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Abstract. The binary asteroids are of current interest inrtteelern dynamics as there have been up to 50 aisesvof
binaries. Estimates are that about 20% of neahEssteroids may be binary asteroids. Nevertheles&rnown asteroids
pairs are rather rare objects in the Solar System.

There are a number of papers studying the variepeas of asteroid pair dynamics. In this paperstuely some
stationary motions in the system of binary asterbising the model for the first time suggestedlip we approximate
the bigger asteroid by the dumbbell-shaped rigidyb®loreover we assume that the smaller astercsdniss close to
zero.

It was shown in [1] that the motion equations foe tonsidered system have the stationary solutomesponding to the
smaller asteroid's equilibria relative to the axfighe regular precession and the dumbbell rod & leemiilibria similar to
the libration points in the Restricted Circular Bleon of Three Bodies (RCP3B). There are two tydesuch equilibria.
The equal distances from the dumbbell endpointsacherize the equilibria of the first type, themefave shall name them
‘the libration points similar to Lagrangian’ or &hriangular libration points’ (TLPs) by analogyaalassical problem. At
difference with RCP3B there are two or one TLPthey do not exist.

Equilibria of the second type in something are kintio the Eulerian libration points. They belongte plane containing
the bigger asteroid's angular momentum and the Halhtod. Moreover, these equilibria belong to #tiép bounded by
straight lines crossing the dumbbell endpoints laeihg perpendicular to angular momentum. Therefegeshall name
them ‘the coplanar libration points’(CLP). The CL&sordinates are computed by following procedunso Rlgebraic
equations are deduced. One of these equationsvdeés the curve containing all CLPs. We say thit tarve is ‘the
Geometrical locus of CLPs’ (GL). The second equmétiows to locate CLPs in GL. Studying evolutidnGi.Ps in GL it
can be proved that the number of CLPs varies fromp 30 7, but if the dumbbell consist of equal spkehen only the
odd number of CLPs is possible. However, if the dbell is asymmetric then the number of CLPs cardl 4 or 6 for
some rare situations.
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Introduction. the external influences upon relative motion of par.
We consider the smaller asteroid as a particle witss

The relative motion in the binary-asteroid system i close to zero that moves under gravitation of thggdr
one of the most interesting topics in astrodynamicsasteroid. We approximate the bigger asteroid as a
Discover more than fifty asteroids pairs and théregion  dumbbell-shaped body, i.e. as two massive spheneshy
that up to 20% of asteroids are binaries explainbhsu the weightless rod. Here we follow the papers [Wjere
interest [2,3] the high-precision approximation of the Earth gtatidnal

It is necessary to note some common features of th@otential was constructed by using the integralbtblem
binary-asteroid system. First, the external infee=n (in  of two immovable centers. But in the considerecedae
particular the Sun gravitation) upon the relativetions of  attracting centers are moving.
the pair's components are rather small. Secondéy/mass From the assumptions made it follows, that the
of one asteroid in the pair is small in comparisgtihh mass motion of the dumbbell-shaped asteroid is the &gul
of another. Thirdly, the bigger asteroid in the ondly of  precession. The equations of a smaller asteroidom
known binaries has a very complicated shape. Notelepend on three parameters. Two parameters ddfme t
however, that lots of asteroids are quasi-axialfegtnic  precession of the bigger asteroid. The third patame
((243) Ida, (762) Pulcova, etc.) or dumbbell-shaf{@d6) characterizes the difference between masses aipieres
Kleopatra, (4769) Castalia, (433) Eros, etc.. on the ends of the dumbbell. These equations aiécesl

The motion of a particle or a spacecraft aboutragte to the Restricted Circular Three-Body Problem (RBP&
has been studied in many different papers. ([4-84§, a right angle of nutation and one special value tf@
Certainly, this list is not full). In these papedgferent precession angular velocity. Thus two-parametrical
models of an asteroid pair dynamics have beegeneralization of RCP3B takes place. Note also that
investigated. In this paper we consider another @hod same equations describe the spacecraft rotatioumdra
based on the following simple assumptions [1]. Wglect single asteroid.
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The formulated generalized problem has stationary
solutions corresponding to the smaller asteroigtslibria
relative to axises of the bigger asteroid's preoasand
nutation. There exist two types of such equilibria.

The equal distances from the dumbbell endpoints
characterize the points of the first type, therefare will
name them ‘the libration points similar to Lagreaargior
‘the triangular libration points’ (TLP) by analogy the
classical problem. The coordinates of TLP werergsfiby
explicit formulae having a simple geometrical
interpretation. These points belong to some cirdlee
plane of the circle is perpendicular to the angular
momentum vector. The TLP belong to the plane cngssi
the dumbbell in its midpoint and being perpendictdathe
rod. Clearly, there are two or one TLP or they'daxist.
Unlike a classical problem the triangles formed dwgh
points and the dumbbell will be not equilateral amat
coplanar but only isosceles in general.

Equilibria of the second type in something are Eimi

to the Eulerian libration points. They belong te thlane Fig. 1.
containing the bigger asteroid's angular momentadthe
dumbbell rod. Moreover, these equilibria belongthe Let my(X Y, 2) be a particle of the mass close to zero.

strip bounded by straight lines crossing the duriibbe
endpoints and being perpendicular to angular mouament
Therefore we will name them ‘the coplanar libration

points’(CLP). Two algebraic equations determine@hés m .\ m, 2%
rno=|| X+ Isin| +y°+|z+ | cos$ )

The distances; andr, from my to the dumbbell endpoints
are defined by formulae

coordinates. One of these equations is quadratcdaes
not depend on the regular precession’s angularcitglo

Roots of this equation define two branches of theve 2 2%
r, :{[x— ™ Isingj +y2+(z— ™ Icos9j ]

that can be called ‘the Geometrical locus of CL{AL).
Substituting these roots in the second equatiomgyetdwo
new equations that allow locating CLPs in GL. These
equations are solved numerically. Varying the pssimm’s  Equation of motion for the partiche, can be written as

m +m,

angular velocity, we see that the number of CLPaas U m m,
less than 3 and is not more than 7. It is easydwepthat if W =—, U = Gm{—+—} [G]= g 'em®c?
the dumbbell consist of spheres having equal masshe r P
dumbbell is symmetric, then only the odd numbe€CbPs
is possible. However, if the dumbbell is asymmethien ?—2a)y—a)2X=a—W
the number of CLPs can be equal 4 or 6. The lasatgin '
is rather rare. In particular, it takes place ibtef CLPs oW
merge. Y+ 20%— 0’y = —,
Formulation of the problem. oW
Z=——,
Suppose an asteroid consisting of two homogeneous 0z
spheres with masses, and m, rotates about its angular whereG is the Gravity constant.
momentum vectorL=L, (Fig.1). Without loss of a For these equations there is Jacobi integral egpdes

generality,m, <m,. Let 9 be the angle of nutatiory be o o o\ 1( 5 m m,
the precession angular velocity. (From our assiemgtit as—(X Ty +2 )_E(X Ty )_ r_+_ =h.

follows that 9 = const, w=const). By O denote the mass . . 1 2
center of the asteroid. Let alspand |, be the distances Suppose the dimensionless distance between the
from O to the centers of the spheres. gravitating spheres equal to 1. Using the dimensionless

SupposeOxyz is the right-handed coordinate system™
with the originO such thatOz andL are equally directed, Vvariables
the axis of the dumbbell belong to the plade andthe
first coordinate of the center of the smaller sphés
positive.Oxyz rotates about with the angular velocityo. We can rewrite the motion equations as

x=I1&, y=In, z=1{, wdt=dr, | =1, +1,.
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v o oW (1 1 1-u u
EM-2p'—E="— a{y(l—y)sm&(—}—f( +H+§=O;
0 p; P >
o W, (2 _ (5)
n"-2&'-n=—— 1—0{1 “+“jn=o;
677 3 3
_ 1 2
oW 11 1-
"_ “ooH
,u(l—,u)cos9~[—J—§[ +J=o
¢ PP PPl

where the prime( )' means a derivative W.r.t. determine the coordinates of such points. Only ¢ages

dimensionless time are possible.

’ " " 1.The distances from the particig to the dumbbell

Wea 1—/u+i P =L, p,=2.03) endpomt‘s are.equfetl, |.%1-:p2 ¢.|/2.. Such points c_an be

P P | | ne_xmed th(_a I|br_at|on _pomts similar to L_agranglaor

Parameters: and are defined by the formulae ‘triangular librtation points’(TLP). From (5) it flows that

in this case = 0. Hence, TLPs belong to the pla@ay.

7, :L,[l_ﬂ = ﬁ} 2.7 =0, i.e. the considered points belong to the plane
m, +m, m, +m, Oxz containing the vectok and the rod of the dumbbell.
G(m +m,) Such points can be named ‘the libration points Isirnto

a :T =1 Eulerian’ or ‘coplanar libration points’(CLP).

?utzsztgt/ut_nltg_(l) and (3) in (2) we obtain Thetriangular libration points.

o (1—/J)sinl9~(13—13]—a (1—3/1 +,us]; The following statements are fulfilled [1, 18].

P2 P P 2
" ’ 1_

n"+2& —77=—ar7[ 3”+’”’3J; .y
P1 P2

é’" —
1 1 1-

=au (1—;1)00319 -(3—3J—a,u( 3# +'U3J;
2 P P1 P2

p, = [(§ +using)P +n?+ (L + ycos&)z}vz

pr=[(& - (- u)sing) +

+7%+(¢ - (- u)cosg)® }*

If a=1and 9= 7/2 then the equations (4) are reduced to

the equations of motion for the RCP3B. Consequently
two-parametric generalization for the classic problem
takes place, namelya =land 9 =1.

Note that Fig. 2.

1. Clearlyp< 9< . Hence, inequalitysing> 0 holds. 1. TLPs belong to the plane intersecting the
2. Obviously,0< 4 <1/2 because of, <m,. =12 if dumbbell’s axis in its midpoint and being perpenthc to
the dumbbell is symmetric, i.en, =m, . the rod (planer; in Fig. 2).

It is well-known that there exist five stationary 2: TLPS belong to the p_Iane interse_ctin_g the
motions of the RCP3B for which the distances bemie ~ dumbbell in its mass center and being perpendidolas
bodies do not vary [16, 17]. The corresponding fsoof ~ @ngular momentum (plarg in Fig. 2). _
relative equilibria for the smallest particle aralled the 3. TLPs belcz)ng to the cylinder determined by the
libration points. There are two Lagrangian libratipoints . 2 .2 =
and three Eulerian libration points. The formulateg®duations”+¢*=a? - ul1-pr).

generalized problem has the similar points for rilative 4. Coordinates of TLPs are determined by
equilibria of the smaller asteroid in the rotatifigme of formulae
reference©xyz 1-2 Z 1 a0 Vel d
The equations E="— Ho g — £ : /‘21) _
2sing 4sin“ 9
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5. If u(l-u)<1/36 then TLPs are stable. If
u(1-)>1/36 then both stability and instability are
possible.

From 1-4 it follows that there are two or one Tld?s
TLPs do not exist.

Geometrical locus and coordinates computation of
coplanar libration points.

From equalitys =0 it follows that the coordinates of

CLPs satisfy equations
1_—3#+i ——%}cow}zo (6)
2

o

3 3
1 2 1
1—

5{1—0&—

1 1.
—a (1—u)u[—3——3}sm9 =0

P P2

Using (6, 7) it is easy to prove that the CLPs bglto

the strip bounded by straight lines crossing thelohell
endpoints and being perpendicular to angular moument

i.e. £cos9 < ¢ < (1-u)cosd.

™)

0B+

g

044

Note that (6) does not depend af Factually this
equation is quadratic equation &flt can be reduced to a
form

(e + usingl +¢ + ueossf' )=
=[¢-@-w)sing[ +[¢ -1~ p)cos9f
(1- u)cos9—¢

where
H _
H1COSS+ ¢

)= 1

U
The roots

——Mb(g)Jrl_’usinSi

®(¢)-1

51,2 =
+ (%Tsin%‘— F(¢)

_ ®(¢)u?sin® 9+ (1-2u)cos 9+ 2¢ cosd

(F(g)‘ o(¢)-1 j

of (8) determine in the planeéQtwo branches of a curve
that can be called a Geometrical Locus (GL) of CLPs.
Typical forms of GL are depicted in Fig. 3abc.

(8)

. 3a.

. 3b.

'
ki

Fig
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Fig. 4.
From (7) it follows that this case there exist 3, 5 or 7 CLPs. Correspondiegsan
9 ) 1-u . the plane of parametefsanda is depicted in fig.4. In this
a - = (0(5’51#79): 7 (5+ ﬂ5|n'9)+ figure the equation of the cur®CD is
' 9) 2 3sin’ g
+—£ (61— p)sing) 16

éps
Substituting &, , for & in (9), we get two equations
for coordinate; of CLPs
at =0, u9), (10)
It can be proved that the number of real rootsl@ (

the curve4AC was defined numerically. Coordinates of the
mentioned points areA(0;), B(0;1/8), C(0.626016

=35°52'5" 0.60653, D(arctanv/2 ;0). Note also that there

exist 5 CLPs for the points belonging to the cur&€sand
BC, there exist 3 CLPs for the points belongin@.

varies from 3 to 7. These equations can be solvedihe CLPsevolution for the symmetric dumbbell.

numerically.
Thediagram for the number of CLPsif the dumbbell is
symmetric.

If the dumbbell is symmetric(y=1/2 < m, =m,)

then two statements are fulfilled.
1.The origing = ¢ = 0is the CLP.

2.If the point with coordinates§ = ¢&,, ¢ =¢,is
CLP then the point with coordinatgs=—¢&,, ¢ =—-¢,also
is CLP.

From the diagram in Fig. 4 it follows that if the
dumbbell is symmetric then there exist three typeGLPs
evolution at the increasing of

First type takes place irctanv2 < 9<r/2 (Fig.

5a). In this case there exist 3 points for anyointsL,, L,
move from attracting centers to infinity.

Second type takes place if (Fig.5i). this case
there exist 3 or 5 points. Poirltg L, move from attracting
centers to infinity, point&s, L, move from ‘vertical’ axis

From these statements it follows that if the duniibbe to the dumbbell midpoint. Points, Ls, Ly merge atl, if

is symmetric then the number of CLPs is odd. Heince

a =2-3sin” 9/16.

024 7 —_—
g L, .
0.1
15 A 05 0% 1 15
-0. %4 L 0 f
— L 2
Fig. ba.
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Fig. 5c.

Third type take place i0 < 9 <35°52'5" (Fig. 5¢). In
this case there exist 3, 5 or 7 points.
a > 2-3sin’ 9/16then two new pointds, Lg are born.
There existo that if a=a” thenLg collides withLs; andLg
collides with Ly. If a>a then the pointsi; Ls Ls Lg
disappear.

Examplesfor the asymmetric dumbbell.

If 4 =0.475; 9=7°30"; a =0.255; then there exist 6

IfCLPs. In this case two points merge alsbdFig. 7).

Conclusions.

In this paper, stationary motions in the binaryeest
is studied. Points corresponding to the smalleeragt’s
equilibria relative to the axises of precession anthtion
of the dumbbell-shaped bigger asteroid are consitier

It can be shown that if the dumbbell is asymmetric>uch points usually name the libration points. gsihe

(m, #m,)
even number of CLPs is possible. But this situation
rather rare. Factually, it take place only if twb ©LPs
merge. For instance, ifi= 025; $=15; a =0.046; then
there exist 4 CLPs. Here two of CLPs mergé gfFig.6).

then there exist 3, 4, 5, 6 or 7 CLPs. So the

suggested in [1] the algebraic equations for
coordinates of the libration points are deducedesth
equations are reduced to a form convenient for micale
analysis. The number of the coplanar libration ®in
(CLP), i.e. the libration points belonging to theamd
composed by system angular momentum and axis of the

model

555

© VIBROMECHANIKA . JOURNAL OF VIBROENGINEERING 2008 DECEMBER, VOLUME 10,IssUE4, ISSN1392-8716



415.0N EVOLUTION OF LIBRATION POINTS SIMILAR TOEULERIAN IN THE MODEL PROBLEM OF THE BINARYASTEROIDS DYNAMICS V. V. BELETSKY! AND A. V. RODNIKOV?

dumbbell is counted. This number varies from 3 @yt
but it equal to 4 or 6 only for rather rare sitoas.

Fig. 7.
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