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Abstract. In the daily life and techniques people constaimigract with continuous media such
like air or water. In this paper motion of a vilmatvith constant air or water flow excitation is
considered. Firstly, motion of the vibrataith constant air or water flow velocity excitatiém
investigated. The main idea is to determine opticaaltrol law for variation of additional area of
vibrating object within limits. The criterion of Gmization is time requiretb move object from
initial position to the final one. The maximum priple is used for solution of the high-speed
problem. It is demonstrated that optimal contrdlaacis on bounds of area limits. Examples of
synthesis of real mechatronic systems are given.

Keywords. motion control, air, water excitation, optimal ¢ah, adaptive control, synthesis,
adaptive systems, energy utilization.

Introduction

Motion of a vibrator with two degrees of freedonuamnstant air rovx)\7O excitation is

investigated (Fig. 1.). System consists of masgesy, with springsc;, ¢;, and damperb;, b,.
The main idea is to find out optimal control law fa@riation of additional areA(t) of vibrating
mass mwithin limits (1):

A <A <A, )

where A - lower level of additional area of mass, A, - upper level of additional area of mass
m, t - time.

The criterion of optimization is timé& requiredto move object from initial position to
the end. First of all, in order to understand psscef fluid excitation and optimal solution of
control problem we consider system with one degrefeedom when massnis very large
(massive base)my, >>>m.

To simplify the equation it is easy (for systemhwine degree of freedom) to miss
indexes of motion description. Then the differdreguation is (2):

mX=—CX—bx—u(t)-(V, + %), )
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where u(t) = A(t) - K, m=m, — mass,X = X, — accelerationx = x, — displacement of object,
X =X,— velocity of objectc = c;, — stiffness of springh = by, — damping coefficientV, —
constant velocity of windA(t) — area variationi(t) — control action (3)k — constant.

It is required to determine the control actios u(t) for displacement of a system (2)
from initial positionx(ty) to the end positior(t;) in minimal time (criterion K) K=T,if area
A(t) has limit (1).

(o C12
Fig. 1. Scheme of model with arégt) control

Solution of optimal control problem for system with one degree of freedom

High-speed problem must be solved for system dimitaat any time [1 - 9]:

o]
K=[1dt.
fo
Toassumd, =0; t, =T, wehaveK =T .
System (2) transforms to:
X, =X, X =X, or
X, = X,; MX, =—CX—bx-u(t)-(V, +X%)?,
and Hamiltonian is (3) [1 — 3]:
1 2
H = yo % +175( (-0 b —u(®) - (Vo +,)°) ©

hereH = - X ,where (4)
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Yo 0
W=y X= X ' “)
1
V2 ;] ’ [_Cxl - sz - U(t) : (Vo + Xz)z]

Scalar multiplication of two last vector functioms and X in any time (HamiltoniarH [3])
must be maximal [2 — 9]. To have such maximum, mdraction u(t) must be within limits
u(t)=u; u(t)=u,, depending only on the sign of functign, (5) (see, for example, [3 —
6]):

H =maxH,

| 2 (5)
if oy, (u(t)- (Vo +X;)7) =max

Therefore if y, >0, the u(t)=uand if y, <0, the u(t)=u,, where u, =A -k and
u, = A, -k, see (1). Examples of very simple control actiwiti{ one and three switch points)
are shown in Fig. 2, 3.

X, A Xo A
A ’(XAz A
) \4
\ X1 x(0) X
x(0) Y P4
— "2
x(T)
Fig. 2. Optimal control with one switch point  Fig. 3. Optimal control with three switch points
when =0

We will not consider in this paper how to find ssties points (e.gy, > 0, or i, <0,

[3 — 9]. But the main conclusion of optimal contlalv is that value of area at any time must be
on boundsA(t) = A; or A(t) = A, (5). In real systems it allows synthesizing of sjt@ptimal
control actions (see, for example, [10 - 13]). Aubdially, here must be mentioned that optimal
control in time domainu(t) (like programming control) in real nonlinear syste without
feedback often are unstable. Therefore in this ¢hsetask of synthesis of new real control
systems includes step of forming control like mixedction of phase coordinates and time
u(t) = u(xy, %o, ,t) (see, for example, [10 — 13]).
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Solution of optimal control problem for system with two degrees of freedom

The equation of motion may be described as (6):
my=-cy-c,(y-2 -hy-b,(y-2);
mZZ= Clz(y_ Z) + blz(y_ Z) - U(t) : (Vo + 2)2,

where V, Y, ¥ — displacement, velocity and acceleration of mass 2,2, Z —displacement,
velocity and acceleration of massy,. To use new variables (phase coordinates)
X=Y, =X=Y, X,=2, X,=X =2 the system (6) may be written as first order
differential equation (7):

(6)

X =%,

Lo 1. RV _ _ .

Xz—ml[ C X — Cp (X — %) =%, =1, (%, — X,)]; @)
X3 =Xy

. 1
X, = _[Clz(xl - Xa) + blZ(XZ - X4) - u(t) ’ (Vo + X4)]
m,
In this system with two degrees of freedom the Htamian is as follows [3 - 8]:

1
H=y,+yX, + V/z(ﬁ'(_ CX, — Cpp (X — X3) =X, — by, (X, — X4))+ W3Xy +

1 8
+ ‘//4(F (Co (X = %5) + by, (X, = %,) —u(t) - (Vo + X,)).
2
Optimal control law is of the same structure thalution (5):
H =maxH,
)

ity - (-ul)- (Vo + X4)2) =max.

The main conclusion of optimal control law (9) &ystem with two degrees of freedom is the
same like for the system with one degree of freedaiue of area at any time must be on the
bounds (1)A(t) = Ay or A(t) = A,.

Real control action synthesis

For realizing optimal control actions (in generake) system of one degree of freedom
needs a feedback system with two adapters: ondigpfacement measurement and another - for
velocity measurement. There is a simple case ofraloaxisting with only one adapter when
motion changes directions, as shown in Fig. 3,.[12ineans that control action is similar to
negative dry friction and switch points are aloregaz velocity line. In that case equation of

motion for large velocityv 0 >|X and dry friction is (10):
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m- X =—c-X—b-x—F -sign(x) +U (X), (10)
.&gn()@}_{k.(\/(” X)% - A, :L_S'—Sn(x)} and

m— massg, b, F, k, Vo — constants. Examples of modeling are providdeign4 — Fig. 7.

where U(;():_[k.(\/()Jr X)%- A

—0.6 0
Pa, Xn —0.05
—0.8
—-0.1
-1 -0.15
0 1 2 0 2 4
th th

Fig. 4. Full control action (10)Pa, =U(X) in

Fig. 5. Displacement xin time t, domain (Sl

time t, domain (SI system) system)

3
—245

24 235 2.3 225

Fig. 7. Motion with initial conditions outside of
limit cycle

Fig. 6. Motion in phase planexE x,; X=v,) with
initial conditions inside of limit cycle

An attempt to find more than one limit cycle wasdstigated in complicated system
with cubic resistance force and dry friction (1Bnswer is positive: for a system with non-
periodical excitation (e.g. constant velocity of air or water flow) there can be more than one
limit cycled (Fig. 8, 9). Both cycles are separadtgdifferent initial conditions.

m-%=—c-X*—b-x—F -sign(X)—[k-(vm X)Z.AZ._l_Sign(X)}_
—{k-(\/0+ 27 A 93“(50}

For system with two degrees of freedom (6) the saomérol actiorlJ was investigated (see (10,
11)):

11)
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1+sign(2)

U(Z):—[k-(\/0+z)2-A1 5

Results of modeling are given in Fig. 10 — 13.

100

Vn v

~50|

~10
~6 ~4 -2 0 2 4

Xn

Fig. 8. Motion in phase plane for left side limit cycle

0.2

2
—0.02-0.0125°0.005 0.0025 0.01

Yn
Fig. 10. Motion of massn, in phase plane from
small initial conditions

—4
0 15 3 4.5 6

th

Fig. 12. Control action in (12) time domain

}-[k-(\/ou)Z-A2

1-sign(2) 12
— Y } (12)

100

50|

Vn 0|

50

~100
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Xn

Fig. 9. Motion in phase plane for right side

limit cycle
2
1
vZ, 0
-1
_—0.2 -0.13 -0.05 0.025 0.1

Zn
Fig. 11. Motion of massm, in phase plane from
small initial conditions

4
2
VZ 0
— \‘
2 e R
—04 —0.25 -0.1 0.05
Zn

Fig. 13. Motion of massm, in phase plane from
large initial conditions
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It is demonstrated that adaptive systems are veyles because air excitation and
damping forces depend on velocity in second degree.

At the end of this study some experiments insidedviunnel are considered. Variable
speed motor driven unit downstream the workingisegtermits continuous control of airspeed
between 0 and 26 MsExperiments confirm that airflow excitation isryefficient.

Fig. 14. Wind tunnel

Conclusion

Air or water flow may be used for excitation of ebjs motion by means of vibration
technique. Control of object area allows developn@nvery efficient mechatronic systems.
Algorithm synthesis of strongly nonlinear mechahmgstems includes tasks of optimization to
obtain principally new vibration systems. For reation of such systems adapters and controllers
must be employed. For this reason very simple obumirtions have solutions with use of sign
functions.
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