frequency range 001-40Hz were calculated.
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Subsysteml Subsystem? Subsystem3
us u's u's us
k —— — ke i ki
A A
—‘jgj ctams s ms s
G L, Ce Cuo

A A
nu e jin’y e ‘
[/ — ) U = g (@]
m
ke e us = ke Cs i
e iy

=
) g ]J:%v )
L

Subsystem3

s

Cis — Cla

Fig. 4. A dynamic system: (a) partitioned subsystemsatbgntire system
M =0Im,, M, =01m, M, =01m,, A =01, M =01m, M =01m

The calculated FRF matrix takes a matrix form cgpomding to the dual domain. Figure 5
compares the FRF curves of the diagonal componertse FRF matrices of the synthesized
system and initial entire system. It is shown ttiadse plots are the same and the derived
equation can exactly describe the dynamic respomdethe synthesized system in the
satisfaction of the compatibility conditions. Itdisates that the derived method can exactly and
explicitly establish the FRF matrix in synthesiziig substructures based on dual assembly.

2.3.FBD

The decoupling process follows the converse prooé#se substructuring. As an application
of the decoupling, we can consider the identifmatproblem of a subsystem which cannot be
removed or accessed easily. That is, if the dynamiation of motion for an entire structure E
and a substructure B are given, the residual stdrsy§E-B) can be extracted from the entire
system E in the frequency-domain by removing thaadyic effect of the substructure B in
Fig. 6.
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H,,. (h) Hg,, () Hy,. The solid line indicates the actual FRF curve traldotted line indicates the
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Fig. 6. Decoupling from an entire system

Let us consider an entire system E to be compossadubstructures in Fig. 7. Assuming that
the dynamic characteristics of the entire strucamd thej-th substructure to be removed are
known, this work estimates the dynamic characiessof the residual substructure. The
compatibility conditions between the residual sysend the deleted subsysteean be written

by:
A" [uuj(zt))} -0 (19)

where A" denotes a Boolean matrix to define the interfapi@sitions between the entire
system and the subsyst¢m

Expressing the dynamic equations of the entireesysand Eqn. (19) into Eqgn. (11) and
changing the (+) sign of the term to representldégment variation to the sign (-), they can be
written by:

Mi+Cu+K'u=& (20)
where C' =¢C, K™ =K and £ =1 +MY2(A'M V2] A'M L,

Equations (19) and (20) should be transformed biyngusi=U€e” and f =F€” . The
ultimate dynamic equation in the frequency-domain be written as:

U(w)=HF (21)
AU(0)=0 (22)
where H™ denotes thenxn updated FRF matrix of the residual system baseduahdomain
decomposition written by:

H =0 +iaC +K* e 23)

It is observed that the constrained FRF matrix lmamirectly and explicitly expressed. The
FRF matrix of Eqn. (23) describes the dynamic ctteréstics of the residual system to delete
thej-th subsystem. It is demonstrated that the FRFixr the residual system also takes an
explicit form.

i

ul‘

Fig. 7. Decoupling of substructures
395
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Example 3)

This example considers the establishment of the &lR¥e of the residual system to remove
a part of the subsystem 2 from the entire systerRign 8. Providing all information on the
entire system as well as the removed part of stbsy®, we can estimate the FRF matrix of the
residual system. Inserting the dynamic equationth@fentire system and the part of subsystem
2, and the compatibility conditions into Eqn. (2@) FRF curves corresponding to the residual
system are predicted.

Fig. 8.An entire system and removed part of the subsy&tem

Figure 9 compares the FRF curves of the residustesy after decoupling and the entire
system. The plots exhibit the influence due tordrmoval of the subsystem. It is found that both
FRF curves of the entire system and residual systehibit different shapes in the low
frequency range corresponding to resonance andemanance, and are very similar after the
frequency range. The derived equation can propiseribe the residual responses by simply
substituting the dynamic equations of the entirteay as well as the removed subsystem and
the compatibility conditions into the governing atjan of Eqn. (22)

3. Conclusions

This study provided analytical formulations to ufed#he full set of FRF matrix from the
dynamic equation of initial system and frequency tione dependent constraints. It was
demonstrated that the proposed methods can beedtilin synthesizing subsystems and
decoupling subsystems from an entire system basetlial domain components. The validity
of the proposed method was illustrated and analffme@digh numerical applications.
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