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Abstract. The process of time averaging of greyscale images is expressed in the operator format. It is shown that the
inverse problem of the reconstruction of the origina image from its time averaged image is an ill-posed problem.
Application of time averaging techniques is proposed for cryptographic applications especially when the density function
of variable defining the dynamic deflection from the state of equilibrium is arcsine distribution.
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1. Introduction

Construction of time averaged images of objects when
those objects or camera (or both) perform some type of
motions is a classica research area with numerous
applications in science and engineering. A typica
application is the remova of blur caused by undesirable
motions of object or camera[1].

Inverse problems involving blur removal are
characterized by the fact that the information of interest
(the distribution of greyscale colour intensity on the
surface of an analyzed body) is not directly available. The
imaging device (the camera) provides measurements of a
transformation of this information in the process of time
averaging. In practice, these measurements are both
incomplete (sampling) and inaccurate (statistical noise).
This means that one must give up recovering the exact
image. Indeed, aiming at full recovery of the information
usually results in unstable solutions due to the fact that the
reconstructed image is very sensitive to inevitable
measurement errors. In other words, slightly different data
would produce a significantly different image. In order to
cope with these difficulties, the reconstructed image is
usually defined as the solution of an optimization problem
[2].

Completely different are experimental optical time
average techniques. The object of these techniques is not
removal of blur caused by camera shake, but interpretation
of digital images produced by oscillation of structures [3,
4]. Particularly, such techniques find important
applications when moiré fringe patterns are considered [5].

The object of this paper is the mathematical principles
of the formation of time averaged images. We develop the
necessary mathematical formulations and express the
formation of digital averaged images in the operator
format. That helps to interpret the inverse problems and to

justify the applicability of arcsine distribution for
cryptographic applications.

2. Definitions of Time Averaging

Definition 1. Function F(x) is a greyscale function if it is

defined for al xeR and satisfies the following
conditions:

a) 0<F(x)<1;
b) has only afinite number of discontinuity points;

+00)

d) piecemea continuous in any finite interval [-1,1];
| >0;

e) limit lim F(x):% exists.

X—>7Fo0

If O corresponds to black colour and 1 corresponds to
white colour, the “background” colour at infinity is grey.

Definition 2. Time averaging operator Hg for harmonic
oscillations is defined as [6]:

F(x+ssint)dt, (D

—ro |y

1
HSF(X):;

NIE

© VIBROMECHANIKA. JOURNAL OF VIBROENGINEERING. 2007 OCTOBER/DECEMBER, VOLUME 9, ISSUE 4, ISSN 1392-8716



311. REPRESENTATION OF TIME AVERAGED VIBRATING IMAGES IN THE OPERATOR FORMAT. Z. NAVICKAS, M. RAGULSKIS

where s is the amplitude of harmonic oscillations; s>0;
XxeR.

Definition 3. Arcsine density function of a random
variable ¢ is:

1
ps(X)=(Ax+9)-1s-x))——=——.5>0. (@
st —x?

Lwhenv>0; _ -
where 1(V) = is unitary Heaviside

0, whenv < G;
function.
Explicitly,

1
—,When—S X<S,
p.() =1 1152 — x2 =X @

0 - elsewhere.

Lemma 1. If the density function of a random variable '

isarcsine density, then E¢2 =1; E¢2? =

(2k —1)!

el s k=12,....

B¢t =

Proof

The first equality is trivial. The second one follows
from the fact that distribution function of ¢ is symmetric

with respect to y-axis. The third equality can be proved
changing the variables x = ssint :

B¢t =

e

s (sint)*

scost

scostdt = 4

—nl N

1
7

NN

2y (k-1

2 (k-1 o
Y (2K 2 -

(2K S

where (2j -1)1=1-3-...-(2j -1);
2jp=2-4-...-(2j); j=12,....

End of Proof.

Let @ denote Fourier transform, and ® ! - inverse

Fourier transform. Then:

X) = Texp(— ivx)f (x)dx = f(v);

@‘1f(v):2—tr+fexp(ivx)f(v)dv: ((x). ©)

It can be noted that when f(x) is a symmetric real
function, its Fourier transform isareal function.

Lemma 2. If ps(x) is arcsine distribution, its Fourier
transformation is Pg(v)=Jo(sv), where Jo(z) is zero
order Bessel function of the first kind.

Proof

X =

- Tps<x)e

-5 fﬂ 0. (X)dx =
23 () v (k-1 7 2 _
;Z 2k) @ 2°

8

where (2k)!=2%K!; (2k —2)!(2k )= K! .
End of proof.

Thus, the characteristic function of the arcsine
distribution is zero order Bessel function of the first kind
(the characteristic function is Fourier transformation of the
density function of the random variable defining the
deflection from the state of equilibrium).

3. Main Theorems
Theorem 1. H F(x)= EF(x+¢5). (6)

Proof

Change of variables ssint=vy is exploited in the
proof.

&

s2 _y2

Then, dt = , and:

© VIBROMECHANIKA. JOURNAL OF VIBROENGINEERING. 2007 OCTOBER/DECEMBER, VOLUME 9, ISSUE 4, ISSN 1392-8716



311. REPRESENTATION OF TIME AVERAGED VIBRATING IMAGES IN THE OPERATOR FORMAT. Z. NAVICKAS, M. RAGULSKIS

1 2 17 y

= |F int)dt=—| F -

”[[ (x+ssint) ”_[ (x+vy) 7 @
2

= EF(x+¢5)

End of proof.

Corollary 1. Equaity F(x+¢g)=F(x-¢) holds true
because the arcsine density function ps(x) isa symmetric
function and therefore satisfies equality pg(x)= ps(- x).

+00 k

Theorem 2. Let F(x):Zak%; for al x and given
k=0

a, € R. Then,

o-gerefif]. o

where Dj is the operator of differentiation (x is the

variable of differentiation, n isthe order of differentiation);
s>0.

Proof
The foIIowi ng identities are exploited in this proof:
21
a) zaHZJ |' - (Zal ||]

i=O for n=12,....

O
~

|
>
S—

X+Yy

fﬂ

N |~
— N
n

—_

x

+
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|
8 nln
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e
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N e
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End of proof.

Theorem 3. If a periodic F(x) with a period 2| can be
expanded into a Fourier series:

+00
x):a—2°+2[an cosnI +b, sn%j, 9)
n=1

then its time average can be expressed in the following
form:

H.F(x)=
:—+Z(a cos—+b snnl—ﬂx}lo(nlis}(lo)

Proof

D2 sinx=(-1)'snx  and
D2l cosx=(~1)! cosx. But zero order Bessel function of
the first kind can be expressed in the following form [2]:

It is clear that
Jo(s)=§(_1)i[%(§jj] _ (11)

Then, Theorem 2 yields:

Hosinx=Joy(s)sinx;

12
H, cosx = Jy(s)cosx. (12)
Analogously,
Hsinox = Jy(ws)sin wx; 13

H s coswx = Jo(ws)coswx,

because D2/ sinawx=w? (-1)! sinwx. Also, it is clear
that H jconst = const and J,(0)=1. Finally,

HF(x)=

7X
=H 7+Z[a H, cos I +b H sml—j_ (14)

:—+Z[a cos &% +b sn%j\lo(?}

End of proof.
Corollary 2. The following equality holds true:
ix)Jo(s). (15)

H s exp(~ ix) = exp(~

Theorem 4. Let F(x) be agreyscale function. Then,
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HoF ()= 0 (3o or)oF )+ . (16)

where Hg is generalised time average operator;

F(x)= F(x)—%.
Proof
Function F(x) can be expressed in a Fourier series in
a complex form [7]: F(x)= i c, exp(inl—ﬁxj where
n

=—00

>0 is fixed; - <x<I and

Ch = ij E(u)exp(— i nl—ﬂujdu :
We construct an auxiliary function
- Nz
G (X)= —X].
(%) nzz_wcn exp(l I x]
It can be noted that F(x)=G;(x) at -l < x<1 . Thus,

HSE(X):llim G (x)=

—>+00

. <« 1 [~ . nrx
_lllrpwHsn;OE:[F(u)exp(—ll—u]du-

_ Iimii [J-l;(u)exp(—inAxu)du}. _

+Jo(nAs)exp(ina X)A

1 T ([Tf(u)exp(— ivu)duJJ0 (vs)exp(i vx)Jdv =

As F(x)= l;(x)+%, the statement of the Theorem holds

true.

End of proof.

Corollary 3. If two greyscale functions F;(x) and F,(x)
are different at least at one interval (a,b), where a<b,
(i.e. Fi(x)= Fy(x) for xe(a,b)), then for al s>0 exist
such intervals of x values where H  F;(x) = HF,(X).

4. Discussion on the Complexity of the Inver se Problem

Definition 1 limits the set of functions which can be
used for time averaging. Moreover, Theorem 4 operates
even on a smaler set of functions. Nevertheless, some
results (particularly the proposition of Theorem 4) can be
replicated for a wider class of functions. We will use the
function exp(x) (which is clearly not a greyscale function)

to illustrate this fact.

It is clear that D exp(x)= exp(x). Then, Theorem 2
yields:

H explx)- exp(xﬁ[%[f]j ] + expllofs).

o\ M2

WEell, one cannot expect a result analogous to the one
produced by Theorem 3 for a non-greyscale function.

On the other hand, not all greyscale functions can be
expanded into a Fourier series. Typical example could be a
sum of two harmonics with incommensurate frequencies.

F(x):%+%cosx+%sin\/§x. The greyscale function

F(x)= %cosx+%sin\/§x is not modulus integrable in an

infinite interval, but the following equality holds true:
1 1 1.
H. =+=cosx+—=siny/3X | =
5(2 4 4 \/_]

= %+%J0(s)cosx+%\]0(\/§s)8in\/§x-

Time averaging of a greyscale function F(x) (one-

dimensiona image which oscillates harmonically in time)
produces greyscale blur. That blur can be characterised as
a convolution between the original image (function F(x))

and the point spread function [2] which characterises the
distribution of deflections from the state of equilibrium in
time. The point spread function in our notation is
represented as function p(x) which determines the

distribution of the random variable which defines the
displacements from the state of equilibrium during the
process of time averaging (Theorem 4).

Eq. (16) is an important result explaining the fact that
time averaged greyscale images of harmonically oscillating
objects can be expressed in operator format. We will show
that the kernel of the integral transformation in Eq. (16) is
irregular and therefore the inverse problem isill-posed.
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The formulation of the inverse problem follows from
Eqg. (16). Unfortunately, this problem is ill-posed as it
involves calculation of the following expression:

ﬁ@(HSF(X)—%} (17)

Zero order Bessdl function of the first kind J,(s) has

multiple roots (Fig. 1). Therefore there exist multiple
divisons by zero in Egq. 17 what makes this inverse
problem ill-posed. This property is illustrated by Fig. 2
where a number of interference fringes can be observed at
increasing amplitude s.

418

05+ B

ns L L L L L L L L L
0

0 01 02 03 04 05 06 07 08 09 §
Fig. 2. Interference fringes produced by time averaging of a
harmonic grating at increasing amplitudes s

Classical, harmonic moiré grating

F(x)=%+%co{27” Xj is used for construction of time
averaged image in Fig. 2 (4 = 20; the background colour

iswhite). Thisisan elegant illustration of the formation of
time averaged fringes:
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1
V4 2 2

[1+lco 27”(x+ ssint)Ddt =

1 1 (27 ). 17
=—+—=—co§ —X | lim =
2 2 A T—)+00T0

1 1 2z 2z
=—+=Jy| =—s|cog —x|.
2 2 A A

The intensity of illumination becomes equal to 0.5 when

NN

Co! 27”ssintjdt= (18)

277[5 coincides with a root of zero order Bessel function

of the first type, and a time averaged fringe is formed
around thisvalue of s.

It is clear that many other different greyscale functions
can be used for time averaging applications. Some
examples are presented in Fig. 3 and Fig. 4 where time
averaged images of a step function and a moiré grating
with variable pitch illustrate the complexity of the fringe
formation.

O 01 02 03 04 05 0B 07 08 03 S
Fig. 3. Time average image of a step function

% o1 02 03 04 05 06 07 08 09 S
Fig. 4. Time average image of a grating with variable pitch



311. REPRESENTATION OF TIME AVERAGED VIBRATING IMAGES IN THE OPERATOR FORMAT. Z. NAVICKAS, M. RAGULSKIS

5. Generalisations for Gaussian and Uniform

Distributions

So far, we have analysed harmonic oscillations around
the state of equilibrium. Derived analytical relationships
describing the process of time averaging for arcsine
distribution (harmonic oscillations) can be generalised for
Gaussian or uniform distributions. In fact, Lemma 3 allows
congtruction of relationships for different distributions.

For arcsine distribution Ec2-0;

a (2k=1p1 5
Ees (2K >
HSF(X):GD’l(JO(sv)d)F(x)) (Theorem 4). It is well
known [8] that time averaged image can be interpreted as a
convolution between the original greyscale function and
the point spread function describing the motion of the
registered object (or camera) — Theorem 1 illustrates this
fact. We go even further and express the process of time
averaging in operator format which enables clear
interpretation of the inverse problem.

Keeping in mind that camera motion is a common
factor in experimental optical analysis of dynamica
systems, similar results for uniform distribution would be
of ahigh interest.

(Lemma 1). Then, it was shown that

Uniform density function for arandom variable ¢, is:

pul0)i= (1 u)-1x-u) - (19

where the measured system is initially displaced by —u
from the state of equilibrium and then continuously moves
with constant velocity until the displacement from the

ilibrium is u. Now, ECZ* —0: E/2 — 1 .
equilibrium is u. Now, E& ; ESG 2I<+1u
snwvu
®py(x)==""=;
HUE ()= 3 (p2F (o) @)
v (2k+1)°
where
_~ l~
HuF(x):= [ Fox+u(2y-D)dy . (21)
0
Finally,
HF) =07 M of(y)|. 22)

It can be noted that the kernel of the operator transform in
eg. (21) isdsoill posed because the roots of sine function

6

prevent exact reconstruction of the original image F(x). In

1 ~
—— OHF(x
e OHsF )
impedes the solution of the inverse problem.

Analogous relationships can be derived for Gaussian
distribution which characterises the background noise as a
common factor in experimental optical analysis of
dynamical systems.

Gaussian density function of arandom variable & - is:

general, the necessity to calculate

p .(x):= L expl - X22 : (23)
’ N2ro 20
Vi ?
where o? isdispersion; ®p_(x)=exp - 5 |- because

EC = (2k -1,

It can be noted that time averaging operator is now
defined dlightly different compared to Definition 2:

T+

H_.F(x):=_lim %:[ E(X+ G (t))dt : (24)

where G;(t) is the inverse of Gaussian distribution

1 7 u?
expl ——— (du.
w/27r0'~[0 p[ 20'2]

function G_,(x)=

Finally,

100 e T R

It can be noted that eq. (25) is also ill-posed because

. v2x?
lim exp =+0.
X—>+00 2

Such considerations can be formally generalised for
general distributions.

6. Two Properties of Greyscale Averaging

If the displacement from the state of equilibrium is
governed by a random variable ¢, density function of

which is py,(x) (pm(x) is a symmetric real function),
time average operator can be denoted as:

H (E(xj pm(x)). (26)

Then, from Theorem 4 it follows that:
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+00

H(EG ()= [Flx Vpmly)ey =

—00

= &Py (sv)0F ()

where p,,(z) isthe Fourier transform of p,,(x). Then the
following equalities hold true:

(27)

(i) Sequentia time averaging.

H ( H{E G| pry (X)] Pr, (X)) -
-® ‘1(|E)m2 (myv)od _1(ﬁml (le)CDE(X))) =

= ®7l(fan (mzv) |5ml (m_LV)(DE(X)) =
- 28)
= [Flx+ VNP ()% P, (¥))ly =

—0

= H{E(|pry (9 P, ()=
= EF(x+ (¢ + <)

(if) Composite averaging.

H (E(x)(apml (x)+bpy, (x)) =

= @y, (x)+ by, ()JOF (x))=
= 07 abr, (WOF(x))+ oy, (IOF(x)= (29
~ 2t (F(x]pr, () (o () -
:aEF(x+§ml)+bEF(x+§mz)

Particularly for Gaussian distribution, sequential time
averaging can be expressed by single averaging (this
property does not hold true neither for arcsine, nor uniform
disributions).  Really,  if ¢ . ~N,o2);

¢, ~Np.o?), then:

E(ga12 e )2k+1 _ EZKZH-(Zk-—’_lJ g
_Z(ZK +1J(Eé,, X §2k+1 ,)

(30)
as j or 2k+1-j is odd and thus either Eg“"2 or
o1

Eg 2K s equal to zero.

On the other hand,

E( 2+C 2)2"=

> oot
(2021 -1l
(i)iak-

ZK)Z% (k- Dy~
szklzZ J)\C’l) (Uzz)k_j =

- (2k—1)!(0'1 +0'22)k.

gM* gM*

2k 2j -

))) Zl (Ul)(UZ) =

2kl

)!ng_zj =

(31)

Thus, a Gaussian distribution N(O, of + 022) is produced:

: ( ) (E(X)‘ Py (X)] P, : (x)) _
~H{E (], .2 00)

(32)

7. Computational Examples

We will use several computational examples to
illustrate sequential averaging for different distributions.

ut

0ar

06

o 1 2 3 4 5 5 7 8 9 X
Fig. 5. Sequential averaging of a step function; arcsine
distribution; s=2
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ut

[IR=R 3

06k

0.4

02F

] 1 5
Fig. 6. Sequentia averaging of a step function; uniform
distribution; o=1

a

08r B

06F

0.4r

02r

0 1 2 3 4 B 7 g 9 X

Fig. 7. Sequentia averaging of a step function; Gaussian
distribution; u= 0.5

Fig. 8. lllustration of hash algorithm based on time averaging of
greyscale images

Figure 5 is a clear illustration that sequential averaging
with arcsine distribution cannot be expressed in a single
averaging with arcsine distribution. This property can be
exploited in cryptographic applications as additiona
information security factor [6]. The same property holds
also for Figure 6, but the kernel of averaging operator with
arcsine distribution has an infinite number of singular
points and therefore is better applicable for the generation
of hash functions[6].

Fig. 8 illustrates the applicability of time averaging
techniques (two-dimensional averaging) for construction of
one-way hash functions. The original data (left top image
in Fig. 8) is blurred by arcsine and Gaussian distribution
(right top image). Then, averaged greyscale intensities are
reconstructed at the centres of appropriate pixels (left
bottom image) and finaly stretched to min-max levels
(right bottom image) what constitutes the hash value of the
illustrated function.

8. Conclusions

Digital image formation during the process of time
averaging is expressed in the operator format. Such
interpretation helps to explain the complexity of the
inverse problem and enables the judtification of
applicability of arcsine distribution for cryptographic
applications.
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