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Abstract. Non uniformity of tension of flock printing material in the printing device decreases the 
quality of printed images. In order to reduce this non uniformity of tension a method based on the 
analysis of the shape of the first eigenmode of vibrations is proposed. Also when defect in the 
flock printing material takes place, it is important to perform its diagnostics as soon as possible. 
This is also performed from the distorted shape of the first eigenmode of vibrations obtained by 
using time averaged projection moiré. For this purpose not only the first eigenmode is to be used, 
but for some types of defects located in specific places of the sheet of flock printing material the 
analysis of several first eigenmodes is required. It is assumed that a sheet of flock material is an 
elastic layer with the elastic modulus and the density linearly varying in the thickness direction 
and having zero values on the lower plane. The square sheet of flock material is analyzed. On the 
upper plane of the lower and upper boundaries all the displacements are assumed equal to zero, 
except on the upper plane of the upper boundary linear variation of the displacement in the 
direction of the y axis is assumed. The first eigenmodes are determined and investigated. 
Investigation of vibrations of flock material by taking the layer of glue and separate flocks into 
account by using a two dimensional model is performed. This model is used for the determination 
of parameters of the previous model. It is assumed that flock material consists from a number of 
narrow two dimensional elastic strips and their upper parts are connected by an elastic layer. The 
first eigenmodes are determined and investigated. Experimental investigations of the eigenmodes 
of vibrations have been performed. The obtained experimental results show satisfactory agreement 
with the numerical ones. The obtained results are used in the process of design of packages made 
from flock material. 
Keywords: measurement of non uniformity of tension, diagnostics of defects, printing device, 
vibrations, sheet, flock material, eigenmodes, layer of glue, two dimensional elasticity, 
experimental investigation, experimental setup.  

1. Introduction 

Flock printing materials [1-10] find wide applications in packaging of industrial products and 
have superior qualities when compared to conventional paper or paperboard. Thus it is important 
to investigate the printing process and behavior of flock printing materials in the printing devices 
with the purpose of improvement of the quality of obtainable printouts. 

In the printing device a tape of flock material experiences tension. Non uniformity of this 
tension decreases the quality of printed images. Thus it is important to reduce this non uniformity 
of tension. For this purpose a method based on the analysis of the shape of the first eigenmode of 
vibrations is proposed. Also when defect in the flock printing material takes place, it is important 
to perform its diagnostics as soon as possible. This is also performed from the distorted shape of 
the first eigenmode of vibrations obtained by using time averaged projection moiré. For this 
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purpose not only the first eigenmode is to be used, but for some types of defects located in specific 
places of the sheet of flock printing material the analysis of several first eigenmodes is required. 

The model for the analysis of vibrations of a sheet of flock material is proposed on the basis 
of the models described in [11, 12]. It is assumed that a sheet of flock material is an elastic layer 
with the elastic modulus and density linearly varying in the thickness direction and having zero 
values on the lower plane. The square sheet of flock material is analyzed. On the upper plane of 
the lower and upper boundaries all the displacements are assumed equal to zero, except on the 
upper plane of the upper boundary linear variation of the displacement in the direction of the ݕ 
axis is assumed. 

The first eigenmodes are determined and investigated. 
Investigation of vibrations of flock material by taking the layer of glue and separate flocks into 

account by using a two dimensional model is performed. This model is used for the determination 
of parameters of the previous model. The model for the analysis of vibrations of flock material by 
taking the layer of glue into account is based on the material presented in [11, 12]. 

It is assumed that flock material consists from a number of narrow two dimensional elastic 
strips and their upper parts are connected by an elastic layer of glue. The first eigenmodes are 
determined and investigated. 

Experimental investigations of the eigenmodes of vibrations on a specially developed 
experimental setup have been performed. The obtained experimental results show satisfactory 
agreement with the numerical ones. 

The obtained results are used in the process of design of packages made from flock material. 

2. Model of a sheet of flock printing material 

Further ݕ ,ݔ and ݖ denote the axes of the system of coordinates. The finite element has six 
nodal degrees of freedom: the displacements of the lower plane of the sheet of flock material ݑଵ, ݒଵ, ݓଵ in the directions of the axes of coordinates and the displacements of the upper plane of the 
sheet of flock material ݑଶ, ݒଶ, ݓଶ in the directions of the axes of coordinates. 

The mass matrix has the form: 

ሾܯሿ = න ൮ሾ ഥܰሿ்ߩ|௭ୀு 12ܪ ൣ ഥܰഥ൧ + ൣ ഥܰഥ൧்ߩ|௭ୀு 12ܪ ሾ ഥܰሿ ++ሾ ഥܰሿ்ߩ|௭ୀு 12ܪ ሾ ഥܰሿ + ൣ ഥܰഥ൧்ߩ|௭ୀு 4ܪ ൣ ഥܰഥ൧ ൲ ,ݕ݀ݔ݀ (1)

where ߩ|௭ୀு is the density of the material on the upper plane, ܪ is the thickness of the sheet of 
flock material and: 

ሾ ഥܰሿ = ൥ ଵܰ 0 0 0 0 0 …0 ଵܰ 0 0 0 0 …0 0 ଵܰ 0 0 0 …൩ , ൣ ഥܰഥ൧ = ൥0 0 0 ଵܰ 0 0 …0 0 0 0 ଵܰ 0 …0 0 0 0 0 ଵܰ …൩, (2)

where ௜ܰ are the shape functions of the finite element. Here the following integrals were taken 
into account: 

න ܪݖ ܪ − ܪݖ ܪݖ ݖ݀ =ு
଴ න ܪݖ ൬ܪ − ܪݖ ൰ଶ ݖ݀ =ு

଴
,12ܪ න ܪݖ ቀ ቁଶܪݖ ݖ݀ =ு

଴
.4ܪ (3)

The stiffness matrix has the form: 
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ሾܭሿ = න
ۈۉ
ۈۈۈ
ۈۈۈ
ۇۈۈ

ሾܤሿ்ሾܦ|௭ୀுሿ 16 ሾܤതሿ + ሾܤതሿ்ሾܦ|௭ୀுሿ 16 ሾܤሿ ++ሾܤሿ்ሾܦ|௭ୀுሿ 13 തത൧ܤൣ + ௭ୀுሿ|ܦതത൧்ሾܤൣ 13 ሾܤሿ ++ሾܤതሿ்ሾܦ|௭ୀுሿ 12ܪ തത൧ܤൣ + ௭ୀுሿ|ܦതത൧்ሾܤൣ 12ܪ ሾܤതሿ ++ሾܤതሿ்ሾܦ|௭ୀுሿ 12ܪ ሾܤതሿ + ௭ୀுሿ|ܦതത൧்ሾܤൣ 4ܪ തത൧ܤൣ + ሾܤሿ்ሾܦ|௭ୀுሿ ܪ12 ሾܤሿ ++ሾ̅ܩሿ்ሾܯఙ|௭ୀுሿ 12ܪ ൧ܩ̅̅ൣ + ఙ|௭ୀுሿܯ൧்ሾܩ̅̅ൣ 12ܪ ሾ̅ܩሿ ++ሾ̅ܩሿ்ሾܯఙ|௭ୀுሿ 12ܪ ሾ̅ܩሿ + ఙ|௭ୀுሿܯ൧்ሾܩ̅̅ൣ 4ܪ ൧ܩ̅̅ൣ ۋی
ۋۋۋ
ۋۋۋ
ۊۋۋ (4) ,ݕ݀ݔ݀

where: 

ሾܤሿ =
ێێۏ
ۍێێ

0 0 0 0 0 0 …0 0 0 0 0 0 …0 0 − ଵܰ 0 0 ଵܰ …0 0 0 0 0 0 …0 − ଵܰ 0 0 ଵܰ 0 …− ଵܰ 0 0 ଵܰ 0 0 ۑۑے…
(5) ,ېۑۑ

ሾܤതሿ =
ێێۏ
ێێێ
ێێێ
ۍێێ
߲ ଵ߲ܰݔ 0 0 0 0 0 …0 ߲ ଵ߲ܰݕ 0 0 0 0 …0 0 0 0 0 0 …߲ ଵ߲ܰݕ ߲ ଵ߲ܰݔ 0 0 0 0 …0 0 ߲ ଵ߲ܰݕ 0 0 0 …0 0 ߲ ଵ߲ܰݔ 0 0 0 ۑۑے…

ۑۑۑ
ۑۑۑ
ېۑۑ
തത൧ܤൣ   , =

ێێۏ
ێێێ
ێێێ
0ۍێێ 0 0 ߲ ଵ߲ܰݔ 0 0 …0 0 0 0 ߲ ଵ߲ܰݕ 0 …0 0 0 0 0 0 …0 0 0 ߲ ଵ߲ܰݕ ߲ ଵ߲ܰݔ 0 …0 0 0 0 0 ߲ ଵ߲ܰݕ …0 0 0 0 0 ߲ ଵ߲ܰݔ ۑۑے…

ۑۑۑ
ۑۑۑ
ېۑۑ
, (6)

ሾ̅ܩሿ = ێێۏ
0ۍ 0 ߲ ଵ߲ܰݔ 0 0 0 …0 0 ߲ ଵ߲ܰݕ 0 0 0 ۑۑے…

,ې ൧ܩ̅̅ൣ = ێێۏ
0ۍ 0 0 0 0 ߲ ଵ߲ܰݔ …0 0 0 0 0 ߲ ଵ߲ܰݕ ۑۑے…

,ې (7)

ሾܦ|௭ୀுሿ =
ێێۏ
ێێێ
ێێێ
௭ୀு|ܭۍێێ + 43 ௭ୀு|ܩ ௭ୀு|ܭ − 23 ௭ୀு|ܩ ௭ୀு|ܭ − 23 ௭ୀு|ܩ 0 0 ௭ୀு|ܭ0 − 23 ௭ୀு|ܩ ௭ୀு|ܭ + 43 ௭ୀு|ܩ ௭ୀு|ܭ − 23 ௭ୀு|ܩ 0 0 ௭ୀு|ܭ0 − 23 ௭ୀு|ܩ ௭ୀு|ܭ − 23 ௭ୀு|ܩ ௭ୀு|ܭ + 43 ௭ୀு|ܩ 0 0 00 0 0 ௭ୀு|ܩ 0 00 0 0 0 ௭ୀு1.2|ܩ 00 0 0 0 0 ௭ୀு1.2|ܩ ۑۑے

ۑۑۑ
ۑۑۑ
ېۑۑ
, (8)

ሾܯఙ|௭ୀுሿ = ൤ ௫|௭ୀுߪ ߬௫௬|௭ୀு߬௫௬|௭ୀு ௬|௭ୀுߪ ൨, (9)
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where ܭ|௭ୀு = ா|೥సಹଷ(ଵିଶఔ), ܩ|௭ୀு = ா|೥సಹଶ(ଵାఔ), where ܧ|௭ୀு  is the modulus of elasticity on the upper 
plane, ߥ is the Poisson’s ratio and the stresses on the upper plane are determined from the static 
problem: 

۔ۖۖەۖۖ
ۓ ௭|௭ୀு߬௫௬|௭ୀு߬௬௭|௭ୀு߬௭௫|௭ୀுߪ௬|௭ୀுߪ௫|௭ୀுߪ ۙۘۖۖ

ۖۗۖ = ሾܦ|௭ୀுሿ ൬1ܪ ሾܤሿ + 12 ሾܤതሿ + 12 തത൧൰ܤൣ ሼߜሽ, (10)

where ሼߜሽ is the solution of the static problem. Here the following integrals were taken into 
account: 

න ܪݖ ܪ1 ܪ − ܪݖ ݖ݀ =ு
଴

16, න ܪݖ ܪ1 ܪݖ ݖ݀ =ு
଴

13, න ܪݖ ൬1ܪ൰ଶ ݖ݀ =ு
଴

.ܪ12 (11)

3. Results of analysis of vibrations of a sheet of flock printing material 

The square sheet of flock material is analyzed. Length and width of the structure are equal to 
0.2 m. The following parameters are assumed: modulus of elasticity on the upper plane  ܧ|௭ୀு = 6⋅108 Pa,  Poisson’s ratio ߥ = 0.3,  density of the material on the upper plane  ߩ|௭ୀு = 785 kg

m3 , thickness ܪ = 0.04 m. 
On the upper plane of the lower and upper boundaries all the displacements are assumed equal 

to zero, except on the upper plane of the upper boundary linear variation of the displacement ݒ is 
assumed with ݒ = 0 on the left side of the boundary and ݒ = ܽ on the right side of the boundary. 

Contour plots of the transverse displacement for the upper plane for the first eigenmodes when ܽ = 0 m are presented in Fig. 1. Contour plots of the transverse displacement for the upper plane 
for the first eigenmode for various values of ܽ  are presented in Fig. 2. Contour plots of the 
transverse displacement for the upper plane for the second eigenmode for various values of ܽ are 
presented in Fig. 3. 

 
a) b) c) d) 

 
e) 

 
f) g) h) i) 

 
j) 

Fig. 1. Contour plots of the transverse displacement for the upper plane 
for the a) first eigenmode, b) second eigenmode, …, j) tenth eigenmode when ܽ = 0 m 
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a) b) c) d) 

 
e) 

Fig. 2. Contour plots of the transverse displacement for the upper plane for the first eigenmode  
for various values of ܽ: a) ܽ = –0.02 m, b) ܽ = –0.01 m, c) ܽ = 0 m, d) ܽ = 0.01 m, e) ܽ = 0.02 m 

 
a) b) c) d) 

 
e) 

Fig. 3. Contour plots of the transverse displacement for the upper plane for the second eigenmode  
for various values of ܽ: a) ܽ = –0.02 m, b) ܽ = –0.01 m, c) ܽ = 0 m, d) ܽ = 0.01 m, e) ܽ = 0.02 m 

4. Two dimensional detailed model of flock printing material 

Investigation of vibrations of flock printing material by taking the layer of glue and separate 
flocks into account by using a two dimensional model is performed. This model is used for the 
determination of physical parameters of the previous model. The determination of ܧ|௭ୀு  and ߩ|௭ୀு of the previous model can be performed from the conditions of approximate coincidence of 
the first eigenfrequencies of special problems with the results obtained by using this model. 

Usual expressions of the mass and stiffness matrixes of the plane strain problem are assumed 
for the flock printing material and for the elastic layer of glue. 

Length of the structure is equal to 0.2 m and thickness of the structure is equal to 0.08 m. The 
following parameters of flock material are assumed: modulus of elasticity ܧ = 6⋅108 Pa, 
Poisson’s ratio ߥ = 0.3, density of the material ߩ = 785 kg

m3. 
32 strips representing elastic flock material are taken into account. The upper layer which is 

one fourth of the thickness of the structure represents the layer of glue and thus consists of elastic 
finite elements. It is assumed that the thickness of elastic element representing a separate flock is 
equal to the interval between adjacent flocks. On the upper boundary the displacements of the first 
and the last nodes are assumed equal to zero. 

 
Fig. 4. The first eigenmode 
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The first eigenmode is presented in Fig. 4, the second eigenmode is presented in Fig. 5 and the 
third eigenmode is presented in Fig. 6. 

 
Fig. 5. The second eigenmode 

 
Fig. 6. The third eigenmode 

5. Experimental measurement of non uniformity of tension and diagnostics of defects of a 
sheet of flock printing material 

In the printing device a tape of flock material experiences tension. Non uniformity of this 
tension decreases the quality of printed images. Thus it is important to reduce this non uniformity 
of tension. For this purpose a method based on the analysis of the shape of the first eigenmode of 
vibrations is proposed. While observing the first eigenmode using the experimental method of 
time averaged projection moiré it is possible to determine the similarity of the obtained image to 
the images presented in Fig. 2. When the deviation of the shape of the first eigenmode is not too 
big (between the images presented in Fig. 2b and Fig. 2d) the non uniformity of tension is 
considered acceptable. But when the deviation of the first eigenmode becomes substantial (similar 
to Fig. 2a or Fig. 2e), then the operator of the printing machine has to stop the printing process 
immediately and perform the necessary adjustments. Also when defect in the flock printing 
material takes place, it is important to perform its diagnostics as soon as possible. This is also 
performed from the distorted shape of the first eigenmode of vibrations obtained by using time 
averaged projection moiré. For this purpose not only the first eigenmode is to be used, but for 
some types of defects located in specific places of the sheet of flock printing material the analysis 
of several first eigenmodes is required. 

Experimental investigations of the eigenmodes of vibrations on a specially developed 
experimental setup have been performed. The obtained experimental results show satisfactory 
agreement with the numerical ones. The fourth eigenmode is presented in Fig. 7.  

A schematic representation of a sheet of flock printing material with defect – tear is shown in 
Fig. 8. 

The second eigenmode of vibrations obtained in the process of experimental investigations is 
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presented in Fig. 9. 
From the results obtained in the process of experimental investigations it is determined that 

the defects are identified and their size can be approximately measured by using this technique. 

 
Fig. 7. Experimental fourth eigenmode of vibrations: frequency of vibrations 420 Hz, amplitude 3·10-6 m 

 
Fig. 8. Sheet of flock printing material with defect – tear:  

1 – sheet of flock printing material, 2 – defect – tear 

 
Fig. 9. Experimental second eigenmode of vibrations with a defect – tear  

(frequency of excitation 160÷170 Hz) 

6. Conclusions 

In the printing device a tape of flock material experiences tension. Non uniformity of this 
tension decreases the quality of printed images. A method based on the analysis of the shape of 
the first eigenmode of vibrations is proposed. While observing the first eigenmode using the 
experimental method of time averaged projection moiré it is possible to determine the similarity 
of the obtained image to the images obtained numerically and presented in the paper. When the 
deviation of the first eigenmode becomes substantial, then the operator of the printing machine 
has to stop the printing process and perform the necessary adjustments. 
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When defect in the flock printing material takes place, it is important to perform its diagnostics 
as soon as possible. This is performed from the distorted shape of the first eigenmode of vibrations 
obtained by using time averaged projection moiré. For this purpose not only the first eigenmode 
is to be used, but for some types of defects located in specific places of the sheet of flock printing 
material the analysis of several first eigenmodes is required. 

The square sheet of flock material is analyzed. On the upper plane of the lower and upper 
boundaries all the displacements are assumed equal to zero, except on the upper plane of the upper 
boundary linear variation of the displacement in the direction of the y axis is assumed. 

Contour plots of the transverse displacement for the upper plane for the first eigenmodes are 
obtained and analyzed. 

Investigation of vibrations of flock printing material by taking the layer of glue and separate 
flocks into account by using a two dimensional model is performed. This model is used for the 
determination of physical parameters of the previous model. 32 strips representing elastic flock 
material are taken into account. The upper layer which is one fourth of the thickness of the 
structure represents the layer of glue and thus consists of elastic finite elements. It is assumed that 
the thickness of elastic element representing a separate flock is equal to the interval between 
adjacent flocks. On the upper boundary the displacements of the first and the last nodes are 
assumed equal to zero. 

The first eigenmodes are determined and investigated. 
The proposed approach enables to investigate the interaction of elastic elements of the flock 

material through the elastic layer of glue interconnecting them. 
Experimental investigations of the eigenmodes of vibrations on a specially developed 

experimental setup have been performed. The obtained experimental results show satisfactory 
agreement with the numerical ones. 

The obtained results are used in the process of design of packages made from flock material. 
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