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Abstract. A novel dry friction modeling and its impact on fdifential equations computation and Lyapunov exptse
estimation are studied in this paper. A brief revief some existing standard friction laws are pnésé and novel
continuous friction model is proposed, which tak&® account some elements of the mentioned frictimdels. We
show that our continuous friction model is suitafde analysis of stick-slip vibrations caused by fhiction and is more
efficient from a computational point of view in cparison with the other presented friction modeis.advantages are
illustrated and discussed using a two degree-@fdivpen model. Although there are numerous works @ gtientific
literature dedicated to stick-slip vibrations, wansider a rigid body lying on a belt which movesah-constant velocity
that is less investigated. The behavior of theesyss monitored via standard motion analysis. Téees, phase portraits,
bifurcation diagram as well as the Lyapunov exptsare reported.
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1. Introduction mathematical modeling does not belong to easy tasks
Friction force between sliding surfaces is a comple
Computing Lyapunov exponents is one of the mosiwkno process and depends on several parameters, iaiveel
and most important identification tools in nonlinea velocity of sliding surfaces, normal load, time,
dynamics allowing for identification and investigat of temperature. Publications from a mechanical pdintiew
chaotic dynamics in nonlinear dynamical systemsare mainly concerned with dry friction stick-slip
Although the Lyapunov’s theory for estimation cheot oscillations with various models of friction. Anteksive
dynamics was used by Oseledec as early as fortg pe@ literature review on dry friction models can beriduin the
and there are numerous works in the scientificditee  works of [1, 2, 3, 10, 11, 14].
dedicated to chaotic vibrations, in general theme @ot Even in the last decade stick-slip vibrations wire aim
many effective methods available for the Lyapunowof research of many authors, for example in theks/gv,
exponents estimation. The classical Lyapunov expizne 9, 13]. In these works, stick-slip induced vibrasoare
definition can be used with success only in systemstudied for cases where body or bodies are ridingao
governed by differential equations with smooth tighnd  driving belt as a foundation that moves at a cansta
sides. On the other hand, methods commonly usethér velocity. In our work, as the example of a mechahic
Lyapunov exponents computation require smooth vectasystem which exhibits stick-slip vibrations, theahanical
fields as a necessary condition to be satisfied. model with non-constant belt (foundation) velocity
There are many discontinuous systems arising due ®iudied.
physical discontinuities such as dry friction, impaand In the next Section 2 a brief introduction and eswiof
backlash in mechanical systems or diode elements Bome existing standard friction laws is given faisd then
electrical  circuits. For these cases anothepur proposed novel continuous friction model isspreaed.
numerical/analytical approaches may be also applied Several various friction models will be used toilftate
phase portraits, bifurcation diagrams, the Melnikgye the comparison of obtained results. These modeldtzir
methods, Fourier spectra, as well as various methodmpact on differential equations computation and
experimentally and numerically oriented.  OurLyapunov exponents estimation are studied usingf2-d
investigations in this paper will be concern wistems model with dry friction (Section 3). This approacén be
governed by differential equations with non-smongit- used for all problems involving dry friction, e.dor
hand sides due to dry friction phenomenon. Theaesp Filippov systems described by a set of first-ordetinary
of a mechanical system with dry friction may inaud differential equations with a discontinuous riglatd side.
several nonlinear effects such as stick-slip vibret, self- Numerical methods to calculate periodic and nonepiér
sustained oscillations and other nonlinear instgbil solutions in the system’s phase space, bifurcatitegram
phenomena [8, 16]. as well as the Lyapunov exponents can be founeatiéh
Although dry friction belongs to one of the known 4. Results and conclusions of our study are predeint
phenomenon exhibited by mechanical systems, itpgoro Section 5 and Section 6, respectively.
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2. Several Dry Friction Formulationsand Proposed function. Usually, friction curve approximated blyete
Continuous Friction M odel functions are continuous or even smooth, but¥gr=0

Several dry friction formulations have been progbse W& have alwayshy, =0, too. The friction force depends
based on the classical (discontinuous) Coulomb modegn V, but not depends Oﬁex in the stick phase.

One of the simplest form of the friction law is ttlassical In one of the recent paper [13] devoted to mathiealat
Amontons-Coulomb law, in which friction forcéy is  modeling of dry friction, the so called switch mode
defined (in dimensionless form) as a function o€ th proposed and used in order to match the obtained

relative velocity V, of sliding surfaces in the slip phase numerically simulation results with those given the
experimental investigation of the mechanical bodies

and as a function of the externally applied folgg (all  exhibiting stick—slip vibrations. Switch model (fro a
forces acting in the system excluding friction fren the  mathematical point of view) is governed by threstegs

stick phase. The constitutive relation by, is known as Olf_ no;:linear ordina:jyfdiffre]renti_all( e(r]]uations(:j ;E ﬁﬂe
the signum model with static friction point and cliise slip phase, a second for the stick phase an rthe

dry friction phenomenon in the correct and accu _ transition from stick to slip. In the work [13] litas been

Note that during numerical simulation an exact gabf S&ng)?hi;hatmg&rg dsa afgr?ﬁ;rt:“g;aéngﬁl |2t thcgn \{[Ir?(\alvrswi?c
zero is rather rarely computed. For this reason thg 9 P

mentioned signum model from a numerical point efwis ggl?)i\i szvseed T:;Zﬁ?;a (in non-dimensional form) an
equivalent to the classical Coulomb model. P

Observe that the dependence of friction force oa thalternatlve continuous fr|ct|qn mOd?' _taklng Intocaunt
: : : . some elements of the mentioned friction modelsstRire
relative velocity based on the signum model is non-

continuous function forV, =0 and standard numerical divided the spaceFe, —V, into the following four

procedures devoted for solving differential equagio '€9ions as follows
cannot be used. For this reason the friction cusre
therefore often approximated by a continuous oramo

ViiV,|>e,

Va! [(OS Ve < g)m(Fex > FS)]U[(—S <V < O)Q(Fex < _Fs)]'
V3! [(0< Vi < 8)m(Fex < —FS)]U[(—S <V < O)Q(Fex > Fs)]'
V, (Vi <e)n (R <F),

where K denotes maximum static friction force. The propbsentinuous friction model has the following form

F(lvr |)Sgnvr’ for Vl
F, sgnk,,, for Vv 2 V

R (Ve Fo) =1 S0 e 2 py= YT 32|, (1)
(2A; —1)F; sgnv,, for Vj g2 £

As(-F, +FsgnV,)+F.,, for V,

Figure 1 show friction force defined by above fotan(l) as a function o¥/, and F, .

Fig. 1. The friction force as a function of relative veitgchr in stick phase for several fixed externally fordEé:,<
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In our model friction force is a continuous funetion V,  (foundation) velocity is studied. In addition, weroduce

I . - external harmonic excitation, too. We consider a tw
(like in smoothing methods) and far, = o friction force degree-of-freedom mechanical system (model) with dr
is equal to externally applied forck,, (like in signum friction consisting of (block of) small mag® riding on a

model). This model of friction has been alreadydubg ~ driving belt as a foundation that is moving at dans or
the authors of this work in studies [5, 6, 15].this work  non-constant velocityVy, and attached to inertial great

we takeR(| V, [) = Fy/(+3(| V, |-2)) - mass M by spring K. Between massm and belt dry

friction occurs with a frictionT;, (with maximum static
3. Two Degree-of-Freedom Model o ] .

friction force Tg). The relative velocity of the mass
Advantages of the proposed friction model andritpact  with respect to the belt as a foundation is dendigd
on differential equations computation are illustthtand —V. —X. In addition. harmonic excitation with
discussed using two degree-of-freedom model with dr " dr ' '
friction, which exhibit both regular and non-regula amplitude T and circular frequencyo; is added to the

dynamics. Although there are numerous works in th@ma|l massm. The mentioned system is shown in Figure
scientific literature dedicated to stick-slip viboms, a 2 This model possesses stick-slip periodic and- non
rigid body lying on a belt which moves at non-camét periodic solutions. Velocity of the belt is denotéy
velocity and Lyapunov exponents estimation in theseV — V. COSot

systems are less investigated. In this work thehaueical dr 0 ‘
model with both constant and non-constant belt

M

T cos oyt

Vyr = ¥ c0s el

Fig. 2. Two degree-of-freedom model with dry friction amarmonic excitation

The following second order differential equatiors/g/n  Let us introduce similarity coefficientst., X,

the system dynamics V. =X« /t. and the following dimensionless parameters:
T=t/te, X=X/%X, Y =Y/X, V=V/V., W=wW/V.,

@ 7=z, ¢=0, 0=kt?/m, Q2=kt?/M, Q=ot.,
Q, = ot K =Tt /(mw), Fo =Tot«/(Mw),

where the dot (-) denotes differentiation with eedpto  V,=v,/V., Vg =V C0sZ, V, =Vg4 X,

(?Iimenls(iz))r(w tir;)et .'I'Inc:)(:srmmt()del F = 05(X -Y)—F,cosp. In our calculations we take
ex — —Y)—lo 1t -

This dynamical system can be expressed as a Sestof t. =y/m/k[s] and x. =1[m]. Then, V|brat|ons. of the
order ordinary differential equations. The govegiin massesm and M are governed by the following non-

{mx = —k(X - y) + Tfr (Vr (mt)’Tex) + TO COSCOlt
My = k(x —y) ’

equations read dimensional second order equations
X=V
V=—(k/m)(X—y)+ Ty (V, (2), Toy)/ M+ T, COSp/M X=—(X=-Y)+F (V,(2),F) +Fcosp @
y=w .(3) Y =Q%(X-Y)
W = (k/M)(x - y)
7=m which are further recast to the following form
o=
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X =V parameters of our model areF =1, &§=3,
V=-(X-Y)+F (V,(2),F.,) + R cosd QS =0.00002 V,=02. Let us consider first
Y =W dynamics of the system without harmonic excitatipe,

» (®)  F,=0 and forQ=0, i.e. when the belt is driving with
W =0Q3(X-Y) . _
0 the constant velocity/,, =V, = const For this case, the

Z=Q phase portraits obtained with signum model, smogthi
b= O method (hyperbolic tangent approximation), switcbdel
0= and our continuous friction model are shown in Fég8.
where a dot (-) denotes now the differentiatiomwitspect 0,203 + v

to non-dimensional time .

0,202 t
4. Numerical Computational M ethods :
0,201 T

/2
The methods commonly used to compute the Lyapunao /

exponents require smooth vector fields as a neoesss 02t
condition. In signum model and switch model frictio
force is non-continuous function of relative vetgcand 0,199 +
therefore a continuous friction model is proposedhis
paper, which does not posses this disadvantageamtie 0,198 1

used during analysis of the systems, where the wyap X
exponents are computed by the standard proceddtes o197 : : : : i
12]. Note only, that while computing Lyapunov expats, 0.8 04 0 04 038 12

besides six equations (5) also six additional systef

_ Fig. 3. Phase portraits of the analyzed f@; =V, = const for
equations = 1,23456) b= Vo

different models of friction: signum model (curviy $moothing
method (curve 2), switch model (curve 3) and ounticmous

XM =y O friction model (curve 4)

Y® = (X® vy ™y dE™ — (R sing)p ™ The periodic stick-slip oscillations have the sigli

S ) _vm) velocity almost the same at each model in slip phag is

YT =W ,(6) Visible, that in the sticking phase some differencee

< (n) 2,3M M) observed. The differences occur in result of anothe

W = Qg (X =Y ) approximating friction force application in nearae

E(”) -0 relative velocity neighborhood. Contrary to the esth
- models results, our results are better (almost texac

$(n) ~0 solutions). In Figure 4 are shown the phase pdstrai
- obtained using both switch model and proposed woatis

with respect to perturbations are solved, where friction model for our mechanical system. Periosiick-

slip oscillations occur in this case fat,, = const, too.

dR" = (0F;, /X)X ™ + (@R, /oY)Y @ + (@R, /oV)V @ + 7y
A7 () ) ~(n) 0,2004 TV
+ (R [OW)W ® + (R, /02)Z + (R, /00)

Finally, forty two equations are solved. The diéfetial
equations of motion are solved via the Runge-Kutta-

2
Fehlberg (RKF 45) method with varied time stdp o2 f

(hpin =10°,h, . =10") and with a Runge-Kutta-

Fehlberg tolerance ofj=10"° and steepness parameter o, |

max

£=10"2 and the Gramm-Schmidt ortonormalization
technique [4]. The behavior of the system is maetiovia
standard motion analysis like time series, phas&rgits, X

. . . 0,1992 t t t t |
bifurcations diagram as well as the Lyapunov exptse s R 0 i o 10

5 Results Fig. 4. Phase portraits: switch model (curve 1), contirsuou

friction model (curve 2) and continuous friction deb for

Our numerical computations are carried out for the =102 (curve 3)

particular case M >>m. The initial non-dimensional
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The sliding velocity is almost the same as abowe lfbth  expensive than the proposed model. The differemtitihe
switch and continuous friction models), but in 8teking  first friction model is extremely large for relagiwelocity
phase some differences are observed, too. Cortvailye  equal to zero, whereas in our model it is equaeim and
switch model results (curve 1), our results (cu2yeausing this is an advantage for numerical computations.

the applied continuous friction model are bettearély, Our proposed friction model is continuous functiof
we have obtained almost exact (high precision nigaler relative velocity and therefore it can be used mtyri
computations) even for larger (10 times) parameder analysis of the systems, where the Lyapunov experee
(curve 3). It allows to obtain the same accuracynathe computed by the standard procedures. In our modél w
switch model, but for larger time steps and stespne harmonic excitation i, = 05,0, =2) the dependences of
paramgtera. Finally we see that thg syv|tch model is moreyne largest Lyapunov exponent with V, and F, as
expensive than the continuous friction model frone t
computational point of view in this case.

Figure 5 shows phase portraits obtained with the tw
compared friction models (the standard approxinmatio

control parameters and displaceméhtof the masdn on
the vertical axis are reported in Figure 6 usingppsed
continuous friction model during computations.

using a sighum function modeled by the hyperbaiigent 06 T A
function in the stick phase and our friction mod&®r the
first friction model the computation took 3353 igtations 0,2

points to obtain the orbit with the non-dimensiopatiod
time 12. Small time steps are not necessary near th 5,
transitions, but during the whole stick phase, @sife 5a
shows. For our friction model the computation tamiy
104 integrations points to obtain the same orbigyre
5b).

-0,6

a)
03TV -1,4 4
H ", 02T A
! 0.1 T X
0.6 03 18 03 0,6 0,9 $1.2 0
L d
1 0[5
03 T #
[ _0,2 1
b 05 1 v
-
»
-
0.7 T . o -0,4 +
* . . . .
-0,9 -
b) -06 —

Fig. 6. Dependences of the largest Lyapunov expoiemtith
V4, and R, as control parameters

The periodic and non-periodic solutions are detectEng
bifurcation diagram in the velocityv, and the

displacementX plane, too, in Figure 7.

X T T T T T T T T T 0z

-0,9 -~

Fig. 5. Points of trajectories of motion in the systemtsage
space for different models of friction: a) smoothihyperbolic
tangent approximation and b) the proposed model

In our calculations small time steps are taken owelgr the . ‘ . ‘ . ‘ ‘ ‘ .
transitions between stick and slip phases and $tap in 000 002 004 008 008 010
the stick phase is bounded by maximum time digp. .

-0.2 \'Y\I\

. . ._Fig. 7. Bifurcation diagram of the analyzed system wigy, as
Consequently, we show that in this case smoothin

approximation of classical signum function is clganore the control parameter and on the vertical axis
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Let us consider now dynamics of the system without) F, = 06

harmonic excitation, but fo€)= 0, i.e. when the belt is 15
driving with the non-constant (harmonic oscilladion 1[/\’\
velocity V,, =V, cosQr, where V, = 0.1. The studied E'5 . /V\‘\ . /V\'\ /\'_|A
mechanical system possesses various interestingjcst é.a \/\rﬁ( \)@9-/ 15 200
include stick-slip vibrations, as show below. Figgii7 and 17;

time

8 present different behaviors of analyzed mechénica
system using our proposed model.

a) F, = 005
15
1
E‘s
20
,E-‘ﬁ a0 100 150 200
= 1
-15 time

0,08 0,14 J-
displacement
0.0
=y
o
% — t t t t — d) Fs =095
> .12 -08 -04 04 038 1.2 15
-0,0
1
5
o E % /N N\ )
go t t t —
B a0, Qo 150 200
0412 J_ g'? \/\/ \F/ \/-/
displacement ;
148 time
b) F, = 03
15
1
5
£, SN A A /V\_|/\

time

velocity

-0,16 l

displacement

velocity

line) and the mas#n (black line)

displacement
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-1.8 time

-0,14 J~

displacement

3 100 200

-1.48 time

-0.3 time

displacement

150 0

c) 2=03
15
1
E,s
gl ]
8
_E-Iﬁ A 1o 150 0
=
-1
-1.9 time

AAAAAAAAAA
By

time

03

-3

displacement

displacement

Fig. 8. Time series and phase portraits of the analyzetsyfor F, = 0.6 and various angular veloci€2 of the belt (grey
line) and the mas#n (black line)
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5. Conclusions

In this paper a brief review of some existing stadd
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